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PART ONE 


The Physical Basis 
of Classical Mechanics 





CHAPTER 1 





Kinematics of Particles and Rigid Bodies 


1.1. Introductory Concepts 


1.1.1. Mechanics is the branch of physical science which treats of 
the simplest form of motion of matter — mechanical motion. Such 
motion is made up of the changes in the relative positions of bo- 
dies, or their parts, in space in the course of time. Bodies are 
macroscopic systems consisting of a very large number of mole- 
cules or atoms, so that the sizes of these systems are many times 
larger than the intermolecular distances. Classical, or Newtonian, 
mechanics deals with the motions of bodies travelling at velocities 
that are very much less than that of light in a vacuum. The 
investigation of the motion of bodies travelling at velocities com- 
mensurate with the velocity of light is taken up in relativistic 
mechanics which is based on the theory of relativity (see 32.6.1). 
Specific features of the motion of microparticles are dealt with 
in quantum (wave) mechanics (see 44.1.1). Microparticles are par- 
ticles whose rest mass (see 32.6.2) is commensurate with, or 
smaller than, the rest masses of atoms. 

1.1.2. Problems of the internal structure of bodies, as well as the 
nature and laws of their interaction are beyond the scope of 
mechanics, and constitute the content of other branches of phys- 
ics. Depending upon the properties of the bodies and the problem 
on hand, various approximate models of real bodies are made use 
of in classical mechanics. These include the particle, the perfectly 
rigid body, and others. 

1.1.3. A material point, or particle, is a body whose size and shape 
are of no consequence in the problem being considered. For 
example, in studying the motion of the planets around the sun, 
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they can be regarded as particles since the distances of the planets 
from the sun are many times greater than their sizes. 

A system of particles or bodies (material system) is the conception 
of a singled-out complex of particles or bodies which, in the gen- 
eral case, interact with one another, as well as with bodies not 
included in the system. 

1.1.4. A perfectly rigid body, or simply, rigid body, is one in which 
the distance between any two points remains constant in time. 
In other words, the size and shape of a rigid body do not change 
while it is in motion. Any rigid body can be conceived of as being 
broken down into a sufficiently large number of elementary parts 
in such a manner that the size of each part is much less than that 
of the whole body. Consequently, a rigid body is often regarded as 
a system of particles rigidly connected to one another. 

1.1.5. Classical mechanics comprises three principal branches: 
statics, kinematics and dynamics. Statics deals with the laws of 
the composition of forces and with the conditions of equilibrium 
of solid, liquid and gaseous bodies. Kinematics is the study of the 
mechanical motion of bodies, without regard for the interaction 
between bodies causing this motion. Dynamics treats of the in- 
fluence of the interaction between bodies on their mechanical 
motion. 

1.1.6 A frame of reference is a real or conditionally rigid. body 
with respect to which the motion of the body being studied is to 
be considered. Rigidly fixed in the frame of reference is some kind 
of coordinate system so that the position of each point of a moving 
body can be uniquely determined by the three coordinates of 
the point. Moreover, the frame of reference should be furnished 
with a “clock” by means of which the instants of time, corre- 
sponding to the various positions of the moving body in space, are 
uniquely determined (with an accuracy to an arbitrary constant 
addend which depends on the time reference point). The following 
systems of coordinates are most frequently employed in mechan- 





16 


1. Kinematics 


ics: right-handed Cartesian rectangular, (Fig. 1.1a), cylindrical 
(Fig. 1.16) and spherical (Fig. 1.14c). The formulas for conversion 
from Cartesian to cylindrical coordinates and vice versa are of 
the form 


o=Vait+y? x= ecos@ 
g= arctan y = eosin 
Z2=2 Z=2 


and those for the conversion from Cartesian to spherical coordi- 
nates and vice versa are 


r= Vatty+e x =rsin@cos@ 
y = arctan 4 y =rsin@ sing 


6 = arctan rete z=rcos0 

1.1.7. The motion of a particle is completely specified if a single- 
valued law is indicated for the variations in time of its spatial 
coordinates q;, g, and q, (which may be Cartesian, cylindrical or 
any other kind of coordinates). Thus 


M1 = Q(t) Ye = dalt) 92 = 4a(t) 
These equations are equivalent to the single vector equation 
r= r(t) 


where r is the radius vector connecting the origin of the coordi- 
nates with the moving particle M(q,, qe, 93). If the rectangular 
coordinates of particle M are equal to z, y and z, then 


t = ci+yj+zk 


where i, j and k are unit vectors which coincide with the positive 
directions of the corresponding axes Oz, Oy and Oz, and the 
vectors zi, yj and zk are the components of vector r along these 
axes. 

In mechanics, the time derivatives of the radius vector r and the 
coordinates q;, g. and qs of a moving particle are denoted by: 


we Fa Ft ote, 
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1.1.8. The path is the line described by a moving particle in space. 
The equations g, = q,(¢), in which i = 1, 2, 3, are the path equa- 
tions in parametric form. By solving these as a set of simultaneous 
equations and eliminating the parameter t, we can find the rela- 
tions between the coordinates of the points of space through 
which the path passes: 


Fuld, das qs) = 0 P(41) Ye» Ys) = 0 


Example. ‘he motion of a particle complies with the cunditions: 
xz =a sin wt, y = b cos wt and z = ¢ sin wt, where a, b and ¢ 
are constants different from zero, and w ~ 0. After eliminating 
time ¢, we can write 


Se +H = and =z 


The path of the particle is the intersection of these two surfaces. 
1.1.9. The geometric shape of the path depends upon the selected 
frame of reference. For instance, a particle moving uniformly 
along a radius of a disk rotating at constant speed about a station- 
ary axis has a path which is a straight line with respect to the 
disk. With respect to the axis, however, the path of this particle 
will be an Archimedean spiral. Depending upon the shape of the 
path, distinction is made between rectilinear and curvilinear 
motion of particles. The motion of a particle is said to be plane 
if all the parts of its path lie in a single plane. Usually, this plane 
is taken as the coordinate plane z = 0. Then the plane motion of 
the particle is completely determined by the time relations of 
a of its Cartesian coordinates x and y or polar coordinates oe 
and 9. 

1.1.10. The path length s is the sum of the lengths of all the por- 
tions of the path passed through by the particle in the considered - 
interval of time from ¢, to ¢. If the equations of motion (see 
1.1.7.) are given in Cartesian coordinates, then 


o= f VEO ae frrtese a 


in cylindrical coordinates, the path length is 


s= JVB +(e RYH G) a= [Vere ee 
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and in spherical coordinates it is 


t 
c= [VETO Ry Hsin BP a 





ll 


t 
| V #2 + (r6)?-+ (rp sin 6)? dt 
bo 


The position of the moving particle at any fixed instant of time 
t = t, is called its initial position. Owing to the arbitrary nature 
of the time reference point, it is usually assumed that t, = 0. 
The length of the path travelled by the point from the initial 
position is a scalar function of time: s = s(t). 
1.1.11. A material system is said to be free if all of its constituent, 
particles or bodies can occupy arbitrary positions in space or 
have arbitrary velocities. Otherwise, it is called a constrained 
system. 
Constraints (mechanical constraints) are restrictions imposed on 
the position or motion of the material system being considered 
in space. Constraints are said to be internal if they do not impede 
free displacement of the system after it has suddenly solidified. 
All other kinds of constraints are called external. Systems subject 
only to internal constraints are free material systems. 
A constraint is called bilateral if the relations between the coordi- 
nates and velocities of the points in the system, resulting from 
the constraint, are expressed analytically by an equation of the 
form 

Pi. oy Mey Ys, Big oo ey @, Yi, 3, eeey t) =0 


where t= time 

«;, yz, and z; = coordinates of the i-th point of the system 
s ‘ : ° dy; . dz 
(§=1,2,...,n) a, = aa, y= a and %; er 


This relationship is known as the constraint equation. An example 
of bilateral constraints are internal constraints which give rise 
to ue constant distances between the points of a perfectly rigid 
body. 

A constraint is said to be unilateral if the restrictions it imposes 
on a material system are expressed analytically by an inequality 
of the form 


P(..., Vi, Yty Ziy oe oy dy, Ws, Big oc eey t) = 0 
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This kind of constraint is accomplished, for example, in the 
motion of a body suspended from a flexible inextensible thread or 
in the motion of a body along a horizontal plane. 

Constraints are called stationary (scleronomous) if the corre- 
sponding constraint equations* do not explicitly contain time. 
They are also called constraints independent of time. Otherwise, 
they are called time-dependent (rheonomous) constraints. 
Constraints are said to be geometric if they impose restrictions only 
on the positions of the points of a system in space and are express- 
ed analytically as 


f(.--, %, Ya 2, sare'y b) = 0" 


Constraints are called kinematic if they impose restrictions, nol 
only on the positions of the points of asystem, but on their veloc- 
ities as well. Thus 


Pl. ++) ey Yin 245 ney Bey Ws ay see, =0 


Constraints are called holonomic if their corresponding equations 
do not contain derivatives of the coordinates of the points in 
‘the system, or can be reduced to such a form by integration. 
Otherwise, the constraints are nonholonomic. An example of a 
nonholonomic constraint is the condition that the velocity of 
the point of contact of a sphere, rolling without slipping along a 
stationary rough surface, is equal to zero. 

A material system is holonomic if it complies only with holonomic 
constraints. If there is at least one nonholonomic constraint 
among them, the material system is said to be nonholonomic. 


1.2. Velocity 


1.2.1. Velocity (or instantaneous velocity) is the vector quantity v 

equal to the first time derivative of the radius vector r of the 
moving particle. Thus 

_ ars: 

v= “at = T 

The velocity is directed along the tangent to the path toward 

the motion of the particle and is numerically equal to the first 


derivative of the path length with respect to time: 


ai 
dt 


* Only bilateral constraints will be dealt with below. 


v= = § 
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The magnitude v of the velocity is sometimes called the speed. 
The projections v,, v, and v, of the velocity on the axes of Car- 
tesian coordinates are equal to the first time derivatives of the 
corresponding coordinates of the moving point. Thus 
mM= kk y=Y v= 8 

from which 

v= 4i4+9j+2k and v = V#?4+774+? 
In terms of cylindrical coordinates, 


» = VET oP +E 
and in spherical coordinates 
v = V+ (r6)2+ (rp sin 6)? 


1.2.2. In a case of plane motion, specified in polar coordinates, 
the velocity v of particle M(o, py) can be resolved into two mutu- 
ally perpendicular components — the radial 
velocity Vo and the transverse velocity Vg 
(Fig. 1.2). Thus 


V = VotVp 





; e@ and vp = olke] 0 





Vo = 


FIG.1.2 


where @ = polar radius vector drawn from pole O to particle M 
k = unit vector directed perpendicular to the plane of 
motion of the particle in such a way that the rota- 
tion of radius vector e to increase angle p is seen 

from its end as occurring counterclockwise. 


The numerical values of the radial and transverse velocities of 
the particle are equal to the algebraic values, respectively, of the 
projections of its velocity v on the direction of the radius vector 
and on a straight line drawn perpendicular to e in the direction 
in which angle increases. Thus 


Ve = & and vg = op 


Example. The motion of a particle is specified by the equations: 
x = at cos bt, y = at sin bt and z = 0, with a and b being con- 
stant factors. The equations of motion of the particle in polar 
coordinates are @ = at and = bt. Consequently, 6 = a, » = b, 


de = @ vp = abt and v = Vop+v3 = aVi+ be 
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1.2.3. The motion of a particle is said to be uniform if the magni- 
tude of its velocity is independent of time (v = const). The 
length of the path travelled by a uniformly moving particle is a 
linear function of time: 

s = v(t—t) 


1.2.4. The average velocity of a particle in the interval of time 
from t to t+ At is denoted by the scalar v,, which is equal to the 
ratio of the path length As, travelled by the particle during this 
time interval, to the increment of time dt. Thus 


As s(t+ At)—s(t 
Vao(t, At) = Tt = sts nat) 


With the length of time approaching zero as a limit (At + 0) 
the average velocity coincides with the magnitude p of the veloc- 
ity of the particle at the instant of time ¢. Thus 
" : As ds 
= —- = s+ =dVi(E 
Jim | Paslts At) roe ai ai v(t) 
In the case of uniform motion v,, = v. 
The average velocity vector v,, of a particle in the interval of time 
from t to t+ At is the ratio of the increment 4r of the radius 
vector of the particle, during the time interval, to the increment. 
of time At: 
Ar r(i+ At)—r(t) 
“At At 
With the length of time approaching zero as a limit (At + 0), 
the average velocity vector coincides with the velocity vector of 
the particle at the instant of time ¢: 
4r dr 
o 4 dt 


Vao(t, At) = 


lim Vee(t, 4t) = lim 
At +0 a 


In uniform rectilinear motion of the particle, v,, = v. The abso- 
lute magnitude (modulus) of vector v,, coincides with the average 
speed v,, only when the particle travels in a straight line with a 
velocity v of constant direction. In all other cases, |v,,| < Ug». 
1.2.5. The areal velocity of a particle.with respect to some pole is 
the scalar o which is equal to the first time derivative of the area 
‘of the surface swept over by the radius vector of the particle 
drawn from the pole. Thus 

o= es = rosin (r, Vv) 
radius vector and velocity of the particle 
absolute magnitudes of these vectors. 


where r and v 
rand v 
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If the particle moves in a plane and the pole coincides with the 
origin of the Cartesian coordinate system xOy in this plane, then 


1 1 . 
o = 5 (xr, yr.) = OF 


where g and » are the polar coordinates of the particle. 


1.3. Acceleration 


1.3.1. Acceleration (or instuntaneous acceleration) is the vector 
quantity a defined as the rate of change of the velocity of a moving 
particle. It is equal to the first time derivative of the velocity: 
se a4 or eSttet 
dt dat? 

The acceleration vector lies in the osculating plane passing through 
the principal normal and tangent to the path, and is directed 
toward the concavity of the path. 

The projections a,, a, and a, of the acceleration on the axes of a 
system of Cartesian coordinates equal 


a,=t,=£ a=ty=-¥Y a=d, = % 
from which 
a= *i+9j+2k 

lal = = VET RTE 

In terms of cylindrical coordinates 
a = V(6— 06)? + (ob + 20h)? + 3 

and in spherical coordinates 
a = [(F¥—rg? sin? 0 — r62)? + (27@ sin 6+7¢ sin 6+ 

+ 2rd cos 6)? + (276+ rd — rg? sin 8 cos 6)?} 


1.3.2. In the case of plane motion, specified in terms of polar 
coordinates, the acceleration a of particle 
M(e, g) can be resolved into two mutually 
perpendicular components — the radial acce- 
leration a, and the transverse acceleration 
a, (Fig. 1.3). Thus 





& = a +a, 
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and also 
a, = (6-oF)£ and ay = (of + 266) [k 2] 

in which the vectors ge and k have thesame meanings as in the 
formulas for vy, and v, (see 1.2.2.) The magnitudes of the 
radial and transverse accelerations of a particle are equal to 
the algebraic values, respectively, of the projections of its acceler- 
ation a’ in the direction of the polar radius vector eg and on a 
straight line drawn perpendicular to e in the direction in which 
angle increases. Thus 

a = 6—of and ay = e+ 206 
Example. The motion of a particle is specified in terms of polar 
coordinates by the equations: 9 = [+ mt and p = nt, where l, m 
and n are constant factors. Consequently 

6=m g=n and 6=H=0 
in which case 

a, =—n*(l+mt) dy = 2mn 

a= Vaz + a2 = nVn2(l+ mt)?+ 4m? 
1.3.3. In an osculating plane, passing through an arbitrary 
point of the path, the acceleration [vector a can be resolved 
into two mutually perpendicular components a, and a,. 
Thus a = @,+a,. 
The component a,, directed along the principal normal to the 
path, is called the normal acceleration. The component a,, 
directed along the tangent to the path, is called the tangential 


acceleration. Their magnitudes are 
2 


a, = and a,=% 


pa v? 2 

and thus a = Va?+a2 = V(S) +r? 
where v = speed 

R = radius of curvature of the path. 
The normal acceleration a, is always directed toward the centre 
of curvature of the path. 
1.3.4. The motion of a particle is said to be accelerated if its 
speed increases in the course of time, i. e. a, > 0. It is said to be 
decelerated if its speed decreases in the course of time,i.e. a, < 0. 
With uniform motion, a, = 0. In accelerated motion, vector a, 
coincides in direction with the velocity vector v of the motion: 
of the particle; in decelerated motion its direction is opposite to 
that of vector y. The values a, and a, characterize the rates of 


and 
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change of the magnitude and direction, respectively, of the 
velocity of a moving particle. Motion in which the magnitude of 
the tangential acceleration is constant is called uniformly acceler- 
ated curvilinear motion. 
1.3.5. The average acceleration in the time interval from t to t+ At 
is the vector a,, which is equal to the ratio of the increment Ay 
of the velocity v of the particle, during the time interval, to the 
inerement of time At: 
v(t-+ 4t)—vit) 

at 


With the increment of time approaching zero as a limit (At + 0), 
the average acceleration coincides with the instantaneous accel- 
eration at the instant of time ¢. Thus 

Av dv 


lim a,,(t, Mt Saba —-=— = alt 
Hie Bats Al = MN, eae 


Ba(t, At) = 4p = 


4. Translatory and Rotary Motion 
of a Rigid Body 


1.4.1. Translation is the kind of motion of a perfectly rigid body 
in which any straight line, fixed in the body, remains parallel to 
its original position. At each instant of time, all points of a body 
in translatory motion have hg. same velocity and acceleration, 
and their paths exactly coincide when being shifted parallel to 
their original positions. Therefore, the kinematic study of the 
translatory motion of a rigid body reduces to the study of the 
motion of any of its points. In the most general case, a rigid 
body in translatory motion has three degrees of freedom. 
1.4.2. The motion of a perfectly rigid body in which two of its 
points A and B remain fixed is called rotation (rotary motion) 
about a fixed straight line AB which is called the axis of rotation. 
Upon rotation of arigid body about a fixed axis, all of its points de- 
scribe circles whose centres lie on the axis of rotation and whose 
planes are perpendicular to this axis. A body rotating about a 
fixed axis has only one degree of freedom. Its position can be 
completely determined by specifying the angle of rotation » 
from some initial position. 
1.4.3. The angular velocity of rotation of a rigid body is the vector 
w, equal in magnitude to the first time derivative of the angle 
of rotation 4 

Pe os 


oS y= 
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and directed along the axis of rotation in such a way that from 
its end the rotation of the body is seen as occurring counterclock- 
wise (Fig. 1.4). The direction of vector w coincides with that of 
the translatory motion of a gimlet or corkscrew rotating together 
with the hody (Fig. 1.4). 





7 
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1.4.4. The linear velocity v of an arbitrary point M on a rotating 
body is determined by the Euler formula (Fig. 1.5): 


v = [or] 


where r is a radius vector drawn to point M from an arbitrary 
point O on the axis of rotation of the body. The magnitude » of 
the linear velocity of point M is directly proportional to its 
distance R from the axis of rotation. Thus 


v=orsina = aR 


The projections v,, v, and v, of vector v on the axes of a Cartesian 
system of coordinates are related to the projections of vectors 
w and r on these axes by the following equations: 


Vz = Wy2—-O,Y V, = W,X—W,2 Vz = WY — WX 


1.4.5. The period uf revolution T of a body is the time required 
for it to rotate about a fixed axis of rotation through the angle 
y = 2x. This 

7 

if wdt = In 
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The number of revolutions n made by a body in unit time equals 
1 


n= ake fo dt 
Qn 


0 


1.4.6. Motion of a rigid body in which one of its points remains 
stationary is called rotation about a fixed point (centre). In each 
instant of time, this motion can be regarded as motion about an 
instantaneous axis of rotation passing through the fixed point. 
The position of the instantaneous axis of rotation varies contin- 
ually, both with respect to a frame of reference fixed in the 
rotating body itself (relative or moving frame of reference) and 
with respect to a stationary frame of reference (absolute or fixed 
frame of reference) fixed in the surrounding stationary bodies. 
The equations of the instantaneous axis of rotation are of the 
form 


Oz ys, Ra. 

x y 2 
where w = vector function of time ¢ 
,, @y and w, = scalar functions of time ¢. 


Eliminating the parameter t from the last equation we obtain the 
equation of an axoid which is the surface developed in space by 
the instantaneous axis of rota- 

tion. Zz 

A body rotating about a fixed 
point has three degrees of free- 
dom. Its position with respect to 
a system of fixed axes is comple- 
tely determined by specifying 
three coordinates (for instance, 
by two direction cosines of some 
axis, passing through the fixed 
point of the body and connected ; 
rigidly with it, and the angle of iz IN ‘v’ 

rotation of the body about this 

axis). Usually three Euler’s ang- ¥14.1.6 

les, y, 6 and g, (Fig. 1.6) are 

selected as the independent coordinates. In Fig. 1.6, Ox, Oy 
and Oz are the axes of a fixed right-handed Cartesian coor- 
dinate system; Ox’, Oy’ and Oz’ are the coordinate axes of 
an analogical moving frame; i, j and k, and i’, j’ and k’ are the 
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unit vectors of the coordinate axes in these two systems, res- 
pectively; and O is the fixed centre. The intersection ON of 
planes zOy and x’Oy’ is called the nodal line. The nodal line is per- 
pendicular to plane zOz’. Unit vector n, determining the positive 
direction on the nodal line, coincides in direction with the vector 
product [(kk’], i. e. the triad of vectors k, k’ and n have the same 
orientation as the unit vectors of the coordinate axes. 

Angle p between axes Ox and ON is called the angle of precession. 
Angle 6 between axes Oz and Oz’ is called the angle of nutation. 
Angle » between axes ON and Oz’ is called the longitude of the 
nodal line (angle of pure rotation). Angles y, 0 and are read off 
in directions which comply with the rule of a right hand screw. 
This is in accordance with the directions of rotation indicated in 
Fig. 1.6 for angle y about axis Oz, angle 6 about axis ON and angle 
gy about axis Oz’. Euler’s angles vary within the following ranges: 


0Os=yps2n 
O<O=2 
0<ps2n 
The projections of the angular velocity vector w on the fixed 


(x, y, 2) and the moving (z’, y’, 2’) coordinate axes comply with 
Euler’s kinematic equations for a rigid body: 


o, = 6 cos y+@sin 6 sin yp 
o, = 6 cos p+ sin 6 sin g 
w, = 6 sin y—$o sin 6 cos p 
wy =—6:in p+ sin 6 cos g 
y+ cos 0 

o, = 9+ cos 0 


1.4.7. The angular acceleration is the vector «, equal to the first 
time derivative of the angular velocity: 
_ do. 
a= Ta = QW 
The angular acceleration indicates the rate of change of the 
angular velocity vector with time. Upon rotation about a fixed 
axis, the direction of vector w remains unchanged and 


& 
l 
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Vector @ coincides in direction with w in the case of accelerated 


rotation (a = ae > 0) and is opposite in direction in the case of 


decelerated rotation (a = e <0). 


The linear acceleration of an arbitrary point M(r) of arotating body 
is equal to 


a= = 4 & [er] = [or] +[wfor]] 


1.4.8. Vector a, = [ar], directed perpendicular to the plane formed 
by vectors « and r, is called the rotational acceleration. Vector 
a, = [w[er]], perpendicular to the axis of rotation and directed 
from point M toward the axis, is called the centripetal acceleration. 
In the case when the body rotates about a fixed axis, vectors a, 
and a, are identical, respectively, with the tangential and normal 
accelerations. Thus 


a, = a, = [ar] 
a, = @, = [wlor]] = (wr)w—o'r 


1.5. Absolute Motion, Relative Motion 
and Transportation 


1.5.1. The absolute motion of a particle is defined as its motion 
with respect to some inertial frame of reference (see 2.1.3.), which 
is conditionally accepted as being fixed and is called the absolute 
frame of reference*. Relative motion of a particle is its motion with 
respect to a moving frame of reference. Transportation refers to 
the absolute motion of the point of a moving frame through 
which the moving particle passes at the instant of time being 
considered. 

The choice of the absolute and relative frames of reference is 
arbitrary. It depends on the problem on hand and is subject to a 
engl purpose —maximum simplification of the solution of the 
problem. 

1.5.2. The relationship between the radius vectors r and r’ of a 
moving particle M, drawn, respectively, from the origin O of a 





* The terms ‘absolute motion’ and ‘absolute frame of reference’ are hardly 
suitable since, according to the mechanical principle of relativity (see 2.9.3.), 
all inertial frames of reference are equally valid. 
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fixed frame of reference (x, y, z) and origin O’ of a moving frame 
(z’, y’, 2’), is of the form (Fig. 1.7) 


r=Prtr =ryt(cit+y yj +2k’) 


where x’, y’ and 2’ = projections 








ofr’ on the 
axes of the 
moving 
frame 
i, and k’ = unit vec- 
tors of 
these axes. 
z The absolute velocity v, of particle 
rig.t.7 M(r) is equal to 
dr drm ,., dv, , dl’ ,, dk’ , dx’, dy’s,, dz’, 
ae Fa Pare af? at a a ae 


The relative velocity v, of particle M(r’) is equal to 
= Bi My yp My 
Vo alta@itagk =a 

where 4 is the relative time derivative of radius vector r’, cal- 
culated with the assumption that unit vectors i’, j’ and k’ of the 
moving frame of reference have constant direction. 

Changes of the unit vectors i’, j’ and k’ in time can only be due to 
rotation of the moving coordinate system. If the angular velocity 
of this rotation equals w, then 


Ge 2a pea. AY 2 Been dk : 
q =r) -g7 = [oY] and ee [wk’] 
Hence* 
Vv, = Vyt{wr]t+yv 
where Vg = aro =f, = translational velocity of the moving system 


‘i Lf the origins of the moving and fixed coordinatesystcms always coincide, 
en 
= dr dr 
r=r rm=0 and aa +[or] 


This relationship between the absolute and relative time derivatives holds 


true, not only ‘or the radius vector r, but for any vector applied to the com- 
mon origin of the moving and fixed coordinate systems, 
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¥, = Vo+[wr’] = bulk, or transport, velocity of particle M. 
The absolute velocity of a particle is equal to the vector sum of 
its transport and relative velocities (law of composition of veloc- 
ities). Thus 


Va = Vet Vy 


1.5.3. The absolute acceleration a, of particle M(r) is 
dv, 


dy _ We _ Wo 4 far’) + [efor] + 2[ev,]+—— 


Me = ae at ~ at 
The relative acceleration a, of particle M(r’) is 


dn Px’ s, | dy’ ., , d?2’ 
= or _ dx’ s ay a?’ yy, 


The bulk, or transport, acceleration a, of particle M equals 
a, = ayt-[ar’]+[wlor’]] 
where & = ii 


dt 
Complementary, or Coriolis, acceleration a, is 


a, = 2[ev,] 


‘he absolute acceleration of a particle is equal to the vector sum 
of its transport, Coriolis and relative accelerations (law of compo- 
sition of accelerations) : 


a, = @,+a,+a8, 


The Coriolis acceleration is equal to zero if: 
(a) the moving system isin translatory mo- 
tion (w = 0); (b) the particle is at rest with 
respect to the moving frame of reference 
(v, = 0) or.(c) the particle moves parallel to 
the axis of rotation of the;moving frame, i.e. 
vectors v, and w are parallel to each other. 

ixample. A particle travels with uniform velo- 
city vy, along a radius of a flat disk which, in 
turn, rotates uniformly with an angular velo- 
vily w, about an axis perpendicular to its 
fuce, The velocities and accelerationsof the ar- 
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bitrary point M(r’) on the disk are equal to (Fig. 1.8): 
Yo= 9; ve = [wr]; VY = Vi; Ve = [wr + 
vg = V(wzr’)? +03 
a, = [w,[w.r]] = —o2’; a, = 2[w,¥,]; a, = 0 


&, = —@8t’ +2[W.V,]; ay = 02 V(wgr’)? + 402 


1.6. Composition of the Motions 
of a Rigid Body 


1.6.1. A body simultaneously participates in several translatory 
motions at the velocities v,, V2, V3, ..-, Vz- The resultant motion is 
also translatory and its velocity v is equal to the vector sum of 
the velocities v;, V2, .--, Vz Thus 


& 
V=VWtVet ... +¥% =, 
=1 


1.6.2. A body simultaneously participates in translatory motion 
at a velocity v, and in rotation at an angular velocity w. The 
resultant velocity v of an arbitrary point M of the body equals 


v= Vo+[wr] 


where r is a radius vector drawn to point M from any point on the 
axis of rotation. 

{f w 1 Vo, the body is said to be in instantaneous plane-parallel 
motion in which the velocities of all the points of the body, at the 
instant of time being considered, are directed perpendicular to 
vector w. 

1.6.3. A body simultaneously participates in two rotary motions: 
it rotates at an angular velocity w, about an axis A,B, which, in 
turn, rotates at an angular velocity w, about a fixed axis A,B,. 
Dealing with the first rotation as relative motion and the second 
as transportation (see 1.5.3), we find the following values for the 
transport v,, relative v, and absolute v, velocities of an arbitrary 
point M of the body: 


Y= [erat] + [erer’] = [wr] 
v, = [or] = [44] —[@,7] 
Ve = We+¥, = [(@i+ ,)F] — [0419] 
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where r, r’ and ry are radins vectors having the same meaning as 
in Fig. 1.7. 

1.6.4. A body rotates about the intersecting axes A,B, and A,B. 
Bringing the origins of the moving and fixed frames of reference 
into coincidence with the point 

of intersection of the axes B 8 B 
(Fig. 1.9) we can write e 7 


ro=0 and v=[(w,+,)r] 


Simultaneous rotation of a 
body about two intersecting 
axes A,B, and A,B, with the 
angular velocities w, and w, 
is equivalent in each instant 
of time to rotation of the 
body about the instantaneous A, A Ag 
axis AB with the angular ve- Fig.4.9 riG.d.10 

locity w = w,+0. 

1.6.5. A body rotates about parallel axes (w, # —w,). We draw vec- 
tor ry perpendicular to the axes of’rotation (Fig. 1.40) and take 


r Ms . 
r =r,+d, where d = eee Ilere, k = ot if vectors w, and @, 
[oa 


have the same direction, and k = iasl if the vectors are in op- 
I 


posite directions. Then w, = kw, 4-0. = (k+1);, and v = 
=~ [(w,+,)r,].Simultaneous rotation of a body about two parallel 
axes A,B, and A,B, with the angular velocitiesw, and w, (w, # 
#—w,) is equivalent, in each instant of time, to rotation with 
an angular velocity w = w,+ 0, about an instantaneous axis AB, 
parallel to the first two axes. The position of the instantaneous 
axis in respect to axes A,B, and A,B, is determined by the above- 
indicated value of vector d. 

The rotation of a body about parallel axcs with the angular veloc- 
ilies w, and w, = —o), is called a couple of rotation. In this case, 
the resultant velocity of all the points of the body is the same and 
equal to v = [—w,r], where r, is the radius vector connecting 
points O and O’ un the axes (Fig. 1.10). The body is in translatory 
motion at a velocity vy which is directed perpendicular to the 
plane in which vectors w, and a, lie. 





CHAPTER 2 


Dynamics of Translatory Motion 


2.1. Newton’s First Law of Motion 


2.1.1. Newton’s first law of motion states: every material point 
persists in its state of rest or uniform motion in a straight line 
until the action of other bodies compel it to change that state. 
This law is called the law of inertia, and the motion of a particle, 
free of external action, is called inertial motion. 

2.1.2. Any mechanical motion is relative; its nature depends upon 
the choice of a frame of reference. At one and the same time, a body 
may be at rest with respect to one frame of reference, move 
uniformly in a straight line with respect to another, and be in 
accelerated motion with respect to a third frame. Therefore, the 
law of inertia does not hold true for any frame of reference. 
Thus, for instance, a body which is at rest on the smooth floor of a 
railway car, travelling uniformly in a straight line with respect 
to the earth, begins to move along the floor each time the motion 
of the car is accelerated. 

2.1.3. In classical mechanics, inertial frames of reference are ones 
with respect to which the law of inertia holds true.* It can be 
assumed with an extremely high degree of accuracy that the 
heliocentric frame of reference is one such system. The origin of 
its coordinate system coincides with the centre of inertia (centre 
of mass) of the solar system and the axes are directed toward 
remote stars. 





*-A generalization of this concept for the case of relativistic mechanics has 
been made in the theory of relativity (Sec. 32.1) where inertial frames of 
reference are defined as ones in which the law of inertia holds true and in 
which the velocity of light in a vacuum is a universal constant. 
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Any frame of reference which is at rest or moves uniformly in a 
straight line with respect to some inertial system is itself an 
inertial system. On the contrary, any system being in accelerated 
motion with respect to an inertial system is noninertial. 

2.1.4. A frame of reference fixed in the earth (geocentric frame of 
reference) is noninertial, chiefly because of the diurnal rotation 
of the earth. An experimental confirmation of this statement and 
one of the proofs of diurnal rotation was demonstrated by the 
Foucault pendulum which is a heavy body (usually a sphere), 
suspended from a long wire and free to swing in any direction 
with practically no friction in its suspension. The position of the 
plane of swing of such a pendulum with respect to an inertial 
frame of reference should remain constant. Only the force of 
gravity and the reaction of the wire act on the bob, and they are 
in the plane of swing. With respect to the geocentric frame of 
reference, however, the plane of swing of a Foucault pendulum 
gradually rotates with an angular velocity of 


@, = w sin 
where w angular velocity of diurnal rotation of the earth 


geographical latitude of the place where the study is 
conducted. 


The maximum acceleration of points on the earth’s surface does 
not exceed 0.5 per cent of the acceleration due to gravity. Hence, 
in the majority of practical problems, the geocentric frame of 
reference can be approximately assumed to be inertial. 


tl 


2.2. Force 


2.2.1. Force is a vector quantity which is a measure of the mechan- 
ical action exerted on a particle or body by other bodies or 
fields. A force is completely specified by giving its magnitude, 
direction and point of application. 

Interaction between bodies, as follows from Newton’s first law, 
is the cause for the change in the state of their motion. Moreover, 
it also leads to deformation of the bodies. By measuring the defor- 
mations zx, and x, of the same elastic body, caused by two forces 
F, and F, acting in the same direction and applied at the same 
point, we can compare the magnitudes of these forces. Thus 


Fe Be 


F, coy 
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This method, based on Hooke’s law (sce 15.7.5.), is used in spring 

balances and dynamometers. 

2.2.2. The action on particle A (Fig. 2.1) of several bodies with 

the forces F,, F,, ..., F, isequivalent to the action of a single 

force F called the resultant of forces and equal to the vector sum 
of the forces: 


F; k 
F, F= a F, 

¥; F, 1E ; 

We 2a The resultant force is the clos- 
F 
A E ing line of a polygon constructed 
a A t with the forces F,, F,, ..., F; 
4 


(Fig. 2.2). The projections of the 

rig.24 FIG.2.2 resultant force on the axes of a 

Cartesian coordinate system are 

equal to the algebraic sums of the corresponding projections of 
all the forces F;: 


k k k 
FL= ¥ Fei F,= ¥ Fu; F,= 3 Fi 
1 1 1 


The line of action of force F, is the straight line along which vector 
F;, is directed. The action of a force on a rigid body does not change 
when its point of application is displaced along the line of action 
(it is assumed that the point of application either belongs to the 
body or is fixed in it). Hence, forces applied to a rigid body can 
be regarded as nonlocalized, or sliding, vectors. 

2.2.3. A concurrent force system is the complex of forces applied 
to a rigid body in such manner that their lines of action intersect 
at a single point O (Fig. 2.3). Displacing these forces along their 
lines of action to point O, we obtain a 
system of forces applied at a single 
point and equivalent to a single resul- 
tant force F. This force is applied at 
the same point O and equals the vector 
sum of all the forces making up the sys- 
tem: 





k 
F=) F, 
i=1 


VIG.2.3 


2.2.4. In the most general case, the ac- 


tion on a rigid body of an arbilrary system of forces is equiva- 
lent to the action on the body of the resultant moment M of the 
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force system (see 4.1.2.) and the resultant force vector F which 
is equal to the vector sum ofall the forces in the system: 


The point of application O of the resultant force vector of the 
system is called the reduction centre. The choice of this point is 
entirely arbitrary and influences only the magnitude of the resul- 
tant moment vector M. In the case of translatory motion of a 
perfectly rigid body, the resultant moment of all the forces 
applied to the body, with respect to its centre of mass (see 2.3.3), 
is equal to zero. 

2.2.5. In considering any system of particles or bodies, the forces 
acting on a certain particle (or body) of the system and exerted 
by other particles (or bodies) included in the system are called 
internal forces. Forces exerted by particles or bodies not included 
in the system being considered are called external forces. 
2.2.6. A closed, or isolated, system of bodies (or particles) is one 
in which no external forces act on any body or particle. 
2.2.7. The principle of releasability states that any constrained 
material system can be treated as a free system if the constraints 
imposed on it are discarded and if the action on the system of 
bodies imposing the constraints is substituted by the correspond- 
ing forces, which are called reaction forces of the constraints. 
For example, for a body moving along a rough surface, the re- 
strictions imposed on the motion of the body can be fully accounted 
for by introducing a normal and a tangential reaction of the 
surface. The second of these forces is the friction force. 

As distinguished from the reaction forces of the constraints, all 
other forces (both external and internal) applied to a material 
system are called active forces. In dealing with problems concern- 
ing the motion of a material system, all the active forces should be 
specified. The reaction forces of the constraints are not known 
beforehand and are to be determined when solving the problem, 


2.3. Mass 


2.8.1. The mass of a body is a physical quantity which is a measure 
of its inertial and gravitational properties. 

In Newtonian mechanics, mass is an additive quantity, i.c. 
(he mass m of any system of particles (for example, a rigid body) 
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is equal to the sum of the masses m,; of all n particles of the system: 
m= Ym 
i=1 


Furthermore, Newtonian mechanics contends that: (a) the mass 
of a body does not depend on the velocity of its motion, and (b) 
the mass of an isolated system of bodies (or particles) does not 
change with any processes occurring within the system (law of 
conservation of mass). 

The inertia of a particle is manifested by the fact that under the 
action of an external force it acquires an acceleration of finite 
magnitude and, in the absence of external action, it persists in a 
state of rest or uniform motion in a straight line with respect to 
an inertial reference system. Mass appearing in the equation 
that expresses Newton’s second law represents the inertial proper- 
ties of a particle and is called its inert mass. 

The mass of a particle, appearing in the equation that expresses 
the law of gravitation, represents the gravitational properties of 
the particle and is called its gravitating mass. 

It has been found on the basis of extremely precise experiments 
that the ratio of their inert mass to their gravitating mass is the 
same for all bodies. Therefore, having suitably selected the magni- 
tude of the gravitational constant (see 2.10.1.), it can be contended 
that the inert and gravitating masses are equal and are related to 
the gravity force P by the equation m = P/g, where g is the 
gravitational, or free fall, acceleration. Experience shows that it 
is the same for all bodies at the same observation point. Hence, 
the ratio of the masses of two bodies is equal to the ratio of their 
gravity forces, i. e. a = e. This is the basis for comparing 
the masses of bodies with a beam balance. 

2.3.2. The density 0 of a body is the limit approached by the ratio 
of the mass Am of an element of the body to its volume AV as 
AV approaches zero as a limit. Thus 


Am _ dm 
Av—+o AV ~ dv 


The mass of the whole body equals 
v 


m= odV 
oO 


in which integration is extended to the whole volume V of the 
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body. With a homogencous body, its density is constant through- 
out the whole volume V and its mass is m = eV. 
The mean density o,, of an inhomogeneous body is the ratio of 
its mass to its volume: 
m 

On = vv 
2.8.3. The centre of inertia, or centre of mass, of a system of parti- 
cles is point C(x,, y., 2.) Whose radius vector r, is related to the 
masses m, and radius vectors r; of all n particles of the system 
by the equation 














x may 
r 1 
eo " 
x mM 
ful 
whence 
n n nn 
z mEX; zy may x mz 
Le = + Ye = Ty Be FQ 
xm xm; rm 
tal t=l1 tal 
The coordinates of the centre of mass of a body are 
fxam fexav J vam fevav 
_ im) _ —_ me) 
cm = m ° ve nn m 
f zdm f oz dV 
(m) (V) 
2 = —— 
m m 


For a homogeneous body 
1 4 4 
a= fadv; y= a> fy ay; z= 4 fzav 
v v v 


In Cartesian coordinates 
dV = dz dy dz; feat fff eax ay ae; etc. 
(P) 


2.8.4. The momentum of a ‘particle is the vector quantity p,, 
defined as the product of the mass m, of the particle by its vector 
velocity v,. Thus 

Pi = UV; 
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The momentum of a system of » particles is denoted by vector p 
and is equal to the geometric sum of the momenta of all the 
particles making up the system: 


The momentum of a body is 


p= [vdm= fveav 
(m) (V) 
The momentum of a system of particles is equal to the product 
of the mass m of the whole system by the velocity v, = ae of 
its centre of mass: p = mv,, where vy, is the translational velocity 
of the system. 


2.4. Newton’s Second Law of Motion 


2.4.1. Newton’s second law of motion may he stated as follows: 
the first time derivative of the momentum of a particle is equal 
to the force acting on it. Thus 


d 
a = Fi or a (mv,) = F, 


The vector F, dt is called an impulse of force F, acting in the time 
dt. The impulse of force F; acting in a finite length of time Az 
a 


is equal to | F; dt. If force F, is constant, then its impulse dur- 
q 


0 
ing the time At is equal to F, At. 
Newton’s second law of motion can also be stated in the form: 
an elementary change in the momentum of a particle is equal to 
the elementary impulse of the force acting on it: 


d(m,yv;) = F; dt 


however, since m,; = const, 
avs Fe 


a, = dt Mm 


Still another statement of Newton’s second law is: the accelera- 
tion of a particle is directly proportional to the force acting on it, 


40 


2, Dynamics of Translatory Motion 


inversely proportional to the mass of the particle, and coincides 
in direction with the force. 

The equations expressing the relations of a; and F, are called 
the differential equations of motion of a particle. They are of the 
form: 


(a) In Cartesian coordinates 
mk, = Fy; mi = Fy; ma = F;, 

(b) In cylindrical coordinates 

m(6;— Of?) = Fie, milodbit 2601) = Figs me = Fi, 
where F;, and F,, are the projections of force F; along the direc- 
tion, respectively, of straight line OM’ (see Fig. 1.16, where M is 
the moving particle of mass m,;) and of a straight line lying in 
plane zOy, perpendicular to OM’ and directed so as to increase 
angle 
(c) In spherical coordinates 


nF, — rp? sin? 0; — 15?) =F, 
mil (rs | 2hP,) sin 0 + 27.GH; cos O,] = Fiy 
mM; (27,0; i ris saad TQ} sin 0; cos 0;) = Fig 


where Ff, =: projection of force F; along the straight line OM 
(Fig. 1.10) 
Fi, =: projection of force F, on a straight line, lying in 
plane xOy, perpendicular to OM’ and directed so 
as to increase angle 9 
Fi = projection of force F, on a straight line, lying in 
plane OMM’, perpendicular to OM and directed so 
as to increase angle 0. 
24.2. The principle of superposition, or independence of forces, 
states that if several forces act simultaneously on a particle, 
cach force imparts an acceleration to the particle in accordance 
with Newton’s second law, as if the other forces did not exist. 
Consequently, the resultant acceleration of the particle can be 
determined by Newton’s second law, substituting in it the resul- 
tant force F,. 
2.4.3. In an osculating plane, the acceleration of a particle and 
(he force acting on it can be resolved into normal and tangential 
components. Thus 
Mi (Bin | iz) = Fit Bez 
where 
Fey m&, and Fy = may 
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The magnitude of the normal force is 


mri 

“Ri 

It is directed toward the centre of curvature of the path along 
which the particle travels. For this reason it is often called the 
centripetal force. In the case of a circular path of radius R,, the 
force F', = m,w?R,, where w, is the angular velocity of rotation 
of the particle. 

The magnitude of the tangential force is 


Fy = Man = 


Fi, = may, = may; 
If 3; => 0, then force F,, coincides in direction with the velocity 


vector v, and is called the motive force; if 6; < 0, force F;, opposes 
the direction of velocity v, and is called the retarding force. 


2.5. Newton’s Third Law of Motion 


The actions of two particles on each other are equal in magnitude 
and opposite in sense: 


Fy = —Fy (i # j) 
where F,, = force acting on the i-th particle and exerted by 
the j-th particle 
F,; = force acting on the j-th particle and exerted by 
the i-th particle. 
These forces are applied to different points and are mutually 
counterbalanced only when particles « and j belong to the same 
rigid body. 


2.6. The Fundamental Law in the Dynamics 
of Translatory Motion 


2.6.1. The time derivative of the momentum p of a particle or 
system of particles with respect to a fixed (inertial) frame of 
reference is equal to the resultant force vector F of all external 
forces applied to the system: 

dp _ a 

+= F or ma, =F 
where a, = acceleration of the centre of mass of the system 

m = mass of the system. 
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In translatory motion of a rigid body at an absolute velocity v, 
the velocity of the centre of mass is v. = v. Hence, in considering 
the translation of a rigid body, the body can be thought of as 
being replaced by a particle, coinciding in position with the 
centre of mass of the body, possessing its full mass and travelling 
by the action of the resultant of external forces applied to the 
body. Thus, the mass of a body serves as a measure of its inertness 
in translation. 
In terms of projections on the axes of a fixed Cartesian system 
of coordinates, the equations of the fundamental law of dynamics 
in translatory motion of a system take the form: 

dp, _ . Spy _ . Pe 

“at — F,; “dt. or F,; “dt. =, F, 
or 

ma,, = F,; ma, = Fy; ma, = F, 


2.6.2. The following are the simplest cases of translatory motion 
of a rigid body: 
(a) Inertial motion (F = 0): 
mv = const; a= 0 
(b) Motion under the action of a constant force: 


—— (mv) = F = const; my = Ft+my, 


na 1 the momentum of the body at the initial instant of 
time (t = 0). 

Example. Consider a body thrown at an angle a to the horizontal. 
The body is acted on by the constant force of gravity P directed 
vertically downward (Fig. 2.4.). For an arbitrary point M(z, y) 
on the path of the body, we can write 


my = Pt+mv, or V = gt+Vy 


Dz = Vy COS A; vy = Vy SiN a—gt 
2 
x= vi cosa; y= vtsm a—# 
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The path equation is 
x2 


= x tan a—-———_-. 
y 2v3 cos? a 


The maximum height to which the body rises is 





(vo sin a)? 
Ymar = Ser Pace 
The maximum range of throw along the horizontal axis z is 
_ vm sin 2a 
Lmax ira g 


(c) Motion under the action of a variable force: 
The change in the momentum of a body in the time interval 
from ¢, to t, is equal to 


MY,—MV, = Fy, (tz — t1) 


by 
f F at 
t 


where F,, = = ; is the average value of the force vector in 
2— br 
the time interval from t, to t,. 





2.7. Principle of Conservation of Momentum 


2.7.1. The momentum of a closed, or isolated, system does not 
change in the course of time. Thus 

dp = 

“a= 9 OF P= Om mV, = const 
This is one of the fundamental laws of nature and follows from 
the homogeneity of space (see 5.6.3.). In the projections on the 
axes of a fixed Cartesian coordinate system, this principle is 
expressed by a system of three equations: 


d é * 
a y mx; = 0 Y Mk, = b, 
i=1 t=1 
d n n 
ae Dm = 0 Fo or Y mis = by 
f= 
n n 
a Ys mea; = 0 Ys ma = by 
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where #,, 7; and 2; = projections on axes Ox, Oy and Os of the 
velocity vector v; of the i-th particle of 
the system 
b,, b,, and bs = constant values equal to the projections 
of the momentum vector p of the system 
on the coordinate axes. 


2.7.2. The principle of conservation of momentum shows that 
the interaction of bodies composing a closed system leads only 
to an exchange in momentum between the bodies but does not 
affect the motion of the system as a whole. Upon any interaction 
between the bodies making up a closed system, the velocity of the 
centre of mass of the system does not change, i. e. 

dve axe dye d*z- 

dt “dl? die di? 








where V.= velocity of the centre of mass 
2, Y- and 2, = Cartesian coordinates of the centre of mass. 


If the system of bodies is not closed, but the projection of the 
resultant force vector F of all the external forces on any one of 
the axes equals zero, then the projection of the momentum 
vector of the system on this axis is independent of time. For 
example, if F, = 0. 


dso... ee 
<a mz, = 0 and NX, = const 
dt >» »» 


2.8. Motion of a Body of Variable Mass 


2.8.1. The differential equation of translatory motion of a rigid 
body whose mass m is dependent on time is of the form 


d d 
Sr (my) = F+v, 
where F = resultant of all forces acting on the body 
v, = velocity of the added mass before being joined to 


the body (if a > 0), or that of the detracted mass 
after being separated from the body (it am < 0). 
2.8.2. The acceleration a of a body of variable mass is 


4 
a= ™ (F+F,) 
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where F, = (v¥,—Y) an =u an is the reactive force. It is equal to 
the product of the time derivative of the mass of the body by 
the relative velocity u = v,—v of the mass being joined to or 
separated from the body. 

Example 1. Determine the reactive force developed by an air- 
feed jet engine. This force F, is equal to the vector sum of two 
reactive forces, exerted simultaneously by the air entering the 
engine (F,,) and by the products of combustion exhausted from 
it (F.2). Thus 

F, = Fyi+ Fre 


dm 
Fa = Wy ar >; F.= —u,(-F 





naka Tae 


dm. dm. 
F, = (u,—u,) a ea er a 


dm, dm, ) 


where u,= —V = relative velocity of the air 
v = flight velocity 
u, = relative velocity of the products of combus- 
tion at engine exhaust 


mass flow of the air per second 


mass flow of the fuel per second. 


Example 2. Determine the velocity of flight of a rocket on which 
no external forces act. The rocket thrust is found by the preceding 
formula under the assumption that u, = 0 (the oxidizer as well 
as the fuel is carried inside the rocket). Then 


F, = Usa dt 


where an is the rate at which the mass of the rocket is reduced 


by the combustion of the fuel. 
The equation of motion of the rocket is 


where v and m are the velocity and mass of the rocket at an 
arbitrary instant of time ¢. Vectors a and u, are directed oppo- 
sitely, therefore 
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This leads, at u, = const, to Tsiolkovsky’s formula 

DV = VotU, in —~. 
where v, and my, are the initial velocity and mass of the rocket 


(at ¢ = 0). 


2.9. Galileo’s Relativity Principle 


2.9.1. The coordinates and time in two arbitrary inertial frames 
of reference are related by a Galilean transformation: 


r = r—(r+V,t) (Vv, = const) 
v=t 


where r and r’ = radius vectors of the moving particle in the 
first and second frames of reference 
v, = velocity of uniform motion in a straight line 
of the second frame with respect to the first 
r, = radius vector drawn from the origin of the 
first frame to that of the second at the instant 
of time t = 0. 


The second condition (¢’ = t) represents the absolute character 
of time in classical mechanics, i. e. time flows identically in all 
inertial frames of reference (see 2.1.3.). 

2.9.2. Velocities and accelerations of the particle in the two 
frames of reference are related by the equations: 


,_ ar ae 

v= avo at vV,=V-YV, 
a av 

= wat 


Thus, the acceleration of any particle is the same in all inertial 
frames of reference. 

In the most general case, the forces acting on a particle and exert- 
ed by other bodies or fields which they set up depend upon the 
distances between the particle and these bodies, the difference 
in the velocities of the particle and bodies, and also on time. 
It follows from the Galilean transformation formulas that these 
values are the same in all inertial frames: 


Tg-T; =%,-r, and vz—Vi = Ve—V; 
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For this reason, the forces that act on the moving particle are 
also the same: 


FF’ =F 
Hence 
I’ F 
> = = m 
a 


i. e. the equations of motion of a particle and system of particles 
are the same in all inertial frames of reference. They are invariant 
under a Galilean transformation. 

2.9.3. This result can be formulated as Galileo’s relativity principle: 
uniform motion of a closed system in a straight line (with respect 
to an inertial frame of reference) has no influence on the mechan- 
ical processes occurring in this system. 

In other words, in classical mechanics all inertial frames are 
equally valid. Therefore, within the scope of classical mechanics, 
there is no basis for singling out any “main” frame of reference, 
with respect to which the state of rest or motion of a body could 
be regarded as absolute. 

A further generalization of the relativity principle is treated in 
the theory of relativity (see Chapter 32). 


2.10. Law of Unwwersal Gravitation 


2.10.1. The forces of mutual attraction that act between any two 
particles are directly proportional to the product of their masses 


Fe For 
—— i, 
My Rip Jtlg 
FIG.2.5 


and inversely proportional to the square of the distance between 
them (Fig. 2.5.). Thus 


: Mm, R, 
FF, =G 1ihte 12 


“Rt RK 
where F,, = gravitational attraction acting on a particle of 
mass m, 
Ry, = radius vector drawn from this particle to the 
one having a mass m, 
| Ri2| = distance between the particles 
gravuational constant, 


R 
G 


it 
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The gravitational constant is numerically equal.to the gravitation- 
al attraction between two particles having the same unit mass 
and a distance of unit length between them. This constant is 
determined experimentally. Its magnitude depends only upon 
the choice of the units of measurement: 

N-m? 


rar = (6.67 £0.01) x 10-8 S¥neem 





G = (6.67+0.04) x1074 


According to Newton’s third law, the force F,, acting on a particle 
with a mass m, is equal in magnitude to force F,, but is of opposite 
sense. Thus 

2.10.2. Sufficiently small elements of two bodies of arbitrary 
shape and size can be regarded as particles whose mass is equal 
to the product of their volume (dV, and dV.) by their density 
(oe; and g.). Therefore, the force of gravity dF,. acting on an elc- 
ment of the first body and exerted by an clement of the second 
body equals 

dF, = G%& dy, dV, 
Tre "12 

The resultant force of attraction F,. of the first body by the 
second is 


Fp, =G fa. dV, f% Ty dV, 


vy V2 


where integration is carried out throughout the entire volumes 
V, and V, of both bodies. In case of homogencous bodies, their 
densities are constant and then 


Fu = Gorge fav, [78 av, 
vy, V5 
lor two rigid bodies of spherical shape, when the densily of cach 
body depends only on the distance to its centre, 


Fy, = eu Riz 


where m, and im, == masses of the bodies 
Ry, = radius vector connecting the centres of the 
first and second bodies 
R= | Rie. 
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This formula is also valid for the case when one of the bodies is 
of arbitrary shape, but its size is very much smaller than the 
radius of the second body. 

2.10.3. The gravity force of a particle is the 
force P, equal to the vector difference bet- 
ween the gravitational force of attraction 
F of the particle toward the earth and 
the centripetal force F, due to the parti- 
cipation of the particle in the diurnal rota- 
tion of the earth (Fig. 2.6.). Thus 


P=F-F, 
with 





F, = mw’R cos 9 


= mass of the particle 

@ = angular velocity of diurnal rotation of the earth 
R = radius of the earth 

gy = geographical latitude of observation point A. 


The gravity force reaches its maximum at the earth’s poles and 
minimum at the equator. The difference, however, does not 
exceed 0.55 per cent. The gravity force of a body is equal to the 
geometric sum of the gravity forces of all the particles that make 
up the body. The point of application of this force is called the 
centre of gravity of the body. The centre of gravity of a body 
coincides with its centre of inertia, or mass (see 2.3.3). 

2.10.4. Free fall is the motion of a body that occurs when it is 
acted on only by its gravity force. Free fall acceleration (gravita- 
tional acceleration) is g = P/m. It is the same for all bodies and 
depends upon the geographical latitude and height above sea 
level. The magnitude g (in cm/sec?) of the free fall acceleration 
at small heights h (in m) above sea level can be computed by the 
approximate formula 


g = 978.049 (1+ 0.0052884 sin? p — 0.0000059 sin? 2¢) — 

— 0.0003086h — 0.011 
The standard (normal) value of g, accepted for barometric compu- 
tations and in constructing systems of units, is 980.665 cm/sec’. 
The dependence of g on g is neglected in most engineering calcula- 


tions and it is assumed that g = 981 cm/sec?. The following 
approximate formula is used to determine g at considerable alti- 
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tudes from the earth’s surface: 
= ML Ro _\? 
Be (Roth)? alpen) 
where M = mass of the earth 


R, = 6370 km = mean radius of the earth 
8 = 981 cm/sec?. 


2.10.5. The weight of a body is the force with which the body 
acts, due to the earth’s gravity, on a support (or suspension) 
preventing it from falling freely. If a body and its support are 
fixed with respect to the earth, the weight of the body is equal to 
its gravity force. 

The weight density of a body, the physical quantity y, is the limit 
approached by the ratio of the magnitude AP of the gravity 
force of an element of the body to its volume AV as AV approaches 
zero as a limit. Thus 


il 


The gravity force of the whole body is equal in magnitude to 
P= frav 
(y) 


in which integration is extended through the whole volume V 
of the body. 

The mean weight per unit volume y,, of an inhomogeneous body 
is the ratio of the magnitude of the gravity force of the body to 
its volume: 


Yn =H 


The relation between the weight per unit volume and density of 
a body is of the form 


y=eg and Yn = Ong 


2.11. Gravitational Field 


2.11.1. Gravitation between bodies is accomplished through a 
gravitational field which, along with other physical fields and sub- 
stances, is one of the forms of matter. The distinctive feature of a 
gravitational field is that the gravity force acting on a particle 
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placed in the field is directly proportional to the mass of the 
particle. ‘he vector characteristic of the gravitational field is 
its intensity g which is equal to the ratio of the gravity force F, 
acting on the particle, to the magnitude of its mass, i.e. g = F/m. 
2.11.2. The potential (conservative) nature of the gravitational 
forces (see 3.4.1) enables a scalar characteristic of the gravitation- 
al field—the potential g—to be introduced. It is related to the 
intensity g by the equation 

A formal analogy exists between the gravitational and _ electro- 
static fields (see 20.2.2.) which is a result of the external similarity 
between the equations for the force of mutual attraction of two 
particles (see 2.10.1.) and those for the force of electrostatic 
interaction between two point charges (see 20.1.4.). Hence, to 
find the intensity and potential of a gravitational field set up by 
an arbitrary system of particles with the masses m,, mg, ..., Mx 
it is possible to employ the equations for the intensity and poten- 
tial of an electrostatic field of a geometrically identical system 
of point charges g,, q2, ---, gg. In the latter equations, expressed 
in SI units, the term q,/4ze,f, is to be changed to — Gm,, where 
G is the gravitational constant. Thus, for example, in a gravitation- 
al field set up by a particle of mass M which is located at the 
origin of the coordinates 


M M 
= -G-yr and 9 = =G- +C 


radius vector of the particle in the field 
arbitrary constant depending upon the choice of 
the origin for 9. 


These equations also hold true for the gravitational field of a 
sphere of mass M whose density varies only in the radial direction, 
and the radius of whose surface is less than r. 

In the general case, the potential » of a gravitational field set up 
by masses arbitrarily distributed in space complies with Poisson’s 
differential equation 


where r 
C 


ll 


2 2 2, 
i+ Gate =-4nGo or dp = —4nGoe 
where e@ = dm/dV = mass density 
A= Stree = Laplacian operator. 
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t 


The general solution of this equation is of the forin 


pana fe 


(V) 


where r is the distance from an element of volume dV and mass 
dm = odV to the point being considered in the field. Integration 
is carried out throughout thegwhole volume V occupied by the 
masses that set up the field. 

2.11.3. Zero gravity, or weightlessness, is a state of a material 
system in which the external gravitational field acting on the 
system does not cause mutual pressure of parts of the system 
against each other. If a body in a state of weightlessness is hung 
from a spring it causes no deformation of the spring, and if it 
rests on a support it exerts no force on the support. 

A state of weightlessness occurs in any system complying with 
the following conditions: (a) no other external forces, except 
those of the gravitational field, are acting on the system; (b) the 
size of the system is not too large, so that the intensity of the 
gravitational field is the same at all points of the system at each 
instant of time; and (c) the system is in translatory motion. 
These conditions are realized in a freely falling elevator (lift), 
artificial satellites (sputniks) and spaceships in free flight, i.e. 
coasting with the engines turned off. 

2.11.4. Newton’s law of universal gravitation and the so-called 
nonrelativistic theory of a gravitational field, based on this law, 
are only approximate. This theory describes the motion of a 
body in a gravitational field with sufficient accuracy only in 
cases when the field is comparatively weak, i. e. when its potential 
|p|<«c?, where c is the velocity of light in a vacuum, and the 
velocity of the body v«e. 

The modern theory of gravitation, based on the theory of rela- 
tivity, was formulated by Albert Hinstein (in the general theory 
of relativity). It is a united theory of space, time and gravitation. 
According to this theory, the geometrical properties (metric) 
of four-dimensional space-time continuum (see 32.2.1.) are not 
invariable, but depend upon the distribution of gravitating masses 
in space and their motion. Masses, setting up a gravitational 
field, “distort” real three-dimensional space and differently 
change the flow of time at various points in this space. This 
means that mass causes a deviation of the metric of space-time 
continuum from those of the “flat” space-time structure described 
by Euclidean geometry and treated in the special theory of 
relativity (see Chap. 32). In this connection, the element of separa- 
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tion ds (see 32.2.2) between two world points (see 32.2.1.) in a 
gravitational field has the form 


3 
ds? = 9. gin da! dat = goo(de®)?-+ go: da? det ... + gad)? 
t,k=0 


where x° = ct = time coordinate 
x', 2? and x? = space coordinates 
Sik = Bxi- 

No transformation of coordinates can reduce this equation 
throughout all of space-time continuum to the form ds? = c? dt?— 
— dx? —dy*—dz? which is characteristic of “flat” (Euclidean) 
space-time structure. Such a reduction is possible only for an 
infinitely small neighbourhood of any single world point. 

A world line (see 32.2.1.), corresponding to the motion of a free 
particle in a gravitational field, is a geodesic line in four-dimen- 
sional space-time continuum, i. e. a line along which the integral 


fas between any two world points acquires its extreme value. 


Due to the “curvature” of space-time continuum, geodesic 
lines passing through it are not straight. Likewise, a particle, 
subject to the action of a gravitational field, travels neither in a 
straight line nor uniformly in real three-dimensional space. 
Calculations of the gravitational field in Einstein’s theory consist 
in finding the dependence of g;, on the space coordinates and time 
for the given system of bodies that set up the field. The system 
of equations of the gravitational field is nonlinear in respect to 
8x. For this reason, the superposition principle does not hold for 
gravitational fields. It is approximately correct only in superimpos- 
ing sufficiently weak gravitational fields for which nonrelativistic 
theory is applicable. 


2.12. External Friction 


2.12.1. Distinction is made between the two main types of fric- 
tion—internal and external. Internal friction, or viscosity, is the 
development of tangential forces which impede the displacement 
of portions of liquids or gases with respect to each other (see 
11.4.4.). External friction is the interaction between bodies, 
originating at their surfaces of contact and impeding their rela- 
tive displacement. It is also called contact friction. Depending on 
the nature of the relative motion of bodies, distinction is made 
between sliding friction appearing in the translation of one 
body along the surface of another, and rolling friction which 


54 


2. Dynamics of Translatory Motion 


occurs when one body rolls along the surface of another. In its 
pure form, rolling friction occurs only when the line or point 
of contact of the rubbing surfaces coincides with the instantaneous 
axis of rotation of the rolling body. In all other cases, rolling 
friction is accompanied by sliding friction. 

2.12.2. Friction between moving surfaces is called kinetic friction. 
Friction between relatively motionless bodies is called static 
friction. It is manifested in the fact that to originate relative 
motion of two contacting bodies, it is necessary to apply to one 
of them an external force F > Fy, where F, is the so-called limit- 
ing force of static friction. The absence of relative motion of the 
bodies at F < F, is known as the grip phenomenon. It is widely 
applied in engineering to transmit forces from one machine compo- 
nent to another (in belt drives, friction clutches, etc.). 

Sliding friction between bodies whose surfaces have not been 
lubricated is called dry friction, and friction between bodies that 
are abundantly and continuously lubricated is called fluid friction. 
Depending upon the thickness of the layer of lubricant between 
rubbing bodies and the degree of roughness of their surfaces, a 
distinction is drawn between several intermediate cases of sliding 
friction: thin-film, boundary and semifluid. 

2.12.3. In the case of dry sliding friction, the force of resistance 
to motion is caused by mechanical interlocking between the 
irregularities (projections) on the surfaces of the bodies, as well 
as the cohesion of the molecules of both bodies in the areas of 
direct contact. It can be assumed for approximate calculations 
that the force F of sliding friction is directly proportional to 
the normal pressure* N between the rubbing surfaces of the 
bodies (Amonton’s law): 
F=fN 


where f is the dimensionless coefficient of sliding friction and 
depends upon the properties of the materials which the bodies 
are made of. 

Actually, the coefficient of friction depends upon a great many 
other factors: the quality of surface finish, the presence of dirt 
between the surfaces, the sliding velocity, etc. Therefore, it is 
determined on the basis of experimental data obtained for cases 
that are similar to the problem in hand. Coefficient f,, correspond- 
ing to the limiting force of static friction is usually larger than the 
coefficient of kinetic friction. 


* The pressure here means Lhe total perpendicular force between the sur- 
faces (not the force per unit area, as the word pressure is sometimes used). 
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The angle of friction p is often used instead of the coefficient of 
friction f. It is related to f by thé equation tan » = f. Angle 9, = 
= arctan f, is equal to the least angle of inclination of a plane 
with the horizontal, at which a body lying on the plane begins to 
slide down by gravity. 

More accurate is the two-term law of friction which takes into 
account the attracting forces between the molecules of the rub- 


bing bodies: 
F = wlN + Spo) 


where « = true coefficient of friction 
= additional pressure caused by the forces of molecular 
attraction 
S = total area of all the zones of direct contact between 
the bodies. 


2.12.4. When bodies having the shape of circular cylinders or 
spheres roll along a plane surface, not only 
elastic, but plastic deformations occur (sce 
15.7.2.). For this reason, the line of ac- 
tion of reaction R of the plane does not 
coincide with that of normal pressure N (Fig. 
2.7.). The normal component R, of force R, is 
equal in magnitude to JN, and the horizontal 
component F is the force of rolling friction. 
As a first approximation, it can be assumed 
that : 


¥1G.2.7 F=k = (Coulomb’s"law) 





where r= radius of the rolling body 

k = coefficient of rolling friction. 
The coefficient of rolling friction has the dimension of length 
and depends upon the materials of the bodies, the condition of 
their surfaces, and many other factors. 
A pair of forces R, and N, applied to a rolling body, develops a 
moment of friction 

M = Fr=kN 


2.13. Motion in Noninertial Frames of Reference 


2.13.1. The relative acccleration a, of a particle is equal to the 
difference between its absolute acceleration a, and the sum of 
its transport a, and Coriolis a, accelerations. Thus 


a, = a, — (a, | 8.) 


36 


2, Dynamics of Translatory Motion 


Consequently, the equation for Che relative motion of a particle 
having a mass min an arbitrary noninertial frame of reference is 
of the form 

ma, = ma, — (ma,+ma,) 
Choosing as the absolute frame of reference some inertial system 
and taking into consideration that Newton’s second law (ma, = F) 
holds for the latter, we can write 


ma, = F+I,+1, 
where F = resultant of all forces exerted on the particle hy other 


bodies 
I, = —ma, = transport inertial force 
I, = —ma, = Coriolis inertial force. 


2.13.2. The equation of relative motion of a particle in an arbitrary 
noninertial frame of reference is formally similar to the equation 
of motion of a particle in an inertial system (ma = F). It differs 
only in that two additional inertial forces must necessarily be 
introduced into the right-hand side of the equation. In principle, 
the difference between inertial forces and the ordinary forces of 
interaction between bodies is that it is impossible to indicate the 
action of what concrete bodies on the particle is described by 
the former. The inertial forces mentioned above should not be 
confused with @’Alembert’s inertial force I, = —ma, where a is 
the acceleration of the particle with respect to an inertial frame 
of reference. The introduction of this inertial force is purely 
formal. It enables the dynamics equation of the particle in an 
inertial frame of reference to be written in the same form as the 
statics equation. F+-I, = 0, where F is the resultant of all forces 
applied to the particle. Whereas the transport and Coriolis iner- 
tial forces really act on the particle in a noninertial frame of 
reference and can be measured (for instance, with a spring dyna- 
mometer), d’Alembert’s inertial force does not act on the particle 
and therefore cannot be measured. 

2.13.3. The inertial forces are proportional to the masses of parti- 
cles and, other conditions being equal, impart the same relative 
accelerations to the particles. Gravitational forces have the same 
property: at the same point in a gravitational field, these forces, 
like inertial forces, are proportional to the masses of the particles 
and impart the same acceleration, equal to the field intensity, to 
all of them. Consequently, free motion of a body with respect to 
a noninertial frame of reference is equivalent to its motion with 
respect to an inertial frame accomplished under the action of a 
certain additional (“equivalent”) gravitational field. This state- 
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ment is sometimes called the equivalence principle. For example, 
the inertial forces developed in a frame of reference, travelling 
with translatory motion and constant acceleration (a, = a) = 
= const), are equivalent to a homogeneous gravitational field 
with a constant intensity g = — ay. 

The equivalence principle by no means signifies identity of the 
inertial forces and the “true” gravitational forces. As a matter 
of fact, the intensities of “true” gravitational fields, set up by 
bodies, approach zero as the bodies recede farther and farther 
away, whereas the intensity of a gravitational field, “equivalent” 
to the inertial forces, does not comply with this condition. Thus, 
in the example considered above, the intensity is the same at all 
points of space. Moreover, in the case of a rotating frame of 
reference, the gravitational field, “equivalent” to the centrifugal 
inertial forces, even increases indefinitely farther and farther 
away from the axis of rotation of the frame. An “equivalent” 
field can be completely eliminated by a suitable choice of the 
frame of reference: in inertial frames of reference there are no- 
inertial forces and, consequently, no gravitational field “equiva- 
lent” to them. “True” gravitational fields may exist in inertial 
frames of reference as well. It is therefore impossible to completely 
eliminate these fields throughout all of space by changing the 
choice of frame of reference and introducing the corresponding 
inertial force field. Such a substitution can only be made locally, 
i.e. for a small region of the gravitational field within whose 
limits the field can be assumed homogeneous, and for such a 
short interval of time during which the field can be assumed con- 
stant. Thus, a “true” gravitational field is equivalent to an inertial 
force field only in a limited region of space and only during a 
limited interval of time (local equivalence principle). 


CHAPTER 3 





Work and Mechanical Energy 


3.1. Energy 


3.1.1. Energy is a common measure for various forms of motion. 
It is a scalar quantity. In order to provide quantitative character- 
istics of the qualitatively different forms of motion dealt with 
in physics, appropriate kinds of energy have been introduced: 
mechanical (see 3.5.1), internal (see 9.1.1.), electromagnetic (see 
27.5.2), chemical, nuclear (see 47.2.1), etc. 

3.1.2. The law of conservation and transformation of energy states 
that the total energy remains constant in an isolated system 
whatever the processes occurring in the system. 

This law follows from the homogeneity of time (see 5.6.2.) and is 
one of the most important laws of nature. It proves that the 
motion of matter can be neither created nor destroyed; it can 
only go over from one form to another. 

3.1.3. If a system is not closed, changes in its energy owing to 
external action are equal in magnitude and opposite in sign to 
the algebraic sum of the changes in the energy of all the external 
‘bodies and fields interacting with the system. 

3.1.4. There are two qualitatively different ways of transmitting 
motion and the corresponding energy from one macroscopic 
body to another—in the form of work and in the form of heat 
(by heat exchange).* 

A change in the energy of a body, brought about in the first 


* These concepts are inapplicable to the interaction between microparticles 
Se le a etc,), and in such cases only the process of doing work is 
referred ta. 
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way is called work done on the body. Correspondingly, the change 
in energy of a body accomplished by the second way is called 
the amount of heat transferred to the body. 

Energy transmission in the form of work is carried out in the 
force interaction between bodies. Hence, it can be said that the 
work done on the body being considered is nothing but the work 
performed by forces applied to the body by all other (external) 
bodies with which it interacts. Work done on a body may he 
expended in directly increasing any kind of energy of the body. 
The transmission of energy by heat exchange between bodies is 
due to the difference in their temperatures, and can be accomplish- 
ed either by direct contact of the bodies —heat conduction (see 
11.4.3 and 15.3.1) or heat convection (see 19.4.4) —as well as by 
the emission and absorption of electromagnetic radiation — radia- 
tive heat exchange. Energy received by a body in the form of 
heat can directly increase only its internal energy (see 9.1.1.). 


3.2. Work 


3.2.1. An element of work 64 done by force F in the displacement 
dr of a particle is equal to the scalar product of vectors F and dr: 


6A = (F dr) = F ds cosa = F, ds 
or, in terms of Cartesian coordinates 
6A = F, dx+F, dy+F, dz 


where r = radius vector of the particle 
x,y and z = Cartesian coordinates of the particle 
F,, F, and F, = projections of the force vector on the coordi- 
nate axes 
a = angle between vectors F and dr 
ds = |dr| = element of length along the path of the par- 


ticle 
F, = F cosa = projection of force F on the tangent to the path. 


The element of work is denoted by 6A and not dA since, in the 
general case, it is not a total differential, i.e. the line integral of 
6A along an arbitrary closed path of the point of application of 
the force is not equal to zero. This integral of a total differential 
should be identically equal to zero. For example, the work done 
by friction forces along a closed path may not be equal to zero. 

3.2.2. If a system of forces F,, F,, ..., F, acts on a particle or 
rigid body, the element of work 6A performed by all the forces 
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of the systein is equal to the algebraic sum of the elements of work 


done by each force. Thus 
k 


6A = > (F;, dr,) 
t=1 

where dr; is an element of displacement of the point of application 
of force F;,. 

In the case of translatory motion of a rigid body, all vectors dr; 
are the same and equal to dr. Hence, the element of work 6A 
is equal to the work donc by the resultant force vector F of the 
force system F,, F., ..., F, (see 2.2.4): 


k 
6A = (> F, dr] = (F dr) 
i=1 


3.2.3. In the case of rotary motion of a rigid body, the element of 
work 6A is equal to the product of the resultant moment M, 
with respect to the axis of rotation of all forces acting on the body 
(see 4.1.2), by the plomen ery angle dp of rotation of the body 
about this axis: 6A = M dp. 

8.2.4. The work A done by force F along a finite portion s of the 
path of its point of application is equal to the algebraic sum of 
the elements of work done by this force along all the infinitesimal 
portions of the path. Thus 


4 =f Par) =[ Fas 


If F, = const, then A = Fys. 
If asystem of forces F,, F,, ..., F, acts on a rigid body, giving rise 
to its translatory motion, then 


A=¥ foe dr) = f wear) = fr, as 


where F = resultant force vector of the system of forces 
F, = projection of the resultant 
force vector on the element- 
ary displacement dr of the 
body. ; 


3.2.5. If the dependence of F’, on s is given 
graphically (Fig. 3.1), the work A per- 
formed by force F along the portion of the 
path between points B(s,) and C(s,) is pro- 
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portional to the hatched area S' in Fig. 3.1. Thus 
A = kyk,S 


where k, and k, are the scales employed for s and F, in plotting 
the curve. They indicate how many units of path one unit of 
length of the axis of abscissas is equal to, and how many units 
of force one unit of length of the axis of ordinates is equal to. 


3.3. Power 


3.3.1. The power P of force F is a physical quantity characterizing 
the time rate at which work is done by this force. It is equal to the 
ratio of the element of work 6A to the time interval dt during 
which it is performed: 
6A dr 
dae aa i 

The power of a force is equal to the scalar product of this force 
by the velocity of displacement of its point of application: 


P= F,v 


where F, is the projection of vector F along the direction of vector 
v. If a body of mass m is in translatory motion due to the action 
of force F, then F, = mo and P = mvv. 

3.3.2. In the arbitrary motion of a rigid body, the resultant power 
is equal to the algebraic sum of the powers of all the forces acting 
on the body. Thus 


ans x, (FG) = 3} (em 


where y, is the velocity of the point of application of force F;. 
3.3.3. The power of a force or system of forces that cause rotary 
motion of a rigid body is equal to the product of the resultant 
moment of these forces with respect to the axis of rotation by the 
angular velocity of the body: 


P= Mo 


3.4. Force Function 


3.4.1. Forces acting on a particle or body are said to be potential 
(conservative) if the work done by these forces in the displacement 
of the particle (body) depends only upon the initial and final 
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positions of the particle (body) in space. In other words, the work 
performed by a conservative force F along an arbitrary closed 
path of its point of application is identically equal to zero. Thus 


$ (F dr) = p (F, dx+F, dy+F, dz) =0 


To comply with this condition it is necessary and sufficient that 
the integrand (i. e. the element of work of force F) be a total 
differential of a certain scalar function of the coordinates U(z, y, z), 
called the force function: 


F,dx+F, dyt+ F,dz = dU 


Hence 
au, au. aU 
Fem gn) Fe ai Bem ee 
or 
eu. , aU 6U - 
= git 3, i+ 9, k = grad U 


Thus the conservative force F is equal to the gradient of the force 
function U. 

Example 1. The force function for the gravitational interaction of 
two particles with masses m, and m, located a distance R from 
each other (see 2.10.1) is: 


= qmm 
U=G-, 


Example 2. The force function for the electrostatic interaction 
of two point charges g, and q, located a distance R from each 
other (see 20.1.4) is: 


—___ 1 Ud 
ve 4ntoK, R 


8.4.2. In the most general case, the conservative forces and force 
function can depend explicitly not only on the coordinates, but 


on the time (5 ~ 0 and a # 0). Such forces are called non- 


stationary. In calculating the integral » (F dr) for nonstationary 


forces, time should be considered to be a fixed parameter. 

The work A done by a stationary conservative force F in the 
finite displacement of its point of application from point 41(z,, 
Y1, 3,) to point 2(x», Yo, 22) 1s equal to the difference of the magni- 
tudes of the force function at the final and initial points. Thus 








a=[@ay=fav= 04-0, 
cy 1 
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With a nonstationary conservative force, this formula is valid 
only for instantaneous transportation of ils point of application, 
as otherwise the integrand 


_ au au au 
(F dr) caer di+ 5° dy +3 dz 


is not a total differential of the function U(z, y, z, ¢). 

3.4.3. Forces acting on a particle or a body are called nonconserva- 
tive if the work done by these forces depends upon the path of 
displacement of the particle (body). 

An example of nonconservative forces are those of kinetic friction. 
They are usually directed opposite to the elementary displacement 


dr so that f (F,, ar) < 0. 


3.8. Mechanical Energy 


3.5.1. Mechanical energy FE is the energy of the mechanical motion 
and interaction of bodies. It is equal to the sum of the kinetic #, and 
potential 2, energics* : 

E = E,+E> 
$.5.2. The kinetic energy of a body is a measure of its mechanical 
motion and is equal to the work which the body can perform in 
‘being decelerated to a state of rest. The kinetic energy of a particle 


equals one half of the product of the mass m of the particle by 
the square of the velocity v of its motion: 


mv2 

E, = “2° 

For plane motion, specified in terms of polar coordinates (0, ¢) 
Ey = (024 6") 


The kinetic energy of a body is equal to the sum of the kinetic 
energies of all the particles making up the body and is expressed 
by the following integral 


E,= 4 [vtdm=+ [wav 


(m) (VY) 





* In analytical mechanics, it is usual practice to denote the kinetic energy 
by T, the potential energy by V and the mechanical energy by F. 
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where dm =— mass of a small element of the body 
dV,e, and v = volume, density and speed of the element 
mand V = mass and volume of the whole body. 


In the case of translatory motion of a body at the velocity v 


ll 


2 
If a body rotates about a fixed axis, its kinetic energy is equal 
to one half of the product of the moment of inertia J of the body 
with respect to the axis of rotation (see 4.2.4.) by the square of 
the angular velocity w: , 

E,= ie 

The kinetic energy of a body rotating about a fixed point is 
expressed by the same formula, but J stands for the moment 
of inertia of the body with respect to the instantaneous axis of 
rotation. 
In the most general case, the kinetic energy of a system of particles 
is equal to the sum of the kinetic energy of translation of the 
system at the velocity v, of its centre of mass and the kinetic 
energy FE, of the system in its relative motion with respect to a 
translatory reference frame having its origin at the centre of 
mass (Koenig’s theorem): 


k 2 2 
m,0 mv 
Bm 5 a 
i=l 
where 
Eis yy mee 
im1 2 
w=Vi-V, 


In particular, the kinetic energy of a body travelling with the 
velocity v and simultaneously rotating at an angular velocity w 
about an axis passing through the centre of mass of the body, 
equals : : 

1 = me Iw 

B= ata 


An example of such motion is the rolling of a sphere or cylinder 
along a plane. 

3.5.3. Potential energy is the part of the energy of a material 
system that depends upon the configuration of the system, i. e. 
upon the relative arrangement of the particles of the system and 
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their positions in the external force field. Potential energy is 
measured by the work done by the conservative forces (external 
and internal) which act on all particles of the system in the trans- 
formation* from the given configuration of the system to one 
which is called zero configuration, and for which the potential 
energy is conventionally assumed to equal zero. The choice of a 
zero configuration, i. e. an origin for potential energy, is entirely 
arbitrary, since, in any experiment, only the change in potential 
energy can be measured and not its absolute value. In each par- 
ticular problem, this choice is made so as to simplify the solution 
to the maximum extent. 

The potential energy E,, like the force function U (see 3.4.1), 
characterizes the given conservative force field and is related to 


it by the equations 
dE, =-dU and E,=-U+C 


where C is the constant of integration. 

The potential energy of a system EL, = Egxt+ Eint. Here, Egtt is 
the external potential energy of the system due to the action on it 
of external conservative forces, i. e. forces applied by bodies that 
are not included in the system, and Ein is the internal potential 
energy of the system, due to the conservative forces of interaction 
between its parts. In the general case, Hirt depends upon the 
coordinates of all n particles included in the system: Eint = 
= f (21, Yi, 21, +++) Fay Yar 2n)- The external potential energy may 
further depend explicitly on time t: Eext = f, (x, y,, 3, ..., 
Zn, Yn) Zn, t). This is due to the fact that external bodies, acting 
on the system being considered, may be in motion with respect 
to the frame of reference (the law of this motion is supposedly 
given in each particular problem). 

If Fext — F,(r,, t) is the resultant of all external conservative 
forces acting on the i-th particle of the system, then 


dE are n 
=e = = =e (F;, v,) 





where Vv; = a , T; being the radius vector of the 1-th particle. 


In the case of a stationary external force field 





aes" 0 and dE! =—S° (B, ¥) dt 
ot — Pp ra > V¢ 





* If the conservative forces are nonstationary, then time ¢t is considered to 
be a fixed parameter in this transformation. 
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The internal potential energy of a system is equal to the algebraic 
sum of the potential energies E;, of interaction between all 
possible pairs of particles in the system. Thus 


n n 


Ey = = y faa d kA Ea 
( 


tml k>é = 
kx 1) 


where Ey, = — f (Fu, dty)-+ const = -f (Fis, dt) + const = Ey; 


Te = %—-Ty 
Th, = Te—-Ts : ; . 
F,, = —F,; = conservative forces of interaction of the 


i-th and k-th particles of the system. 
For a rigid body, £& = const and it can be assumed that 


= Fert, 
Example 1. The potential energy of an elastically deformed body 
(the potential energy of an undeformed body is taken equal to 
zero) is equal to 


E, = fw, av 
v 


where w, is the volume density of potential energy which is 
equal in magnitude to the strain energy of a unit volume of 


the body (w, = a), and integration is carried out throughout 


the volume V of the body. In the simplest case of linear tension 
or compression of an isotropic body along axis Oz, conservative 
elastic forces are developed in it. According to Hooke’s law (see 
15.7.5), the resultant of these forces F = — ax, where a is the 
coefficient of elasticity depending upon the shape and size of the 
body as well as the elastic properties of its material, and x is a 
vector equal in magnitude to the deformation of the body and 
directed along the external force causing the deformation. Since 
F, =.—ax and F, = F, = 0, then U = —ax?/2 and 


Example 2. Determine the potential energy of a body in a gravi- 
tational field. Force F, acting on a particle and exerted by the 
gravitational field, isequalto the product of the intensity g of the 
field by the mass m of the particle (see 2.11.1). Thus 


F = mg = —mgrad p = —grad (mg) = grad U 
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where y = potential of the field (see 2.11.2.) 
U = —mp+C = force function (see 3.4.1). 


The potential energy of a particle in a gravitational field is equal 
to the product of its mass m by the potential at the point of the 
field being considered. Thus 


E, = mp 
As a first approximation, the earth can be assuined to be a sphere 


whose density varies only along its radius. Hence the potential 
of the earth’s gravitational field at a point located at a distance 


r from its centre is equal to (see 2.11.2) g=-GX +e, 


where M is the mass and r => R,, the radius of the earth. 
The potential energy of a body of mass m, within the earth’s 
gravitational field, cquals 


7 mM ¥ 
E,= Gea +m 


or, Wilh /, -= 0 at the surface of the carth (r=W,) 


y= Gna f-1) 


3.6. Law of Conservation of Mechanical Energy 


3.6.1. An elementary change in the kinetic energy of a system of 
n particles is equal to the algebraic sum of the elements of work 
donc by all the forces (external and internal) acting on the particles 
of the system: 


dE, = 2. 6A; = py, (F;, dr;) 


where F, is the resultant of all forces applied to the i-th particle. 
An elementary change in the mechanical energy of the system 
(sce 3.5.1) is equal to 


an 2 
dE = sar i d+ yi (f., dr;) 


where £, = potential energy of the system 
f; = resultant of all nonconservative forces acting on 
the i-th particle of the system. 


If all the forces are conservative, then the total time derivative of 
the inechanical energy of the system is cqual to the partial time 
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derivative of the potential energy of the system: 

dE _ OE, 

“dt at 
3.6.2. A system of bodies (particles) is said to be conservative 
if all external forces acting on these bodies are stationary and 
conservative, and all the internal forces are conservative.* 


The potential energy of a conservative system does not depend 
explicitly on time. Therefore 


**=0 and E = E,+E, = const 


The mechanical energy of a conservative system in motion remains 
unchanged. This is called the law of conservation of mechanical 
energy. It is valid, in particular, for any closed system of bodies 
between which the forces of interaction arc conservative. If these 
forces are nonconservative (for instance, friction forces), the 
mechanical energy of the closed system decreases. 

3.6.3. A system of bodies is said to be dissipative if its mechanical 
energy decreases with time due to its conversion into other 
(nonmechanical) forms of energy (for example, into the internal 
energy of chaotic motion of the particles making up the bodies). 
This process, in which the mechanical energy of a system de- 
creases, is called the dissipation of energy. 


3.7. Collisions 


3.7.1. A collision is a finite change in the velocities of rigid bodies 
that occurs in an extremely short time interval + when they 
collide. In the process of deformation of the colliding bodies, 
instantaneous (impact) forces are developed. They may be of 
extremely high magnitude. For a system of colliding bodies, these 
instantaneous forces are internal ones. Their impulses in the 
duration +r of the collision are called instantaneous impulses, or 
impulses of impact forces. They are many times larger than the 
impulses of all the external forces applied during the same time to 
the system. Hence, the effect of the external forces can be neglect- 
ed ina collision, and the system of colliding bodies can be consid- 
ered as a closed one, i. e. one in which the principle of conser- 
vation of momentum (see 2.7.1) and of the angular momentum 


‘Tf the systent is constrained, then it is necessary that the constraints im- 
posed on it be ideal (sce 5.1.4.) and stationary (see 1.1.11). 
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(see 4.5.1) holds true. Regarding the colliding bodies as a system 
consisting of n particles, we can write 


n a 
> nu; = Y mu; 
t=1 test 


and 


n nm 
> [rvs] = x [rim u,] 
i= f=1 


where vy; and u; = velocities of a particle of mass m, before 
and after the collision, respectively 
r,; = radius vector of the particle. 


3.7.2. The common normal to the surfaces of the colliding bodies 
at the point of contact is called the line of impact. The collision, 
or impact, is said to be direct if the velocities of the centres of mass 
of the colliding bodies are parallel to the line of impact before the 
collision. Otherwise, it is called an oblique collision. If the centres 
of mass of the colliding bodies lie on the line of impact, it is said 
to be a central collision. 

Example 1. Consider a direct central collision of two bodies in 
translatory motion. The velocities of the bodies v, and v, before 
the collision and u, and u, after it are directed along a single 
straight line—the axis Or—passing through the centres of 
mass of the bodies. The projections of these velocities on the 
axis Ox are related by the following equations: 


ee (m,—km,2)v1+m,(1 +h)vg 
_= eee 


m+m, 
lies m,(1 +k)v, + (m,—km)og 
2 mMm+m, 
k= eo 


Uy—V2 


where the values v,, v2, wu, and u, are positive or negative depending 
upon the direction of the corresponding velocity vector (either 
along the positive direction of axis Ox or in the opposite direction). 
The value k is called the coefficient of restitution. It is equal to 
the ratio of the absolute values of the relative velocities of the 
bodies before and after collision and depends only upon the 
elastic properties of the colliding bodies. The decrease in kinetic 
energy resulting from the collision is equal to 


— 4E, = Sea (vy — v4)? (4 — A?) 


70 


3. Work and Mechanical Energy 


This part of the mechanical energy of the system is converted into 
its internal energy. If the impact forces are conservative, the colli- 
sion is called perfectly elastic and k = 1. The collision is said to be 
inelastic if after it the bodies travel at the same velocity, i. e. 
u, = u, and k = 0. In all other cases, the collision is said to be 
imperfectly elastic and 0 < k < 1. 
Example 2. Now consider an oblique central collision of two bodies 
in translatory motion. Upon impact, only the normal components 
of the velocities of the bodies, parallel to the line of impact, are 
changed. Thus 
a (m—km2)vyn+me(1 +R)ven 
an m+me 
_ mi(1+k)vint+ (m2—km)02n 
Yan = ™Mm+mMm, 


and the coefficient of restitution is 


k= Usn—Uin_ 
Vin—Ven 


CHAPTER 4 


Dynamics of Rotary Motion 





4.1. Moment of Force 


4.1.1. The moment M; of a force about a point O is the vector 
product of radius vector r;, drawn from point O to the point of 
application of the force, by force vector F;: 


M, = [r,F;] 


The projections M,,, M,, and M,, of vector M, on the axes ofa 
Cartesian coordinate system having its origin at point O are related 
to the projections on these axes of the vectors r; and F; by the 
equations 


M,, = YP, — BP iy; M,, = 2 F,,-2F i, 
Mi, = 1 Fy—yF a 


where x;, y; and z; are the coordinates of the point of application 
of force F,. 

4.1.2. The moment of a force about an axis isa Scalar quantity equal 
to the projection on the given axis of the moment of force vector 
with respect to any point on the same axis. 

The resultant moment M of a system of k forces is a vector equal 
to the sum of the vectors of the moments of all the forces of the 
system about the reduction centre (see 2.2.4). Thus 


k k 
M —_ M = F, 7 
a i x [reF,] 


The resultant moments M and M’ of the same system of forces, 
but with respect to two different reduction centres O and O’ 


ap 
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are related by the formula 
MW = M-[r,.F] 


k 
where F = )° F, = resultant vector of the system of forces 
i=l 
Yo, = radius vector drawn from point O to point O’. 


The moment of a system of forces about an axis is equal to the 
projection on this axis of the resultant moment of the system of 
forces with respect to any point on the axis. 


4.2. Moment of Inertia 


4.2.1. The moment of inertia of a body about an axis is a quantity 
which is a measure of the inertness of the body in rotary motion 
about this axis. It is equal to the sum of the products of the masses 
of all the particles of the body by the squares of their distances 
from this axis. The moments of inertia about the axes of a 
Cartesian coordinate system are equal to 


1, = f (y?+z*) dm = f (y*+z24)o dV 
(m) (V) 


SJ) (2+ 20 dx dy dz 


(?) 
I, = f +2) dm = f (+20 dv 
(m) (vy) 
= fff (x? +27) dx dy dz 
v) 
I,= [(z+y") dm = f (a*+y*)o dV 
(mn) (¥) 


fff (22+ y?)0 dx dy dz 
(7) 


where m, g and V = mass, density and volume of the body 
x,y and z = coordinates of an elementary particle of 
the body of volume dV and mass dm. 


The moment of inertia depends only upon the shape of the body 
and the arrangement of its mass with respect to the axis. 
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The quantities r, =VJ,/m, r,=YI,/m and r,=VI,/m are 
called the radii of gyration of the body about the axes Ox, Oy 
and Oz, respectively. 

For a discrete system of n particles 


tie x (vital; Ly = (xf + 2?)m, 


1, = Yi (et +f), 


4.2.2. Steiner’s theorem of parallel axes states that the moment of 
inertia J, of a body about an arbitrary axis a is equal to the sum 
of its moment of inertia J,, about axis a’, passing through the 
centre of mass of the body and parallel to axis a, and the product 
of the mass m of the body by the square of the distance d between 
axes a and a’ (and likewise for an arbitrary system of particles): 


I, = Ip-+md? 


Hence, the moment of inertia of a body about an axis passing 
through its centre of mass is less than that about any other 
parallel axis. 

4.2.3. The products of inertia, or centrifugal moments, of a body 
about the axes of a rectangular coordinate system (Ox, Oy, Oz) 
are represented by the following equations: 


ly = f zy dm = fzyeav = fff eve dx dy dz 
(m) (7) (7) 

i= f xz dm = f x20 av = fff x20 ax dy de 
(m (?) (?) 

Ly, = fv: dm = J yz0 dV = fff yze dx dy dz 
(m) (7) (P) 


and for a system of n particles 


n . n n 
Ly = > LYM; ; Ie, = > XB; 5 Ly ho z Yim, 
fel t=1 f= 


4.2.4. The moments of inertia J, of a rigid body about any arbi- 
trary axis a passing through a point O are related to the moments 
of inertia of this body about the axes of a coordinate system 
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(Ox, Oy, Oz), whose origin coincides with point O, by the following 
equation: 


I, = I, cos? a+J, cos? B+I, cos? y—2I,, cos a cos B— 
—2I,, cos acos y—2I,, cos B cos y 


where a, # and y are the respective angles which axis a makes 
with axes Oz, Oy and Oz. 

Axis Oz is called the principal axis of inertia of the body if the 
products of inertia J,, and J,, are simultaneously equal to zero. 
Three mutually perpendicular principal axes of inertia Oz’, Oy’ 
and Oz’ can be passed through each point of the body in such way 
that 

I, = I, cos? a’+ I, cos? B’ + I, cos? y’ 


where a’, 8’ and y’ = angles made by axis a with axes Ox’, Oy’ 
and Oz’ 
I,, I, and J, = moments of inertia of the body about the 
principal axes of inertia at point O, called 
the principal moments of inertia. 


4.2.6. If all possible axes a are passed through point O of a rigid 
body, and lengths OA, equal in magnitude to 4/ VI, are laid off 
on each axis, the locus of points A is an ellipsoid called the 
momental ellipsoid of the body at point O. The principal axes of 
the momental ellipsoid coincide with the principal axes of inertia 
of the body at point O. The equations of the momental ellipsoid 
in the coordinate systems (Oz, Oy, Oz) and (Ox’, Oy’, Oz’) are 
of the form 


2+ I,y? + 0,2? -21,,2y —21,,22—21,,y3 = 1 
L,2?+I,y?+ 1,27 = 1 


The central momental ellipsoid of a rigid body is the one at the 
centre of mass of the body. The principal axes of the central 
momental ellipsoid are called the principal central axes of inertia, 
and the moments of inertia of the body about these axes are 
called the principal central moments of inertia. A principal central 
axis of inertia is the principal axis of inertia for all points of the 
body lying on this axis. 

4.2.6. If a homogeneous body has an axis of symmetry, then this 
axis is one of its principal central axes of inertia. If a homogeneous 
body has a plane of symmetry, then any normal to this plane is a 
principal axis of inertia at the point of intersection of the normal 
and the plane of symmetry. 
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A rigid body rotating about a fixed point O is called Ff body of 
revolution in the dynamic sense if its momental ellipsoid/for point 
Ois an ellipsoid of revolution. The axis of rotation of the momental 
ellipsoid is called the azis of dynamic symmetry of the body. 

4.2.7. The following are the principal central moments of inertia 
of certain homogeneous bodies of simple shape (m being the mass 
of the body). 

(t) A thin straight rod of length J located along axis Oz: 


1 2 
I, =1,=7y_ ml and I, = 0 
(2) A rectangular parallelepiped with sides a, b and c, that are 
parallel, respectively, to axes Ox, Oy and Oz: 


I, = Fp (b+e); y= Fy (@te’); I, = Fy (a? + 5%) 


(8) A hollow right circular cylinder of height H and radii R, 
and R, of the outer and inner surfaces; Oz is the axis of the cylin- 
der: 


I, = 1, = fp (8RE+3RR+H*); I, = (REARS) 
For a solid cylinder (R, = 0; R, = R): 
I,=1,=% 3R4+H); I, =, mk 


For the lateral surface of a thin-walled hollow cylinder (cylindrical 
shell) (R, = R, = R): 


I, = 1, = 7p (6R°+H?); I, = mF? 


(4) A hollow sphere with the radii of the outer and inner surfaces 
equal to R, and R: 


9 RS-RS 
Sf Lopes yj 
I,=1,=1,= 5 Ue oR 


For a solid sphere (R, = 0; . Ry = R): 
2 2 
L=1,= Es 5 mR? 
For a thin-walled sphere (spherical shell) (R, = R, = R) 


I, =1,= 1, = 4-mR 
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For a spherical sector (Oz is the axis of symmetry): 
\ 


1, = 4 (3R-h) 


\ 


where R = radius of the spherical surface 
altitude of the spherical segment which is part of 


the spherical sector. 


i 


For a spherical segment (Oz is the axis of symmetry): 
T, = mh 2OR*-15RA+3h2 
#20 3R—-h 
(5) A right circular cone with a base of radius R and an altitude 
fl (Oz is the axis of the cone): 


3m Hy. 3 
I= 1, = 35 (Rt); Te = qq mR 





For the lateral surface of a thin-walled hollow cone (conica 
shell): 


I, =4 mR 


(6) The frustum of a right circular cone with an altitude WZ and 
bases of radii R, and R, (Oz is the axis of the frustum): 





For the lateral surface of a thin-walled hollow frustum: 
I, =F (Ri+ Ri) 


(7) A right rectangular pyramid of altitude 7 with the sides a 
and 6 of the base parallel to axes Ox and Oy, respectively: 


m 
I, = Fy (a+b) 
(8) An ellipsoid with semiaxes a, b and ¢ parallel to axes Ox, Oy 
and Oz, respectively: 
L=F(P+e); L=Fl@te); 1, =F (a+b) 


(9) An anchor ring of radius R having circular cross sections of 
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radius r and axis Oz perpendicular to the plane in which the 
centres of the cross sections lie: 


I, = 1, = 2 (4R?+5r4); I, = m (R244 r)! 


4.3, Angular Momentum 


4.8.1. The angular momentum, or moment of momentum, of a 
particle about a certain point (origin) is denoted by vector L, 
which is equal to the vector product of the radius vector r, of the 
particle, drawn from the origin, by its momentum m,y,. Thus 


L,; = [revs] 


The angular momentum of a system of particles about an origin 
is denoted by vector L and equals the geometric sum of the angular 
momenta of all n particles of the system about the same origin: 


L= Dy [re7m,v,] 
The angular momentum of a body about an origin equals 


L= [(rvjdm = f[lrvle dv = [ff trvle de dy dz 


(m) (V) (V) 


where r, v and g are the radius vector, velocity and density of an 
element of the body having a mass dm and volume dV. 

4.3.2. A property of the centre of mass C of a system of particles 
is that the angular momenta of the system with respect to C for 
the absolute motion of the particles (L,) and for their relative 
motion (Lz) with respect to a system of coordinates having its 
origin at point C, and having translatory motion, are the same: 
L, = li, i. e. 


> [rym¥i] = > [rjmyvi] 
41 i= 


i= 


where v, and v’ = v,—v, are the velocities of absolute and relative 
motion of particles of mass m; whose position with respect to C 
is determined by radius vector rj = r;—T,. 

The angular momenta of the system with respect to its centre of 
mass (L,) and the fixed origin (L) are related by the equation 


L, = L—m[r,v,] = L—[r.K] 
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where rh = ) m, = mass of the system 


tal 
v,'= absolute velocity of the centre of mass with respect 
‘ to the origin 

K = angular momentum of the system. 
4.3.3. The angular momentum of a system of particles (or body) 
about an axis a is the scalar value L,, equal to the projection on 
axis a of vector L, the angular momentum of the system (or body) 
with respect to any origin lying on this axis. The angular momenta 
of a system of n particles about the axes of a fixed Cartesian 
coordinate system are equal to 


L, = me (yi, — 2,Viy)My 


n 


L, = py (ZiVig — LiVig) MM; 


L, pss (XpViy — Yez) M4 


where 2,, y; and z; = coordinates of the i-th particle of thesystem 
Vées Vey ANG v;, = projections of its velocity v; on the coordi- 


nate axes. 
For a body 
Lz = f (yo,—2v) dm = [ff (yrs—2ry)@ de dy dz 
(m) (V) 
L, = f (20. -20,) dm = fff (zv,—xv,)@ dx dy dz 
(m) (V) 
L, = f (xv, —yv,) dm = fff (xv, —yvz)o dx dy dz 
(m) (") 
where z, y and z = coordinates of a small element of the body 


of a mass dm 
vz, Vy and v, = projections of the velocity of this element 
on the coordinate axes. 
The angular momentum of a body or system of particles about an 
arbitrary axis a passing through the origin of coordinates is 
equal to 
L, = L,cosa+L, cos +L, cos y 
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where a, B and y are angles made by axis a with the coordinate 
axes Ox, Oy and Oz. If the body rotates about axis a with the 
angular velocity w, then 


L, = I,0 


4.4, The Fundamental Law in the Dynamics 
of Rotary Motion 


The time derivative of the angular momentum of a material 
system about a fixed point* or the centre of mass of the system 
is equal to the resultant moment of all the external forces applied 
to the system about the same point: 

dL 


“aoe 


or, in terms of the projections on the coordinate axes of a fixed 
(inertial) frame of reference: 


dLy 


=-~m. we. 
in =e ene 


a OU M, > y? dt 


Example 1. Consider the rotation of a system about a fixed axis 
Oz: 


L,=L,=0 and L,#0 


The equation of motion is: £ L, = M,, If the system is a perfectly 
rigid body, then J,“ = M, 


7 at 
wherew = angular velocity of the body 
I, = moment of inertia of the body with respect to 
axis Oz. 


Example 2. Consider the rotation of a rigid body about a fixed 
point O. In terms of a moving coordinate system (x’, y’, 2’), 
fixed in the body and having its origin at O, the equation of 
motion of the body has the form 


dL : 


* With respecl to a certain inertial frame of reference. 
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where IL = angular momentum of the body 
M = resultant moment of all the external forces applied 
to the body with respect to point O 
= angular velocity of the body 
f = a + a y+ k’ = relative time derivative 
of vector 1 
i’, and k’ = unit vectors of the moving system. 


If the axes of the moving coordinate system coincide with the 
principal axes of inertia of the body at point O, then the equations 
of motion of the body in terms of the projections on these axes 
will have the form: 





I, + (I3 —I_)w.05 = M, 
Ty@_4+ (I, — 1)@,0 = M, 
M; 


where I,, J, and J, = principal moments of inerlia of the body 
at point O 
@ , 2 and w; = projections of the angular velocity vector 
on the principal axes of inertia 
M,, M, and M, = moments of all external forces about the 
same axes. 


1,0; + (I, —Ih)o,a, 


These are also called Euler’s equations of motion of a rigid body 
with a fixed point. 

These equations also hold for the rotation of a free rigid body 
about its centre of mass, but in this case J,, J, and I, are the 
principal central moments of inertia of the body; @,, w, and w; 
are the projections of the angular velocity of the body on its 
principal central axes of inertia; and M,, M, and M, are the 
moments of all external forces about the same axes. 


4.5. Principle of Conservation 
of Angular Momentum 


4.5.1. If the resultant moment of the external forces about a fixed 
point or the centre of mass of a material system is identically 
equal to zero, then the angular momentum of the system with 
respect to this point remains constant in time: 

dL 


> cane 0 and L = const 
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No external forces act in a closed system. Consequently, the angular 
momentum L of a closed system about any fixed point, as well as 
the geometrical sum L; of the angular momenta of all the parts 
of the system with respect to its centre of mass, are independent 
of time. Thus 


qadioidae< dLs 
a a > [rm] = 0; ial o> {rim,v;] = 0 
dt ~ at & dt 





where r, and v; = radius vector and absolute velocity of the i-th 
particle of the system with respect to the fixed 
inertial coordinate system (z, y, 2) 
r, = r,-¥r, = radius vector of the same particle with respect 
to the centre of mass of the system 
vi = V;—V, = relative velocity of the particle with respect 
to the centre of mass of the system. 


In terms of the projections on the fixed axes Oz, Oy and Oz, and 
on the axes O’z’, O’y’ and O’z’ of a moving system in translatory 
motion so that its origin O’ always coincides with the centre of 
mass, the principle of conservation of angular momentum can be 
written in the form of two systems of ay 


n 


£ Da M(Yes — 21) = 0 
at 

a De m4(2Vi2 — TVs) = 0 
at 

rm Zz M(t Viy — Yu) = 


d n 
a Dz) mly{Viz — 3Viy) = 0 ; 


d n 
at pa M,(ZViz — LViz) = 


n 


d 
ae M(x — YWiz) =0 


4.5.2. If the moment of the external forces about the centre of 
mass of a rigid body is equal to zero, the rotation of the body 
about its centre of mass is said to be force-free (inertial) rotation, 
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It can be represented by the following three equations which 
follow from Euler’s equations (see 4.4.1.): 


\ 


! T,@,+ (Ig—I,)w.@3 = 0 
0 
0 


I,602+ (I, — Ig)@30, 
Iy3 + (I, — 11) 02 


i 


where J,, J, and J, = principal central moments of inertia of 
the body 
@ , @, and @, = projections of the angular velocity 
vector of the body on the principal 
central axes. 


In this case, the centre of mass of the body travels according to 
the law 


mr, = F 
where F = resultant vector of the system of external forces 
m = mass of the body. 


4.5.3. Free rotation of a body is said to be uniform if the vector 
w of the angular velocity is constant. A necessary and sufficient 
condition for such motion is the rotation of the body about one of 
its principal central axes. Practically, however, uniform force-free 
rotation of a body is accomplished only about the principal central 
axes with the maximum or minimum moments of inertia. These 
are called free axes of the body. Force-free rotation about the 
third axis is unstable. 

If a material system is not closed, but the moment of all the 
external forces with respect to any fixed axis is identically equal 
to zero, the angular momentum of the system about this axis 
does not change in the course of motion. 


4.6. Motion Under the Action of Central Forces 


4.6.1. A force acting on a moving particle or body is said to be 
central if its line of action constantly passes through the same 
fixed point O which is called the centre of the force: 


F= F2 
r 
where r = radius vector drawn from the centre O to the point of 


application of force F 
F = projection of the force on the radius vector. 
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Kxamples of central forces are the gravitational forces between 
particles and the forces of electrostatic interaction between elec- 
tric point charges for which F is inversely proportional to r?. 
4.6.2. For a particle moving under the action of a central force, 
its angular momentum about the centre O of the force remains 
constant. Thus 


“ =M=0 and L = [rmv] = const 


For this reason, the particle travels in a plane 
Lx+Lyy+L,2 = 0 


which is perpendicular to L and passes through point O. The 
areal velocity of the particle (see 1.2.5) is constant (Kepler's 
second law). Thus 


20 = ro = & 

20=Prop= - 
where r and @ are the polar coordinates of the particle in the plane 
of motion (the Cartesian coordinates of the particle are & and 7). 
4.6.3. If the central force acting on the particle being considered 


depends only ons, i.e. F = Fir), then the force is conservative 
(see 3.4.1.). Its force function is 


U(r) = f F(r) dr+U, 
1) 
where U, = U(0). The potential, kinetic and total energies of the 
particle equal 
E, = —U(r)+C = E,(r) 


2 2 
o — ™ peo nee) mr ee 
Ey 2 TI) 2 + ort 
me iL? 
E= a tame + Bole) 


The relationship between the polar coordinates of the particle 
and time is of the form 


ml PY" Qmrt 
Jar 
P= anne Fo a 
J ante - K,M)-Fe 
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The first formula gives the law of motion of the particle along 
its path\ and the second is the equation of this path (orbit). 
4.6.4. The total energy E of a particle does not change in motion. 
Hence, the range of possible values of the polar radius r of the 
particle is determined from the condition 
L? 7 

amrg + Bolte) = B 
where r, are the extreme values of 7,i.e€. rmaz and rp, (they are 
also called the apsidal distances). If rmaz is a finite value, the 
motion is said to be finite. In this case, the path of the particle is 
confined within a ring which is bounded by circles of radii r = rin 
and r = Pyoz- All paths of a finite motion of a particle are closed 
if the potential energy £, is proportional to 1/r or r?. If the 
maximum value of r is unlimited, the motion is said to be infinite. 
4.6.5. Kepler’s problem* states that the motion of a particle under 
the action of a central force is inversely proportional to the 
square of the distance from the centre of the force: 


F=-3r and E,=-< 

where a is a constant. If a < 0, then the particle is repelled from 
the centre (Coulomb’s electrostatic interaction of like point 
charges); if a > 0, the particle is attracted to the centre (gravi- 
tational interaction of particles and Coulomb’s interaction of 
unlike point charges). 

The path of the particle is a conic section whose equation, in terms 
of the polar coordinates r and y = »—C, (see 4.6.3.), is of the 
form 





r= errant for (a > 0) 
rs eee for (a < 0) 
where p= inte = orbit parameter (semi-latus-rec tum) 
e= \1 +262 = eccentricity of the orbit 


E = total energy of the particle 
L = its angular momentum with respect to the centre of 
force. 


“Sometimes called Newton’s problem in the literature. 
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/ 

(a) For a > 0, the centre of the force lies at the focus of the orbit 
of the particle. The distance from the centre to the nearest point 
of the orbit, called the perihelion, is equal to 


_ Pp 

Tmin = Te 
If E > 0, then e > 1 and the orbit is a hyperbola; if EF = 0, 
then e = 1 and the orbit is a parabola; and, finally, if E < 0, 





2a ; 
E<O B=0 E>0 


FIg.4.4 


then e < 1 and the orbit is an ellipse (Fig. 4.1) with the semiaxes 


Ge es Gita 
1-e Q|E| Vi-e V2miEF| 


The period T of one revolution of the point on an elliptic orbit is 








Hence, the motion is always infinite and the path is either a 
hyperbola (Z > 0) or a parabola (Z = 0). The 


7 centre O of the force and the focus F of the or- 
ee bit lie on the axis of symmetry of the orbit on 
His opposite sides of the perihelion P (Fig. 4.2) and 

g 
ue F Trin = —y 


Example 1. Consider the motion of the planets 
FIG.4.2 in the sun’s gravitational field. Here: a = 
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= GmM => 0, where m is the mass of the planet, M is the mass 
of the sun, and G is the gravitational constant. The planet has 
finite motion, i. e. Z < 0. Consequently, the following two laws 
are valid: 

(1) The orbit of each planet is an ellipse with the sun at one of the 
foci (Kepler’s first law). 

(2) The ratio of the cubes of the semimajor axes of the elliptical 
orbits to the squares of the periods of one revolution is the same 
for all the planets of the solar system (Kepler’s third law): 


= GM = const 


Example 2. In the motion of bodies in the gravitational field 
of the eartha = GmM = g,mr2, where m is the mass of the body, 
M is the mass of the earth, and g, is the free-fall acceleration at 
the surface of the earth whose radius is r, (the influence of the 
diurnal rotation of the earth is not taken into account). 

The circular orbital velocity v, is the velocity that it is necessary to 
impart to a body to convert it into an artificial satellite of the 
earth, travelling in a circular orbit (e = 0) of radius ry: 


vy = Vgoro = 7.9 km/sec* 


The escape, or parabolic, velocity v. is the minimum velocity that 
it is necessary to impart to a body in order to launch it on a 
parabolic orbit (e = 1). Such a body will overcome the earth’s 
gravitational attraction and become a satellite of the sun. Thus 


ve = V2gqr, = 11.2 km/sec* 


4.7. The Gyroscope 


4.7.1. A gyroscope (symmetrical gyroscope) is a rigid body rotating 
about a fixed point O and having an axis Oz’ of dynamic symmetry 
(see 4.2.6.) which passes through the centre of mass of the gyro- 
scope. A gyroscope is said to be balanced if point O coincides with 
its centre of mass. Otherwise, it is said to be a heavy gyroscope, or 
top, since the moment of its gravity force with respect to point O 
is not equal to zero and essentially affects the motion of the 
gyroscope. 

If the orientation of the instantaneous axis of rotation of the 
gyroscope about point O is not restricted in any way, the gyro- 


* The resistance of the atmosphere is neglected. 
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scope has three degrees of freedom. If this axis can occupy any 

position only in a certain fixed plane passing through point O, the 

gyroscope has two degrees of freedom. 

4.7.2. Let us consider the force-free (inertial) rotation (see 4.5.2.) 

of a balanced gyroscope having three degrees of freedom. 

The angular momentum L of the gyroscope about point O and its 

kinetic energy are constant. Moreover, it follows from the equation 

for the force-free rotation about a point (see 4.5.2.) that at J, = I, 
@;=0 and o,0,+a,.0@, = 0 

i.e. 3, +2 and w = Va?+ai+a% 

are constant. 

There are two possible cases: 

(a) @,=a@,=0, so that w=; and w= 7, L=const. 
In force-free rotation of a balanced gyroscope about the axis of 
dynamic symmetry, the orientation of this axis with respect to 
the axes of an inertial frame of reference does not change in time. 
(b) w?+ w? # 0, i.e. the instantaneous axis of rotation of the gyro- 
scope does not coincide with its axis of dynamic symmetry Oz’. 
In this case axis Oz’ rotates uniformly about fixed axis Oz which 
coincides with the direction of vector L. Axis Oz’ describes a 
circular conical surface with its vertex at point O and a vertex 
angle of 20, determined from the relationship: 


tang = 4 ya 
I 


2 

3 
Such motion is called regular precession, and angle 6 is called 
the nutation angle. The angular velocity of the precession is equal to 


= Vo2+o2 ey V (ay ectte! 
= — =a, 22) 40 


sin 6 i 3 


If w?+@2 « 2, then the nutation angle in regular precession is 
wory small and axis Oz’ practically coincides with the fixed axis 
Ze 

4.7.3. Let us consider the effect of external forces on the motion 
of a gyroscope having three degrees of freedom. 

In the approximate theory of the gyroscope, it is assumed that it 
rotates (spins) at high velocity about the axis of dynamic sym- 
metry Oz’ (w = w;) which, in turn, slowly moves about a fixed 
point O, under the action of the external forces applied to it. This 
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motion of the gyroscope axis is called precession. Vectors w and 
LL = I, are called, respectively, the (ntrinsic angular velocity and 
the intrinsic angular momentum of the gyroscope. 

If the external force F is applied at point A of axis 





' 
Oz’ (Fig. 4.3), then its moment M about point O 0’ - 
equals 
yy] Ta " 
M =[1,F] = 77 [LF] Aft 


where r, = radius vector of point A 
w ~ algebraic value of the intrinsic angular F 
velocity of the gyroscope (@ > 0 if vec- 2 

tor L is directed along the positive di- 


: r FIG.A.3 
rection of axis Oz’). : 


4.7.4. It follows from the fundamental law in the dynamics of 
rotary motion (see 4.4.1.) thal for a gyroscope having three degrees 
of freedom 

au Ta Wy 

ie Tyo (UP 
Vectors dh and Tare mutually perpendicular. Consequently, 
under the action of force F applied to axis Oz’ of the gyroscope, 
vector L and the gyroscope axis precess aboul the instantaneous 
axis OO’ (which is parallel to force F) in the direction of the vector 
moment 3 oof the force with respect to point O. The angular 
velocity of this precession is 

“hy Ta Al 

Q = — Lye I 

The veclor 
M, = —M =:[LQ] = J,[w8] 


is called the gyroscopic moment. The gyroscopic moment is applied 
to an external body which causes precession of the gyroscope at 
the angular velocity 8. 

[f= const and angle 0 between vectors L and & is also constant, 
the precession is said to be regular. As is shown by exact theory, 
in Lhe case of regular precession the gyroscopic moment is 


M, = I{w}(1+ "7+ cos) 


This formula agrees with the approximate one in the following 
cases: 

(a) w >> 2 (basic assumption of the approximate theory) 

(b) 0 = 90° 

(c) I, = I, = I, (spherical gyroscope). 
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Example. In the regular precession of a heavy gyroscope, or top, 
due to its gravity force, M, = [Pr,], where r, is the radius vector 
of the centre of mass and P is the gravity force. Precession takes 
place about a vertical axis which makes an angle 6 with the 
gyroscope axis. The angular velocity of this precession is found by 
the formula 


T,02(14 i Lo cos 6) = Pr, 

Regular precession is possible under the condition that 
Ew? + 4(I;—1I,)Pr, cos6 > 0 

There are two angular velocities of the precession: 


— Tot V Tho? + 4(Ia— Th) Pro 008 6 
2(Ig—I,) cos 6 


If the intrinsic angular velocity of the gyroscope is sufficiently 
high, then 


Q= 





_ Pro _ E 
Q,= ta slow precession 


_ __ Iho = . 
Q, = Gnijcee = fast precession 


In order to accomplish regular precession with a heavy gyroscope 
(or with a balanced gyroscope acted upon by a constant force), 
it is necessary to comply with strictly definite initial conditions 
of its motion. Otherwise, pseudoregular precession occurs in which 
the nutation angle 0 varies periodically, The higher the intrinsic 
angular velocity w of the gyroscope, the narrower the range of 
variation of angle @ and the less the nutation of the gyroscope. 
If the axis of dynamic symmetry of a heavy gyroscope, having 
three degrees of freedom, is vertical and its centre of inertia is 
located above the point of support, rotation of the gyroscope 
about this axis will be stable if 


Ino > 2VPIyr, 


4.7.5. Let us consider a gyroscope with two degrees of freedom. 
If the number of degrees of freedom is reduced from three to 
two, the gyroscope completely loses its stability regardless of the 
magnitude of its intrinsic angular velocity. An external force F, 
applied to the axis Oz’ of dynamic symmetry of a gyroscope with 
two degrees of freedom and directed in a plane perpendicular to 
its second axis Ox of rotation, will cause force-free rotation of the 
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gyroscope about axis Oz in the direction of force action. This is 
due to the fact that the combined effect of force F and the intrinsic 
rotation of the gyroscope in the fixed bearings of axis Ox gives 
rise to a couple of forces which is applied to the gyroscope and 
develops the moment M. This moment coincides in direction with 
force F and causes tilting of axis Oz’ in the same direction. 
Owing to the diurnal rotation of the earth, the axis of dynamic 
symmetry of a gyroscope with two degrees of freedom, freely 
rotating about a vertical axis, will become set up in the plane of 
the geographic meridian so that the angle made by the angular 
velocities of the earth and the gyroscope is acute. This property of 
the gyroscope was first employed by Foucault as experimental 
proof of the earth’s diurnal rotation. 


CHAPTER 5 





Fundamentals of Analytical Mechanics 


6.1. Principal Concepts and Definitions 


5.1.1. The generalized coordinates of a material system are the 
independent parameters q,, q2, ---, g; Which completely specily 
the configuration of the system, i.e. the position of all its particles 
with respect to the frame of reference. 

The generalized velocities of a system are the total time derivatives 
of the gencralized coordinates of the system. Thus 


i = (¢ = 1, 2, ...,2) 


5.1.2. The number of degrees of freedom of a material system is the 
number s of possible independent motions of the system. For a 
holonomic system (sce 1.1.11.), the number of degrees of freedom 
is equal to the number of generalized coordinates of the system: 
s =I. If the system is nonholonomic (see 1.1.11.), s = 1-k, 
where k is the number of nonholonomic constraints imposed on 
it. In what follows, only holonomic systems will be treated. 

5.1.3. Virtual displacements of a material system are any infinitcs- 
imal changes in the configuration of the system, complying with 
the constraints imposed on the system in the instant of time ¢ 
being considered. If the constraints are stationary (scleronomous) 
(see 1.1.11.), then the actual displacement of the system in an 
infinitesimal length of time dt coincides with one of its virtual 
displacements. In the case of time-dependent (rheonomous) 
constraints, the actual displacement of the systein does not coin- 
cide with any of the virtual ones, since the conditions imposed by 
the cunstraints vary during the time dé. 
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The virtual displacement or; of the k-th particle of asystem having 
s degrees of freedom is 


s 
or, 
or, = = 6 
, »» oq; a 


where the dg; are infinitesimal increments of the generalized co- 
ordinates corresponding to the virtual displacement of the system 
and called isochronous variations of the generalized coordinates. 
5.1.4. An element of work performed in a virtual displacement by 
the forces acting on all n particles of a holonomic system with s 
degrecs of freedom (virtual work) is equal to 


6A = > (F, On) = YQ: dy: 
k=1 i=l 


where F, = FM +-R,, F® and R, are the resultants, respectively, 
of the applicd forces and the reactions of the constraints (sec 2.2.7) 
imposed on the k-th particle. 


The value 
fay ONE 
Q: = Py (Fe on) 


is called the gencralized force associated with the generalized 
coordinate qj. 

Constraints are said to be ideal (workless) if the sum of the elements 
of work done by the reactions of these constraints in any virtual 
displacement of the system is equal to zero: 


Pa, (Ri? ér,) = 0 


This condition holds, for example, for bodies sliding along an 
absolutely smooth surface or rolling, without slipping, along an 
absolutely rough surface. 

With idcal constraints, the generalized forces are expressed only 
in terms of the applied forces: 


Q = y (FY on) 


k=1 


N 


lf all forces F(” are conservative, then 


av 
Qi ~ “ogy 
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where V is the total (external and internal, see 3.5.3) potential 
energy of the system (see also footnote on page 64). 
In the general case 


— av v2 
Qa aa 03 +Q; 
n 
where Q; = (te 5) = generalized nonconservative force 
kel 
f, = resultant of all nonconservative forces acting on the 


k-th particle of the system. 
5.1.5. The Lagrangian function (Lagrangian) L is the difference 
between the kinetic T and potential V energies of a system. It isa 
function of generalized coordinates, generalized velocities and 


time: ? . 
Liq, q t) == T(g, q t) = V(q, t) 


Here g and g denote the whole complex of s generalized coordinates 
and s generalized velocities of a holonomic system. 
The kinetic energy of a holonomic system is 


1 n 3 a 


== Yo myvi = a+) age = i494 


k=1 t=1 
_1i¢ Or, \? 
where a= 5 pz (a ) 


y m,(-2it. 2.) 


zy aq; aay 


m, = mass of the k-th particle of the system 
tr, = radius vector of the k-th particle 
vi; = dr,/dt = velocity of this particle. 


In the case of a free material system or one with stationary 
(scleronomous) constraints (see 1.1.11.), oe = 0and a=a; = 0, 
i.e. the kinetic energy of the system does not depend upon time 
explicitly and is a homogeneous function of the second degree of the 


generalized velocities. Thus 


T= Yo odds = Ta 4 
es aygds = Tg, 4) 
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This result is valid, in particular, for conservative systems (see 
3.6.2.), since these systems are either free or conform to stationary 
ideal constraints. The potential energy and Lagrangian function 
of a conservative system also do not depend explicitly on time: 


L(q, q) = T(q, 4) — V(q) 


Example 1. Consider a particle of mass m travelling in a field of 
central forces. The Lagrangian function in Cartesian coordinates 
is 

L=F(#4+y+2)-VVe+y +2) 


in cylindrical coordinates it is 

L =F (6? + ot pt + #4) - VV Tz) 
and in spherical coordinates: 

L= (#24 7262 + r? sin? 6g) — V(r) 


Example 2. For a system of two particles of masses m, and mz, 
having a raduis vector of relative motion r(z, y,z) = ¥,(%1, 91, 2,) — 
—T,(%2, Y2, 2) and a centre of mass with the radius vector ro(Xp, 
Y,, Z), the Lagrangian function is 


Z = AM (X54+98+ 28) + soncemay (P+ 9° +2) — Va, y, 2) 


m, +m) 


5.1.6. The generalized momentum p,, conjugate to the generalized 
coordinate g;, is a partial derivative of the Lagrangian function 
L with respect to the generalized velocity q,. Thus 

OL _ aT 

ads ads 

Example 1. For a particle of mass m, the genef¥lized momenta, 
conjugate to coordinates x, y and z, coincide with the projections 
of the momentum in terms of Cartesian coordinates: 


B= 


Pz = ma; Py = my and p, = mz 


Example 2. The generalized momentum pg, conjugate to the co- 
ordinate g in terms of cylindrical coordinates, is the angular 
momentum about axis Oz: 


Po = me*p 
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5.2. Lagrange’s Equations of Motion 


5.2.1. If the motion of a holonomic system is described by the 
generalized coordinates q,, g2, ..., q, and the generalized velocities 


Gv Yar »++> Ge, the equations of motion are of the form 
d (eT aT : 
—- .——]-—-—— = 2 1 28 age 
dt (ca) aq; Q v rs) 


where T = kinetic energy of the system 
Q; = generalized force. 


These cquations are known as Lagrange’s equations of motion. 
If the motion occurs in a conservative field of force, Lagrange’s 
equations can be written in the form 





d/aT\ or __ av 
dt era COA Oa: 
4.8 (p_y)—-2. (P_V) = 0 
dt 0a; 0g 
Ce ae 
dt aq: 0q: 


Example 1. A particle of mass m, travelling in a conservative field 
of force, can be described with Lagrange’s equations that are 
identical to Newton’s equations of motion (see 2.4.1.). Thus 


mk = F,; my = F,; and mz = F, 
7 ae i=, aan, ee 
de Wa Oe sear and Fy = —-5 
Example 2. The Lagrange equation for the coordinates of the 
centre of mass of an isolated system of two bodies is 


Ae=X, == 0 


The centre of mass travels uniformly in a straight line, independ- 
ently of the relative motion of the two bodies. 

Example 3. Lagrange’s equations for the relative motion of an 
isolated system of two particles are 


where 


MMe OV, mms » _ = ave At MMe s _ ave 
™Mmt+m.” = =— ax? = mtm,%  ~— ay mtm,” = az 
where V = relative potential energy of the particles [V = 

= V(¥22+y2+z)] 
e = 0-23 Y = Yi— Yo; and z = 2,—2. 
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Thus, the problem of the relative motion of an isolated system of 
two interacting particles is reduced to that of the motion in an 
external conservative field of force F = —grad V of a single 


particle of mass m,.4 = ae which is called the reduced mass. 


§.2.2. If the forces acting on a holonomic system are nonconserva- 
tive but the generalized forces can be represented in terms of 
what is called the generalized potential V*(q, q), in the form 
2 i BYE gt fey 
a (aa) 
then Lagrange’s equations of the system are also of the form 


a (3) ob _9 
dt \aq 0a; 








where L = T-V*. 
Example. For a particle with a charge qg and mass m, travelling 
in an electromagnetic field, 


V* = qp—q(Av) and L = ™" —qp+q(Av) 


where 9 and A are the scalar and the vector potentials of the fleld 
(see 30.5.1.). 
5.2.8. Lagrange’s equations for an arbitrary holonomic system, 
subject to the action of both conservative and nonconservative 
forces, are of the form ; 

d /@L\ aL . 

at (sae) aq Q 
where Q; is the generalized nonconservative force (see 5.1.4.). 


For a system of particles subject to the action of friction forces 
that are proportional to the velocities of the particles 


, oe 
f=, 
Q Oa 





a 
where ® = £ » 459.4; = Rayleigh’s dissipation function. 
Jar 


5.8. Hamilton’s Function. Canonical 
Equations of Motion 


6.8.1. The Hamiltonian function (Hamiltonian) of a holonomic 
system having s degrees of freedom is the function of the general- 
ized coordinates and momenta of the system, as well as of time, 
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and is of the form 
* a 
A(q, p, t) = Y Pit L 


i= 


where all the g, and the Lagrangian function L are expressed in 
terms of generalized coordinates and momenta. 
In a conservative system (see 3.6.2.), the Lagrangian and Hamil- 


tonian functions do not involve the time explicitly and aa = 0, 
i.e. H = const. Moreover, in this case 





according to Euler’s theorem of homogeneous functions of the 
second degree. Therefore ; 





The Hamiltonian function of a conservative system is its total 
mechanical energy. 

Example 1. For a particle of mass m in a conservative field 
V(z, y, 2), 


= sh (p+ pit pi) + V(a, y, 2) 


Example.2. For a linear harmonic oscillator (see 6.1.10). 


_1.).. pt _ ax® 
T = > me? = 7 and be 


where a is the coefficient of elasticity (see 6.2.5, Example 1). 
Then 


Example 3. A planet with a mass m travels along an elliptical 
orbit in the sun’s gravitational field (see 4.6.5.). In terms of polar 
coordinates 


5. Fundamentals of Analytical Mechanics 


The potential energy of the planet is 
V(o) =-G™M 
where G = gravitational constant (see 2.10.1.) 
M = mass of the sun. 
The Hamiltonian function is 


1 1 : M 
H = -3. (p+ 4, pt)-o 


Im 
5.3.2. Hamilton’s canonical equations of motion for a holonomic 
system with s degrees of freedom, subject to only conservative 
forces, are a set of 2s first-order differential equations 


+ _ OH, be te OH qa 
u= ap; ’- = 6a; (i = 4, 2, ..., 8) 


If we know the initial state of a system, i. e. the complex of values 
of q,sand p,’s for t = 0, then by integrating these equations, 
we can find the state of the system at any arbitrary instant of 
time t, i.e. the complex of values of q,(t) and p,(t). Canonical 
equations of motion express the classical causality principle. 

If the Lagrangian and Hamiltonian functions do not depend 
explicitly on any generalized coordinate q,, this coordinate is 
said to be cyclic, or ignorable. It follows from canonical equations 
of motion that the generalized momentum p,, conjugate to the 
cyclic coordinate q,, does not change in the process of motion of 
the system. Thus 


b= er = 0 and p; = const 

The canonical equations given above are also’valid for a holonomic 
system having a generalized potential (see 5.2.2.). 

For an arbitrary holonomic system, Hamilton’s canonical equa- 
tions take the form : 


where Q; is the generalized nonconservative force (see 5.1.4.). 
5.8.3. To represent the state of a system, use is made of a multi- 
dimensional space of all the generalized coordinates q, and gener- 
alized momenta p; (i = 1,2, ..., s) of the system being considered. 
Such a 2s-dimensional space is called phase, or gamma, space. 
An_s-dimensional subspace of the gencralized coordinates 9; is 
called configurational space. The state of the system is depicted 
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by a point in the phase space corresponding to this system (rep- 
resentative, or phase, point). A change in the state of the system is 
represented by the path of the phase point in the phase space 
(phase path). The phase path cannot cross itself because this 
would indicate the lack of a unique solution to the Hamiltonian 
equations. Phase space has nothing in common with real space 
and is a purely geometric structure by means of which the laws 
of the variation of the state of a system can be formulated in 
geometrical language. 

Example 1. A linear harmonic oscillator (see 6.1.10.) moves about 
the equilibrium position g = 0 under the action of the elastic 


force F = —a,qg, where a, is the coefficient of elasticity. The 
equation of motion is % 

mq = —4q 
Then 


q= Asin(wt+q) and p = mA cos (wt+¢) 
where A = amplitude 
¢ = initial phase of oscillation (see 6.1.3.) 


@ = 2nv =Ya,/m 
vy = frequency of oscillations. 
Eliminating time we can find the phase path equation 
q\* pi 4 
ee ) + (node = 


The phase path is an ellipse with the semiaxes a = A and 6 = 
= mwA. The phase space of the 
yd oscillator is a plane (p, q) (Fig. 


5.4). 
in ie. The total mechanical energy of 
moA ea ee ¥ the oscillator is 
A =e 
It can also be expressed in terms 
of the area of the ellipse § = $ p dq = nab = amwA?: 


E= $8 =v p dg 


The area of the ellipse has the dimension of the action integral 
(see 5.4.3.). 

Example 2. A plane rotator is a particle rotating in a plane at a 
given distance from the origin of coordinates. It proves convenient 


F1G.9.1 
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to select angle g, between radius vector r and axis Ox, as the 
veneralized coordinate. The Hamiltonian function H coincides 
with the kinetic energy and the Lagrangian function. Thus 





om _ met mrtg? Ig 
ang a ag 
where gy = angular velocity 


J = mr? = moment of inertia. 


The generalized momentum p,, conjugate with coordinate 9, 
is equal to (see 5.1.6.) 


Pe = obs mrp = Ip 


i.e. p, is the angular momentum. The Hamiltonian H can be 
written: H = p2/27 or, according to canoni- c 


cal equations of motion: Py 
. aH oH p 
by =—Gy = 9 and go = app ae 
0 v 


According to the first of these equations, 

Pe = M = const, which is the law of conser- 16.5.2 
vation of angular momentum (see 4.5.1.). The 

phase space is a plane (pg, ¢) (Fig. 5.2). The phase path is a 
straight line pp = M. 


5.4. Concept of the Variational Principles 
of Mechanics 


5.4.1. The equations of motion of a material system or of its 
conditions of equilibrium can be obtained as a result of certain 
general principles which are known as the variational principles 
of mechanics. These principles indicate in what way the actual 
motion or state of a material system differs from all of its kine- 
matically possible motions (i. e. those permitted by the constraints) 
or states. Variational principles that express this difference for the 
motion or state of a system in each given instant of time are said 
to be differential. These principles are the most general ones in 
mechanics; they are equally applicable to both holonomic and 
nonholonomic systems. Variational principles that establish the 
difference between the actual motion of a system during a finite 
lime interval and all of its kinematically possible motions are 
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said to be integral. Integral variational principles are valid only 
for holonomic systems. They are usually formulated, however, as 
applied to conservative holonomic systems. 

5.4.2. The main differential variational principles are the follow- 
in, 

The virtual work principle, also called the principle of virtual 
displacements, states that it is necessary and sufficient for the 
equilibrium of any material system with ideal constraints that the 
sum of the elements of work, performed by the applied forces 
acting on the system in any virtual displacement, be equal to zero 
(if all constraints are bilateral) or less than zero (if some of the 
constraints are unilateral). Consequently, in the notation used in 
5.4.3. and 5.1.4. 


U 
6AM = Ds (Fr or.) = YQ; 5g; < 0 
i=l 


where J is the number of generalized coordinates of the system. 
In particular, for a holonomic system with s degrees of freedom, 
subject to ideal bilateral constraints, all variations 6g; are inde- 
pendent and the conditions of equilibrium are of the form 


Qs: = 0 (i = 1, 2, ...,s) 
The d@’Alembert-Lagrange principle states that for the actual 
motion of any material system subject to bilateral constraints, 
the sum of the elements of work, done by all the applied forces 


and the forces of inertia* in any virtual displacement of the system 
and in each given instant of time, is equal to zero. 





Thus 
. («) dr, = 
5 (em St) an) =o 
where ae = acceleration of the k-th particle of mass m, 
Mm, ae = d’Alembert’s inertial force. 


In terms of uae coordinates 


fs1 » {EE ma Pe a} oa 


where T is the kinetic energv of the system. 





* Here, d’Alembert’s inertial forces are implied since it is assumed that 
the frame of reference is inertial (see 2.13.2). 
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The virtual work and d’Alembert-Lagrange principles can also 
be applied to systems subject to nonideal constraints if the friction 
forces corresponding to these constraints are included in the 


applied forces. 
5.4.8. Hamilton’s action integral is the time integral of the Lagran- 


gian function L: 
4 
S= [Lae 
be 


where ¢, = initial instant of time in which the system occupies a 
position characterized by the set of s values of gener- 
alized coordinates gio 

t; = instant of time in which the position of the system is 
determined by the set of s coordinates qj. 


Lagrange’s action integral is one of the form 
by 4a, 
So = J (H+L) d= f > pik at 
to t *~ 


where H = Hamiltonian function for a holonomic system with 
s degrees of freedom 
ps = generalized momentum (see 5.1.6.). 


For a conservative holonomic system, H = const and 
4 
Sy = f QT dt = H(t,-t)+S 
te 


where T = kinetic energy of the system 
S = action integral. 


5.4.4. The integral variational principles of mechanics are the 
following. 

Hamilton’s principle states that the actual displacement of a 
conservative holonomic system from position Ao(q») at the instant 
of time t to the position A,(q,) at the instant ¢, differs from all 
other kinematically possible displacements of this system from 
A, to A, during the same time interval ¢,—¢, in that its action 
integral is an extremum (or, more exactly, in that it is stationary, 
or scleronomous), i. e. 


a a 
68 = bf Ldt=0 or f sLa=o0 
to ty 
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where 6 is the symbol of isochronous variation, i. e. in varying 
the action integral, the time ¢ (in particular, t) and t,) does not 
vary. Moreover, it is assumed that the initial and final positions 
A, and A, of the system are fixed, i. e. 


6qio = Ogu = 0 (i = 1, 2, ..., 8). 


Hamilton’s principle can be generalized to cover an arbitrary 
holonomic system. In this case it can be written as 


ty ao, 
df Tdt+ f YQ dq de=0 
by to t=1 


or 
a 


f (s2+ y Q; 3) dt = 0 


where Q, = generalized force 
Q; = generalized nonconservative force. 


In the case of a holonomic nonconservative system, having the 
generalized potential V*, Hamilton’s principle takes the form 


iY 
cr 


where L = T—V*. 

The Maupertuis-Lagrange principle (the principle of least action) 
states that the actual displacement of a conservative holonomic 
system from configuration Ao(qo) to configuration A,(q,) differs 
from all other kinematically possible isoenergetical displacements 
of this system from A, to A, in that the Lagrangian action inte- 
gral for it is an extremum (more exactly, a minimum). Thus 


ty 
AS, = Af 2T d= 0 
iT) 


where 4 is the symbol of total variation*, to find which, not 





* The relation between total and isochronous variation of an arbitrary 
function f(q, t) is 


s a & 

ar af af ‘of. , af 

= =— —- 4t = —— 6 — ——]| At = 6f+— A 
4t= 2 aq Seto H as iq Cat pa aq tap) At tae At 
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only g; and q are varied (as for 6-variation), but the time as well, 
i. e. the limits of integration. Moreover, it is assumed that the 
total mechanical energy of the system E=H= const, and the 
initial and final positions, A, and A,, of the system are fixed, so 
that Aqi = Aqu =0 (i = 1, 2, eee S 

The Maupertuis-Jacobi principle for a conservative holonomic 
system can be written as 


Ay tS pigs!) She oy 
6 f V2(E— V) 2M dq, dq, = 0 
A, j= 


This follows from the Maupertuis-Lagrange principle since, for 
a conservative system, V2T = V2(E—V) and 


V2T dt= ) 2 p) : 04969 dv = V2.3, 00 dn dn, Ds ay dq; dq 


In particular, for a free particle of mass m and total energy LE, 
travelling in a aay conservative force field, we can write 


of V2m(E—V) ds = 


where V(ca, y, Hs = potential energy of the particle 
= element of the path length. 


This sea coincides with the mathematical expression of 
Fermat’s principle (see 38.1.3.) for a ray of light passing through 
an isotropic nonhomogeneous optical medium with a refractive 
index n(x, y, 2) = C,VE—V(z, y, 2), where C, is the constant 
(invariable) proportionality factor. Thus, an optical-mechanical 
analogy exists: each problem concerning the motion of a particle 
in a stationary potential field corresponds to a definite problem 
in geometrical optics, and vice versa. 


5.5. Canonical Transformations 


5.6.1. In canonical equations of motion, the generalized coordi- 
nates q,,...,q¢, andgeneralized momenta P1,--+,p, of a holonomic 
system are independent variables. The transformations of these 
2s variables into a new set of independent variables 


% = Ql9, Pt) and p; = pil(q, p, t) 
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are called canonical transformations if the motion equations of 
the system in the new variables preserve the form of canonical 
equations of motion*. 


= and pea 2 i =1,...,5) 
Opt qt 


‘where H’ = H’(q’, p’, t) is the new Hamiltonian function. 
5.5.2. A necessary and sufficient condition for the transformation 
to be canonical is 


[s dq, — H(q, p, t) a - [> Py dq; —H'(q’, p’, t) ai =dF 


where F is a generating function of the canonical transformation. 
The generating function can be written in one of the following 
four forms: 

F,(q,9',t); F2(q,p’, 4); Falp,q’, t) and Fi(p, p’, t) 
If F = Fy 











Bh= 2h p98 and He = H+ Eh 
0a: Oat at 
If F = F, 
B= neem i= aks and H’ = H+ 2! 
ou Opi at 
IfF = F, 
“= ehe, Poa the and A’ = H+ Fs 
on: das at 
IfF= F, 
or, Ol, OF, 
=-—--4; gg =--+ and HW’ = H+—-* 
u ap; > Qi aps at 


Example 1. Any transformation of the generalized coordinates of 
the form q; = f,(q, t) —called a point transformation — is canonical 
since it is obtained by means of the generating function 


Fal P's t) = XY fildas «+9 Ges OPI 


Hence, canonical equations of motion are invariant with respect 
to the selection of the generalized coordinates. 





* Systems on which only conservative forces act are considered here, 
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Example 2. The canonical transformation qj = p, and p; = —q 
is accomplished by means of the generating function 


Fug 7,1) = Di adi. 


This transformation consists in mutually renaming the general- 
ized coordinates and momenta (with an accuracy to the sign). 
For this reason, values g; and p; are sometimes said to be canon- 
ically conjugate. 

Example 3. The changes that take place in the quantities g; and 
pi upon the motion of a system can be regarded as a continuous 
canonical transformation whose generating function in each 
instant of time is 


F,(q, p’, t) = os Pi t+ H(q, p’, t) at 

Thus 
OF, 
P= 


0a; 


OF 
= pe dt and q% = er = at oe at 
0g Ope Opi 


Since, however, p; and q; differ from p, and q, only by an infinitesi- 
mal quantity, it can be assumed, with an accuracy to the first 


order of smallness, that H(q, p’, t) = H(q, p, t) and ei = i ; 
Then 

, oH : 

Pi = Pi-~gq, Ut = Pit Pi dt = potas 

and 


’ H . 
%= q+ See dt = qtqdt = q+dq 


5.5.3. The volume of the phase space is preserved in canonical 
transformations. Thus far = far, where di’ = dq,...dq.X 


Xdp,...dp,;dI” = dqy... dq,xdp;...dp;, and integration is car- 
ried out in the phase space domain of the variables (qg, p) and 
the corresponding phase space domain of the variables (q’, p’). 
Irom this (as well as from Example 3 of 5.5.2.) follows Liouville’s 
theorem which states: if at any instant of time ¢), the phase points 
corresponding to various initial states of a system whose motion 
is described by canonical equations of motion continuously fill 
an clement dJ, of volume in phase space, then, at any instant of 
time t, they continuously fillan element df of volume in phase 
space, where dl’ = dI). 
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5.5.4. In' each particular case of asystem whose Hamiltonian H 
does not change in the process of motion, it is possible to accom- 
plish a canonical transformation of the generalized coordinates and 
momenta in such a manner that all the generalized coordinates 
qi, become cyclic (see 5.3.2). In this case, all generalized momenta 


are constant: p; = a, and H’ = H’(a,...,a,)so that ¢; = oar = 


=@,(a,, ..-, a) = const and q;=at+a,, where a; are 

constants of integration determined from the initial conditions. 

Example. For a linear harmonic oscillator, the Hamiltonian 
2 2 

function is H = 7— +75 ¢ = E, where m, E and are the mass, 

energy and natural cyclic frequency of the oscillator. The canon- 

ical transformation, accomplished by means of the generating 


function F,(q, q’, t) = > gq? cot q’, is of the form 


oF. s ; OF, mug? 
p= cae = mwgcotg’ and p’ = ie rs = Sta. 
or aes 
q= 2% sing’ and p =V3mop’ cos q 
The new Hamiltonian is H’ = H +7. = H = p’w cos* q’+ 
+p’ sin? q’ = wp’. Therefore, q’ is a cyclic coordinate, p’ = 


ss oe QE. 
Y= gr =e g =otta and g= V wnat Sin (wt +a) 


5.6. Conservation Laws 


5.6.1. The solutions of Lagrange’s equations of motion for a 
material system with s degrees of freedom contain 2s arbitrary 
constants and can be written in the form 


a= a(t, C1, Co, «++ Coe) (i 
% ar alt, Cy, Cay ++, Cee) 


Eliminating the time ¢ from these 2s equations we can see that 
in any material system, functions of the generalized coordinates 
q: and generalized velocities q; exist that remain constant upon 
motion. These functions are called integrals of motion. The deter- 
mination of these integrals of motion is the principal problem of 
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mechanics. Among the integrals of motion, certain are of vital 
importance, whose constancy is of fundamental origin, being 
associated with the properties of the principal forms of existence 
of matter—time and space. Integrals of motion are additive: 
in systems consisting of several noninteracting parts, the value 
of these integrals is equal to the sum of the values for each se- 
parate part. 

5.6.2. The first integral of motion of any closed system is its 
total energy (law of conservation and conversion of energy). 
This law follows from the homogeneity of time, i.e. the independ- 
ence of the laws of motion of asystem from the choice of the time 
reference point. For a conservative system, in particular, the 
homogeneity of time leads to the law of conservation of the total 
mechanical energy of this system. Due to the homogeneity of 
time, the Lagrangian function L, determining the law of motion 
of a conservative system, does not depend explicitly on time and 


dL_¢ (2 . OL ait) 
peice —— at os 
i=1 \ 0G; Oq; dt 
Using Lagrange’s equations, this equation can be written in the 


form ; 
dL 1. d (aL aL dy d OL. 
iP es (orn a ares Sar | oer ° 
dt Py a dt (24) 6q; at dt X oa a 





ad{S aL. 
oe “Gy —-L} =0 
dt ay an | 


It follows that 


= 7 q@-L=2T-L=T+V = const 
(=1 64; 


i.e. the total mechanical energy of a conservative system 
E = T(q, 4)+ V(q) is an integral of its motion. The additivity 
of the energy E of the system follows from the additivity of the 
Langrangian function on which E depends linearly. The law of 
conservation of the total mechanical energy is valid for any 
conservative system whether it is closed or not. 

5.6.3. The momentum vector is also an integral of motion of a 
closed system. The law of conservation of momentum follows 
from the homogeneity of space. Homogeneity of space implies 
that a parallel translation of a closed system as a whole in this 
space in no way changes the mechanical properties of the system, 
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i, e. its Lagrangian function is left unchanged. The Lagrangian 
function for a closed system consisting of N particles is 


N 
Mm, 
L= Pig ah V(r, Te, ey Ty) 


where 1% = radius vector of the k-th particle of the system 
= mass of the particle 


velocity of the particle. 


= 
] 
i 


The change in the Lagrangian function upon a parallel translation 
of the system through an infinitesimal distance, specified by the 
displacement vector 6g, i.e., upon replacing all r, by r,+ dg, is 
equal to 


Owing to the arbitrary nature of dg, the requirement that 6L = 0 
signifies that ; 


ku or; 

According to the Lagrangian equations 
x (32)-2 

dt \Ovz or, 


=%, 


where f, is the resultant of all nonconservative forces acting on 
the k-th particle of the system. In the case of a closed system, 
these forces are internal, i. e. 


N W Pil 
d (aL d aL 
f, = 0 and re (5) =a aoe 
oe k Py dt \av;z dt A, ov% 
or 
aC 
pPp=HjY¥V 22 = mv, = const 
KA OVE & 1 


The momentum of a closed system, equal to the sum of the mo- 
menta of all of its particles, is an integral of motion of the system. 
5.6.4. The angular momentum vector is also an integral of motion 
of a closed system. The law of conservation of angular momentum 
is associated with the isotropy of space. The mechanical properties 
of a closed system remain unchanged upon any rotation of the 
system as a whole in isotropic space. The Lagrangian function of 
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the system should not change in this rotation. Upon rotation of 
the system, the directions of the radius vectors and velocities of 
all the particles are changed, all vectors r, and v; being trans- 
formed according to the same law: 


ér = [der] and dv = [dev] 


where 6¢ is the vector of infinitesimal rotation. Its magnitude is 
equal to the angle of rotation 6p and its direction coincides with 
the axis of rotation in accordance with a right-handed frame of 
reference (see 1.1.6.). The change in the Lagrangian function 
upon an infinitesimal. rotation of a closed system is equal to 


Y aL aL ._° 
6L = = (sre or, + Ove by,) 


where ie = p, and = =p. —f{, according to the Lagrangian 
equations. Therefore 
a 4 
6L = 22 (pel Sepre] + pel depv;.] — fel Sepr:)) 
< 5 . a < 
= 6p 2 ((rebe] + Liep,] - Dr) = dep a & [tPe] 


N 
since for a closed syste, > [r.f,] = 0. Thus, owing to the arbi- 
k=1 


trary nature of dep, the condition dL = 0 takes the form 
d N 
dt os [rp] = 0 


Upon the motion of a closed system, the following vector quantity 
remains constant: 


M = {r.P.] = const 
k=1 


It is called the angular momentum of the system (see also 4.5.1.). 
5.6.5. Any isolated system has at least seven additive integrals 
of motion (seven conservation equations): one equation of the 
law of conservation of the total energy and three equations each 
for the conservation of the projections of the momentum and 
angular momentum vectors on the coordinate axes, 


CHAPTER 6 


Mechanical Vibrations 


6.1. Fundamental Concepts 


6.1.1. Vibrations or oscillations are motions (or changes in state) 
that are repeated more or less regularly in time. They may be 
of very diverse physical nature and cover such phenomena as 
mechanical vibration (swinging of a pendulum, reciprocation of 
the piston of an internal-combustion engine, vibration of strings, 
rods, plates and foundations), clectromagnetic oscillation (see 
Ch. 29), ete. 

6.1.2. Vibration or oscillation is said to be periodic if the physical 
magnitudes, varying in the process of the vibration, are repeated 
in successive equal intervals of time. The period of vibration T is 
the minimum time interval after which the magnitudes of all 
the physical quantities characterizing the vibratory motion are 
repeated. This is the time required for one full vibration. The 
frequency of periodic vibration v is the number of full vibrations 
made in unit time: 


The dependence on time ¢ of a periodically varying physical 
quantity Sis of the form S = S,+<(t), where S, = const and z(t) 
is a periodic function of time: 


a(t+T) = x(t) 


6.1.3. The simplest type of periodic vibration is harmonic, or 
sinusoidal, vibration. In this case 


xz = Asin (wt+ op) 
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or 
x = A Cos (wt+ 9) 


where A, «, p, and , are constants; A > 0,@ > 0and g, = y,-%- 


Value A, equal to the maximum magnitude of z, is called the 
amplitude of vibration. The expressions ® = wt+g, and ®, = 
= wt+, determine the value of z for the given instant of time 
t and are called the phase of the vibration. At the time reference 
point (¢ = 0), the phase is equal to the initial phase ¢, or 9,. 
The value m is called the cyclic, or circular, frequency: 
o= 3 = Inv 

The first and second time derivatives of a harmonically varying 
magnitude x also vary according to the harmonic law. Thus 


x= Aw cos (wt +g) = Aw sin (cot + Pot 3) 
&= — Aw’ sin (wt+ Yo) = Aw’ sin (wt+qyt+2) = —wx 
Therefore, a harmonically varying value zx satisfies the equation 
Ve tote = 0 
bt 


which is called the differential equation of harmonic motion. 
6.1.4. Harmonic vibration can be represented graphically by 
means of a rotating amplitude vector (Fig. 6.1). Vector A, 
equal in magnitude to the amplitude of vib- 
ration, uniformly rotates counterclockwise 
about axis O, perpendicular to the plane of 
the drawing, with an angular velocity w. If at 
the instant of time ¢ = 0, the angle between 
vector A and axis Oz is equal to 9, the pro- 
jection B of the end of this vector on axis 
Ox makes harmonic vibrations according to 
the law 





z = A cos (wt+9,) 


6.1.5. If two harmonic vibrations of the same frequency occur 
simultaneously and the scalar physical value S = S,+ 2 varies 
according to the laws 


a, = A,cos(w@t+g,) and x, = A, cos (wt-+ 9.) 
then the resultant variation + = x,+2, of magnitude S takes 
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place at the same frequency according to the harmonic law 
z= Acos (at+¢) 


The values A and 9 are found by the vector diagram method which 
is based on the fact that in each instant of time the rotating 
amplitude vectors (A, and A,) of the vibrations being composed 
and the resultant vector A are related by the equation A = A,+ 
+A,. The three vectors rotate at the same angular velocity w 
so that their mutual position is independent of time. It can be 
seen in Fig. 6.2, corresponding to the 
instant of time ¢ = 0, that 


At= A? + Az + 2A,A, cos (Yo = V1) 


and 
A, Sin 9, + A, Sin ge 
Ay COS 91 + Ag COS Ge 


If p.—g, = 2nn (n= 0, +1, +2,...), 
then A= 4,+ A); if p,.-— 9, = (2n4+1)a 
(n = 0, £1, +2, ...), then A =|A,—A,]. In the general case 
|A,—A,| <= A = A,+ Ag. 
6.1.6. In the superposition of two harmonic vibrations, x, = A,X 
Xcos (w,t+,) and 2,= A, cos (wet + 2), having different frequen- 
cies and amplitudes, the resultant vibration is not harmonic. 
It can be represented in the following form: 


tan 9 = 





= +2, = A(t) cos[a t+ o(e)] 
where A(t) = A}+A¥+2A,A, cos [y(t) — 1]; 


_ Ay sin g: + Az sin y(t) _ = 
_tan g(t) = Ak GATE) and y(t) = (w,.—@,)t+¢e 





From the physical point of view, this representation of the result- 
ant nonharmonic vibration makes sense only in the superposition 
of harmonic vibrations whose frequencies are sufficiently close 
to each other. In this case, A(t) and y(t) are slowly varying func- 
tions of time, and the vibratory process is called beating. The 
magnitude A(t) varies periodically from |A,—A,| to A,+A, 
with a frequency » = |»,—»,| = £|a,-0|, called the beat 
frequency. 

6.1.7. Complex (nonharmonic) periodical variations of a physical 
quantity S can be represented as a Fourier series consisting of 
simple harmonic vibrations with cyclic frequencies that are 
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multiples of the fundamental cyclic frequency w = mB, Thus 


S(t) = ua A, sin (not + gn) 
where A, = Vaz. +b 
@ = arctan 2. 


The coefficients a, and b, are determined by the Euler-Fourier 
formulas: | 


Pe 
Oy = f S(t) Cos net dt (n = 0,1, 2, ...) 
—1/2 
Te 
b= J S(t)sinnotde (n= 1,2, ...) 
—7/2 


The determination of the Fourier series corresponding to a given 
complex vibration is called harmonic analysis of the vibration. 
The terms of this series whose cyclic frequencies are equal to 
@, 2, 3, etc., are called the first (fundamental), second, third, 
etc. harmonics, respectively, of the complex vibrations. 

6.1.8. Vibrations of the form 2 = A(t) cos [wt+(t)] are said to 


be modulated if ea KWArn,z and o <q. The vibrations are 


said to be amplitude-modulated if »=const and phase- or frequency- 
modulated if A = const. The simplest example of modulated 
vibrations is a beat for which A(t) and g(t) are periodical functions 
of time (see 6.1.6.). 
6.1.9. Free vibrations are those that appear in a system, not sub- 
ject to the action of alternating external forces, as a result of 
some initial deviation of the system from the state of stable 
equilibrium. 

Forced vibrations are the vibrations of a system that are caused 
by the action of periodical external forces on the system. 
6.1.10. A system is said to be linear if its motion can be described 
by linear differential equations. Otherwise it is called nonlinear 
and its vibrations are called nonlinear vibrations. 

A vibratory system having one degree of freedom is called a one- 
dimensional oscillator. If the free vibrations of this system are 
harmonic, it is called a one-dimensional harmonic oscillator. 
Otherwise, it is said to be anharmonic. 
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6.2. Small Oscillations of a System with 
One Degree of Freedom 


A. FREE VIBRATIONS OF A CONSERVATIVE SYSTEM 


6.2.1. The kinetic and potential energies of the system are 
4 2 
E, = = o(9)4° and E, = E,(q) 


where q = generalized coordinate (see 5.1.1.), b(q) = 0. 
In a state of stable equilibrium (g = q,), the potential energy 
reaches a minimum so that 


aE» ss GE a 
( dq Vee = 0 and ( dq? Vicdss = Pee 

If the magnitude of the potential energy is reckoned from its 
value in the state g = q, then £,(q,) = 0 and the Taylor series 
for E,(q) takes the form 


—)? dE (q—4o)? 
E,(q) = Bo et eon pci Cle a ee des 


6.2.2. The vibrations or oscillations are said to be small if all 
the terms in the right-hand side of the preceding equation, except 
for the first, can be neglected. Thus 


2 
E,(q) = -¥ (a~9)* = *5— 
and 
4 : box? 
E,(q) = -- 6(40)4? = —— 
where x = g—4q, is the deviation of the system from the state of 
stable equilibrium. 


6.2.3. The differential equation for small oscillations of a system 
can be written as 


bé+ Bot = 0 
The value —fyx = — oe represents the generalized force F, 
conjugate to the generalized coordinate x (see 5.1.4.). The gener- 
alized force F, = —B,z, where 8, > 0, is known as the quasi- 


peg force, and the value f,, as the coefficient of quasi-elastic 
orce. 


116 


6. Mechanical Vibrations 


6.2.4. The vibrations of a system are harmonic if 
x = AOS (ptt ,) 


Their cyclic frequency w, = VB)/b, is governed by the properties 
of the system and is called the natural cyclic frequency of vibrations 
of aconservative system. The period of vibrations is T = 22)'by/B,. 
The amplitude A and the initial phase g, are determined from 
the initial conditions. If, for example, at the instant of time t =0, 
x = 2, and & = &, then 


= 2 So 7 = __%o 

Av V a+(22) and tang, = oe 

The amplitude of free vibrations of a conservative system is 
independent of time. For this reason, they are called undamped 
vibrations. 

6.2.5. The kinetic and potential energies of the harmonic vibrations 
of asystem are periodic functions of time with a period T’ = T/2= 


= xVb,/By. Thus 





Ey = 4. by A*a§ sin? (wot + 91) 
E, = 4 BoA? cos? (gt + 3) = 4 by A®an8 cos? (gt + 1) 
The total mechanical energy of a harmonic vibratory system is 
E= + b,A*wz = const 


Example 1. A spring pendulum is a simple spring-supported mass. 
It reciprocates along axis Ox, being acted upon by the elastic 
force F = —ax (where a is the coefficient of elasti- 


city). Here: By) = a; Ey = + mx? and b, = m, which is 


the mass of the body. The cyclic frequency and period 
of vibration are 


@) = y= and T= an 


‘xample 2. A simple, or mathematical, pendulum is a 
particle M suspended from a fixed point by a weight- 
less, inextensible cord (or rod). It swings in a vertical 
plane and is acted upon by the force of gravity (Fig. 6.3). r1¢.6.3 
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In this case 


E, == ml’a? by = ml? 


xo ~ 


E, = mgl(1—cos a) = 2mgl sin? + 


In the case of small angles of deviation, sin-|- = 5-. Then E, = 
% me and f, = mgl. 
The period of vibration is 


T= 2mVt 


For arbitrary values of the angle of deviation a, the vibration of 
a simple pendulum is nonlinear (see 6.4.5., Example 2). 
Example 3. A cycloidal pendulum comprises a particle M travelling 
along a cycloid under the action of the force of gravity. The axis 
of the cycloid is vertical and the convexity is directed downwards 
(Fig. 6.4). If the value for the potential energy of the particle at 
the vertex O’ of the cycloid is taken as 
the reference point, and the arc length 
s of the cycloid, measured from point 
O’, as the generalized coordinate, then 
E, = = ms? and E, = = 3? 
so that 


mM 
bh =m and f, = ie 








where a is the parameter of the cycloid (radius of the generating 
circle). Oscillations are possible if the total energy of the pendulum 
E= £,+£, < 2mga. The oscillations of a cycloidal 
pendulum are isochronous, i. e. their period does 
not depend upon the amplitude of oscillations and 
always equals 


Example 4. A compound, or physical, pendulum is a 
perfectly rigid body oscillating under the action of 
the force of gravity about a horizontal axis O which 


does not pass through its centre of gravity C (Fig. 
6.5). 
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1 


E,= 41a; b= 1 


E, = mgd(1—cos a) = 2mgd sin? 5 


where a = angle of deviation from the equilibrium position 
I = moment of inertia of the body with respect to the 
axis of swing O 
d = distance from the axis of swing O to the centre of 


gravity C. 


In the case of small angles of deviation, sin z x a Then, E,= 


= 5 mg da? and 8, = mgd. 
The period of oscillation is 


aah Va 
The equivalent length 1,, of a compound pendulum is the length of a 
simple pendulum that has the same period of oscillation. u is 


also called the length of the equivalent simple pendulum: J,, = 1> 


> d, since, according to Steiner’s theorem (see 4.2.2.), J = I,+ 
+md*> md?, Point O,, lying on the line OC at a distance OO, = 1,, is 
called the centre of oscillation of a compound pendu- 

lum. The point of suspension O and the centre of Oo 
oscillation O, are interchangeable: if the point of 4 
suspension is transferred to point O,, point O be- 

comes the centre of oscillation so that the period 

of oscillation of the pendulum remains unchanged. 

Example 5. The torsion pendulum consists of a rigid 

body suspended by a weightless vertical elastic rod 

(or wire) whose upper end is fixed. The axis Oz coin- 

cides with one of the free axes of the body (Fig. Mi} J 
6.6). The torsional oscillations are due to elastic Zz 
forces that develop in the rod when it is twisted ¥1G.6.6 
about axis Oz. 

In the case of small oscillations, 


E, = 4 Tat and E, = 4 ca? 
so that. 


b =I and py=ec 
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where a = angle of twist of the pendulum about axis Oz from 
the equilibrium position 
J = moment of inertia of the pendulum with respect to 
axis Oz 
e = torsional rigidity of the rod. 


The period of oscillations is 


T = 22 Pt 


In the case of a homogeneous round rod 
_ 2dtG 
~ 32l 


where d and / = diameter and length of the rod 
G = shear modulus (see 15.7.12.) of the rod material. 





B. DAMPED VIBRATIONS 


6.2.6. Damped vibrations are ones whose energy decreases with 
time. The damping of free vibrations of a material system is due 
to the dissipation of energy owing to the action of nonconservative 
resistance forces (friction) on the system. 
If there is no dry friction (see 2.12.2.) in the system, it can be 
assumed for small vibrations that the generalized friction force is 
F,, = —ri, where r > 0 is the generalized coefficient of friction. 
Then the differential equation for small damped vibrations is of 
the form 

by +rze+Byx = 0 


&+ 262+ wgx = 0 
= rd = damping factor 
QM = y= = cyclic frequency of free vibrations of the 
° system in the absence of friction. 
6.2.7. If 5 > w, aperiodic damping occurs. In this case 
eos Ce 8 HV88=08)t 4 Cie (8-VOF— 08) « 
The value x decreases monotonically with an increase in t. A 


system, disturbed from an cquilibrium, returns to this state 
asymptotically, i.e. as t +o, 
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6.2.8. If 6 < a, the system makes damped vibrations: 
x = A,e—* sin (wt+ @,) 


where A, and ¢, = constants determined from the initial con- 
ditions 


o = Yo? — 6 = natural cyclic frequency of vibrations of a 
dissipative system. 


The valuc A(t) = A,e~® is called the amplitude of damped vibra- 
tions. The magnitudes of the amplitude for the instants of time 
t, t+ At, t+2At, etc., constitute a diminishing geometric progres- 
sion, whose common ratio equals e—® 4*, The dependence of z on t 
is shown in Fig. 6.7. 

6.2.9. The period (conditional pe- 
riod) of damped vibrations* is 
defined as the time interval bet- 
ween two successive states of the 
system at which the oscillating 
magnitude z passes through its 
equilibrium value, varying in a 
single direction (for instance, in- 
creasing). Thus 





Qn Qu 
T= — = 
on Varo F16.6.7 





6.2.10. The logarithmic decrement of damping 6 is the natural 
logarithm of the ratio of the amplitudes of vibration at the in- 
stants of time ¢ and t+ T (one period apart). It equals 


The logarithmic decrement of damping is the reciprocal of the 
number of vibrations N after which the amplitude is reduced to 


e~! of its original value. Thus 6 = ‘ The time interval t required 


for this reduction is called the relaxation time: t = NT = 7 ‘ 


6.2.11. The time dependence of the total energy of a matcrial 





* Damped vibrations are not periodic (see 6.1.2.). Hence, the common 
concepts of the period and frequency are not applicable to them. 
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system is of the form 


E(t) = +. by Age-*[co8 — 5% cos (2ext + 294) — dw sin (oot + 294)] 


where ® = £ rz? is the dissipative function. 


6.2.12. If the damping of the mechanical vibrations of a system 
is due to dry friction and |F,,| = const, the cyclic frequency w 
of damped vibrations coincides with the cyclic frequency a, 
of free vibrations of the same system in the absence of friction 
(aw = VBy/b,). The amplitude diminishes according to an arithmet- 
ic progression: in each half cycle of vibration, the amplitude is 


21B ; ; 
reduced by the same amount alta . Vibrations cease as soon as 


0 
the amplitude becomes less than al 


C. Forcep ViBRATIONS 


6.2.13. The differential equation for small forced vibrations can 
be written as follows: 


bot +rz+ Box = Fit) 
or 


B425b-+ be =: a F(t) 


where F(t) is the generalized periodic external force associated 
with the generalized coordinate x. Force F(t), which causes the 
a vibrations of the system, is called the disturbing or driving 
orce. 

6.2.14. The general solution of this equation is equal to the sum. 
of the particular solution x, and the general solution x, of the 
corresponding homogeneous equation [i. e. at F(t) = 0]. Thus 


L= M42, 


The solution z, = A,e~*sin (wt+q,) characterizes free damped 
vibrations of a system (see 6.2.8.), with lim x, = 0. Therefore, 


t—»r oo 
when a certain interval of time has elapsed after the beginning of 
the forced vibrations, corresponding to transient cond¥ons, the 
value z, can be neglected and it can be assumed that for steady- 
state forced vibrations x = 2. 
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6.2.15. lf the disturbing force varies according to a harmonic law: 
F(t) = Fy cos Qt 


then the sleady-state forced vibrations are also harmonic, with 
the same cyclic frequency 2. Thus 


a= A cos (Qt+¢,) 





where 
a Sho 
A= bo V(@3— 22)? +4 02.02 
and 
t - 262 
an Py = — Os pr 


Curves showing the dependence of the amplitude A and the phase 
angle ¢, of forced vibrations on 2 are shown in Figs. 6.8 and 6.9. 
At Q<«a,, the amplitude A = A,, = a = 5 , which is the 
static strain of the system under the action of a constant force Fy. 


x oo 8 





If Q>o,, then A = ie. The maximum value 4A,,,, of the 
amplitude corresponds to the cyclic frequency 

Q, = Var — 26 
which is somewhat smaller than the natural cyclic frequency 
w of vibrations of the system (w = Vo? — 6). Thus 


— Fo 
Amaz = 2dbow 


It follows from this formula that as 56> 0, A,,,, ~ o. Such 
extrapolation is incorrect, however, since, with an increase in the 
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amplitude, the vibrations are no longer small, and the theory 
dealt with above is inapplicable to them. 

6.2.16. The phenomenon of a sharp increase in the forced vibra- 
tions of a system when the cyclic frequency of the disturbing 
force approaches the value Q, is called resonance, and Q, is called 
the resonance cyclic frequency. The A vs 2 curves shown in Fig. 6.8 
are called resonance curves. 

An increase in the damping factor 6 leads to the smoothing of the 
resonance curves and a reduction of 4,,,,, i.e. to a considerable 
weakening of resonance phenomena. At 6 = ia? resonance com- 
pletely disappears. In approximate calculations of resonance for 
systems with light damping, it may be assumed that , = «,. 
6.2.17. The time dependence of the total energy of a material 
system can be written as 


a = — 264 ZF, cos Qt 
where © = ao = dissipative function 


iF, cos 2t = power of the external source of energy which 
causes the forced vibrations of the system. 

6.2.18. If an arbitrary disturbing force F(t), with a period T, 
acts on a system, the force can be expanded into a Fourier series 
(see 6.1.7.), i.e. represented as the sum of harmonics whose cyclic 
frequencies are multiples of the fundamental cyclic frequency 
e The forced vibrations of a system caused by force F(t) are 
the result of the superposition of the vibrations of the system 
caused by the action of each harmonic taken separately. The sys- 
tem is most strongly affected by those harmonics of force F'(t) whose 
cyclic frequencies are close to the resonance cyclic frequency 
Q, of the system. 


6.3. Small Oscillations of a System with Several 
Degrees of Freedom 


A. Free VIBRATIONS OF A CONSERVATIVE SYSTEM 


6.3.1. If asystem has s degrees of freedom, its position with respect 
to the frame of reference is fully specified by the valucs of s 
independent generalized coordinates q,; (i = 1, 2, ..., s). Ina 
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state of stable equilibrium (gq; = qi), the potential energy E, of 
the system has its minimum value £,,) which, owing to the arbi- 
trary nature of the reference point for E,, w ill be taken as zero in 
the following. In the case of small vibrations of the system about 
the position of stable equilibrium, its potential energy is expressed 
by the following positively definite quadratic form* in terms of 
the generalized coordinates: 


1 a 
E, = or x Bip tity 
pa 


t, kes 





where z; = g— ie 
Xe = Ik 
Bu = ana tsat real factors, with 
aE, ) 
Bu a Bas a ( Oxy Oxy) = %_Q= ... =7,=0 


The kinetic energy E, of the system is also expressed by a posi- 
tively definite quadratic form in terms of the generalized velocities. 
Thus 


1 4 oe 
Ee = 5 ba tiX, 
“ i, k=1 


where 6, are constant real factors, and 


OE, 
bu = bu = (2 ° ) 
Oxt Ox~ / zp ==... z= 0 





6.3.2. The Lagrangian function (see 5.1.5.) of the system equals 


: 4 es 
L=£&,—-E, = a om (bieXity — BantiXx) 


The motion of the system is described by s Lagrangian equations 
(see 5.2.1.) of the form 


S, Cute + But) = 0 (F= 1,2, -..48) (*) 





a 
* The quadratic form S Byxyx, is said to be positively definite if it 
skal 


becomes zero only when all the x; are simultaneously equal to zero, and 
assumes positive values upon all othcr values of the variables x;. 
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6.3.3. The unknown time functions 2, are to be determined in 
the form 

Y= A,ei! 
where i = V —1. 
The relations between the constant factors A, are found from a 
system of homogeneous linear algebraic equations 


Y (Bu—orby)Ay = 0 (i= 1,2, 0.48) (+#) 


The necessary and sufficient condition for the existence of 
nonzero solutions of this system is that its determinant equals 
zero. Thus 


Bi—@*by, Byz,— by. ... By — wy, 
Bx1—@7b21 Boz — Dag... Bor — WD a, =0 


Bs —07b., Brg —@7Dyn «Bas —O7 Das 


This equation of the s power with respect to w? is called a charac- 
teristic or secular equation. It has s real positive roots w? (1 = 
= 1,2,...,s). The magnitudes «, are called the natural or princip- 
al cyclic “frequencies of the system. 

6.3.4. The corresponding system of values A,*: A, = A,(w) can 
be found for each root w? of equation (**). The general solution 
of the system of equations (*) can be written as 


ty = by Ay(w?)C, cos (t+) (k = 4, 2, , 8) (eee) 


where C, and gy, are independent real constants determined from 
the initial conditions: 


x,(0) = Dy A,(a@)C, cos oy 
oe (k = 1, 2,...,8) 
£,(0) = oe A, (@7)C,a, sin 9, 


It follows from equation (***) that the oscillation of the general- 
ized coordinate 2, is the result of the superposition of s harmonic 


* If all the roots w? differ, then one of the factors A; can be chosen arbitrarily. 
In the case of multiple roots, the number of arbitrarily chosen factors Ay 
increases. — 


= 
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oscillations, each, in general, having arbitrary amplitudes and 

initial phases, but quite definite cyclic frequencies «,. 

6.3.5. The expressions 6, = C,cos(wt+9,), where 1 = 4, 2, 
.., 8, are Called the normal or principal coordinates of the mate- 

rial system. They are related to coordinates x, by the linear 

homogeneous transformation 


% = X A,(w?)0, (k = 1,2, ..., 8) 
t=1 
In its turn 


6,= ¥ ayn, (1 = 1,2, ...,8) 
k=1 


where a, are constant real factors. 

The kinetic and potential energies of the system, expressed in 
terms of normal coordinates, are in the form of the sums of squares. 
Thus 


s s 
E, = + > BOF and E,= + » bi id 


t=] t 


The Lagrangian function is 


L = Y (6? At) = 3 Y b(6 -at6?) 


tel 


where @, = ye is the natural cyclic frequency of the system 


corresponding to the normal coordinate 6, Employed in place 
of the normal coordinates 9,, as a rule, are the normalized normal 


coordinates Q, = ¥b,0,. Then 
ad + » (Q? — «af Q?) 


The ‘differential equations of motion of the system have the 
form 


Q;+a7Q, = 0 (Ll = 1, 2, ..., 8) 


6.3.6. Eh-the case of a Toa with two degrees of freedom corre- 
sponding to generalized coordinates x, and 2z, 


E, = 4 (04,3 + 2102442 + boot?) 
E, = 4 (81129 + 2819212, + Boot?) 
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The normal (unnormalized) coordinates 6, and 0, of the system 
are related to 2, and z, by the equations 


_ X1— Yar 
2, = 7191+ 28, a Vives | 


t, = 0,464, 6, = Mats f 
ye" 


where y, and y, satisfy the equations: 
0 
0 


bi71V2+ Die(¥1+ V2) + bee 
Buvive+ Bra(¥1t V2) + Bes 

The kinetic and potential energies of the system, expressed in 

terms of normal coordinates 6, and 6,, are of the form 


i 


E, = + (6,63+6,63) 
E, = + (6:02 + B83) 


where 
by = byyi + 2by2y, + Dee (l= 4, 2) 
Bi = Buvi + 2Bieyit Bee : 
The squares of the natural cyclic frequencies of the system equal 
By By V+ 2B V1 B, 
2), ee al 1s 32 l= 1, 2 
by by V+ 2D git gy ( 


Example 1. In a plane double pendulum (Fig. 6.10) the potential 
energy is 

E, = mygl,(1 — cos ay) + mgg{l,(4 — cos a,) + os — COS a.) 
For small vibrations, sin ot = and sin 4. ae 
= S.. Then / 


E, am mm 





gl,a3 +5 1,03 


Bir = (m+ me)gh; Bis = 0; Beg = megle 


The kinetic energy is 





E, = oS (48+ 98) + *. (23+ 93) FIG.6.10 
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where 

a2, = l,sina, 

y, = 1, cosa, 

a, = 1,sina,+l,sin a, 

Y2 = 1, cos a,+l, cos a, 
In the case of small vibrations, 


mMi+mMm: 79° + ms 798 
E,y=~" ao Hat + moby yay + :s ay 


Buy = (m4 ma)UF; by = Melita; Bag = myl} 
The Lagrangian equations for small vibrations are of the form 


(my + mg)byG, + Malad + (m+ me)ga, = 0 
1,a@,+1,4,+ ga, = 0 


The characteristic equation is 


| (my + mz)gl, — o?(m, + m,) i —o@ml,l, | 


| — ow? Malyly mogl, —w*?m,|2 > 


The squares of the natural cyclic frequencies w, and w, equal 
Of 2 = Saath {(m + mg) (1, + le) 


+Y (rm, + mg) [lm + ms) (Lh +12)? — 4m hh)} 
The general solution is of the form 


L L 
a= (tr -t) C, cos (wyt+ py) + ae Sa. ) Cz COS (coat + P2) 


a, = C, Cos (wt+ 1) + Cz Cos (wet + M2) 


Example 2. Consider the motion of a particle under the action of 
two mutually perpendicular quasi-elastic forces F, and Fy. 
In a system of Cartesian coordinates «Oy whose origin coincides 
with the equilibrium position of the particle and with axes Ox 
and Oy directed along lines of action of forces F, and F,, respec- 
tively, the equations of motion of the particle take the form 


mi+ Bx = 0 
my + Bay = 0 
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where f, and f, are coefficients of the quasi-clastic forces F, and 
F,. Coordinates 2 and y are normal ones and their time dependence 
is of the form 


z= A,cos(wm t+ ,) and y = A, cos (wet+ G2) 

where a, = ye and ow, = j% are the natural cyclic frequencies. 
Thus, the motion of the particle is the result of the superposition 
of two mutually perpendicular harmonic oscillations. The path 
of the particle is enclosed within a rectangle whose sides are 
parallel to the axes Or and Oy and are equal to 2A, and 2A,, 
respectively. The centre of the rectangle coincides with point O. 
If the ratio of the frequencies w, and w, is rational, the path is 
a closed one and is called a Lissajous figure. The shape of the 

rg As 


Lissajous figure depends upon wat = and 9,—9, (Fig. 6.14). 


A,=A; wy = Say, /2 49 = 92-9 
4y=7/8 A= 9/4 Ag =8r/8 









Ay=n/2 Ag =5n/8 
a 





The ratio of the frequencies os is equal to the ratio of the number 


of times the Lissajous figure touches the horizontal and vertical 
sides of the rectangle into which it is inscribed. 3 
If wm, = @,, the Lissajous figure will be an ellipse: 

x? y? Qxy 


“AT TAP Ay Ay 008 (P21) = sin*(p2— Ys) 





These are called elliptically polarized oscillations. Special cases of 
elliptically polarized oscillations are illustrated in Fig. 6.12. 
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At Q2-G@1 = (2k+4)$ (k = 0; +1; ...), the axes of the ellipse 


coincide with the coordinate axes Ox and Oy. If, in addition, 
A, = A,, the path is a circle. Such oscillations are said to be 
circularly polarized. If y,.—y, = ku (k = 0; +1; +2; ...), the 
ellipse degenerates into a straight line 
and the oscillation is called linearly 
polarized. 
Example 3. Consider two identical 
simple pendulums with an elastic lin- 
kage (Fig. 6.13). If the mass of the 
spring is neglected and the vibrations 
are small, then 
ml? 9 
E, =- 2 (aj + 43) 
and 
Ey = "8" (afiad) + 5 al%(ay~ a)? 
where u = coefficient of clasticity of 
the spring 
m = mass of each pendulum. 





FIG.6.13 


Substituting the variables 6, = aye and 6, = “>“! we can 
write 
E, = ml?(62+63) and E, = mgl(62 +62) + 2al62 


Coordinates 6, and 6, are normal ones. The Lagrangian equations 
are of the form 


6, + 9, = 
6,4 + (w3+=2) 6, =0 
where wy = ys is the cyclic frequency of vibrations of the un- 
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0, = A, Cos (wyt+,) and 6, = A, cos (cot V 1+ 325 +2) 


B. Dampep VIBRATIONS 


6.3.7. If there is no dry friction (see 2.12.2.) in the system, it can 
be assumed for small vibrations that the generalized friction 
forces F;,,, associated with the generalized coordinates q;, are 
linear functions of the generalized velocities. Thus 


& 

° 

Fig =- Y Dipl, 
k=1 


number of degrees of freedom oh he system 
deviations of its generalized coordinates gq, from 
their. equilibrium values gx 

ay = generalized coefficients of friction (a = a,;) which 
can be assumed constant. 


The time dependence of the total mechanical energy EF of the 
system is of the form 


where s 
XE 


"if 


dE ; 
aoe 


where ® = + Ay£;%, is the dissipative function of the system 
f,k=1 
and is essentially positive since the energy E diminishes contin- 
uously with the motion of the system. 
6.3.8. The Lagrangian equations for the system are of the form 
@ ab ab a0 


— = Fy, =--—— (i=1,2,...,8 
dt 8x: ax; ifr axe ( pos >) 


Using the expression given in 6.3.2. for the Lagrangian function, 
we can write 


= (bipte + Ande + Bide) =0 (i = 1, 2, eeey s) (*) 
6.3.9. This system of homogeneous linear second-order differen- 
tial equations is solved in a way similar to that used for the 


system of equations (*) in 6.3.2, The unknown functions 2;(¢) 
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are to be determined in the form x, = A,e#. The relations between 
the constant factors A, are found from a system of homogeneous 
linear algebraic equations 
Y (Bit @inA+byd?)A, = 0 (i = 1,2, ..., 5) (**) 
k=] 
The characteristic equation that serves to determine the values 
4 is of the form 


Birt ay t 20 Bigt Adie + A?by2 -.. Bist Ady + A*Dy, 
Bayt Adit Abo, Brg t Adgg+ A?Boe «.+ Bost AGgs + A*D 26 


| Boat Adsy + 22Bey Brat Adan + A2Byy «2. Buy + Adan + 22D ue 


This equation has 2s roots A, (1 = 1, 2, ..., 2s) which, by virtue 
of the real nature of the coefficients Bi, a, and b,, are either 
real or pairwise complex conjugate, i.e., A, = 4,+im,, and 
A¥ = t,—iw,, where yw, < 0 and w, = 0. The values A, = A,{A,), 
obtained from the system of equations (**) for each pair of 
complex conjugate roots, are also complex conjugate. Thus — 


Ali) = Yer t+ tO; Axl) = ya — ibe = AR(Ar) 
The general solution for the system of equations (*), for the case 


when all the roots 4, are different and complex conjugate, takes 
the form 


=0 


a, = Ye Re {Ay (A) Cie} 
t=1 


where C, are complex constants of integration, determined from 
the initial conditions (i.e. the values of 2, and «, at t = 0). The 
symbol Re denotes the real part of the complex function enclosed 
in the braces. 

If a root A, is real (@, = 0), then, in the expression for «;,(¢), the 
aperiodic component e“A,(4,) Re {C,} corresponds to this root. 
If all the roots 4, are real, the motion of the system is completely 
aperiodic. 


C. Forcen Visrations or A NonDISSIPATIVE SYSTEM 


6.3.10. In terms of normalized normal coordinates Q, (see 6.3.5) 
the differential equations of motion of a system can be broken 
down into s independent equations for one-dimensional forced 
vibrations corresponding to each of the normal coordinates Q,. 
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Thus s 
Qito7Q = filt) (b= 1,2, -.., 8) 
where @, = natural cyclic frequency of the system 
a 2 
fi(t) = >, v,( Het = generalized external force conjugate to 
kel t 
normal coordinate Q, 
F,(t) = generalized external (disturbing) force 
conjugate to the generalized coordinate x, 
A,(w#) and 6, have the same meaning as in 6.3.4 
and 6.3.5. 


A condition for resonance is the availability, among the harmon- 
ics} of force f,(t), of one whose cyclic frequency is near to a. 
6.3.11. In a system with two degrees of freedom cor- 
responding to the generalized coordinates x, and z,, 
the relation of the disturbing forces F,(t) and f,(t) 

% is of the form 


% Alt) = ae 
1 
% 
Fi(t)+ Fat 
ie fe(t) a v2 ae 3(t) 
F()=FycteSt. bs 


where y, and b, have the same meaning as in 6.3.6. 

Fig.6.14 Example. In a double spring pendulum (Fig. 6.14) 

. oscillation takes place under the action of the dis- 

turbing force F(t). The kinetic and potential energies of the 
system are 


1 . 1 
Ey = 4 (mt + mt?) Ey = -} [at +a,(0,—2,)*] 


where x, and x, are the displacements of particles m, and m, 
from their positions of stable equilibrium. Then 
by = ms; by = 0; bo = my 
Bu = +42; Biz = Bor = —a23 Bog = ae 


It follows from the equations given in 6.3.6 that 





Y= kt Vey and y, = key me 


where k = + _m ioe 
1 2 
es by = mpi; by = mips; By = ayny; By = ang 
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where 





p= oka a+ Ve+™) 


P= o(Ke+ atk V+) 


=z) ee Rem) 





1 
= (14+) (2424 ™ 9% a 
+8 (1-on42 Va4 ™) 


The squares of the natural cyclic frequencies equal 


2 71 


2 2 Te 
ay = @ 
1 oD 


and a? = a} 
Pe 


a 
where wz = aac 


Since F,(t) = 0 = F,(t) = F(t) = Fy cos Qt, then 


Tae cos Qt 


f,(t) = ae cos Qt and f(t) = 


The equation of motion, in terms of normalized normal coordi- 
nates, can be written as 


Q:+o7Q, = —2—cosQt (1 = 1, 2) 
Tins MD 





The general solution is of the form 
Q, = A; cos (Qt+ y,) + B, cos (w,t+ 9,1) 
in which the second term characterizes the free vibrations of 


the system, and A, and g,, in accordance with the formulas for 
one-dimensional forced vibrations (see 6.2.15), are equal to 


Fo 
A = je a 
1 Vangpi(o? -2*) 
The unknown functions 2,(¢) and 2z,(t) are equal to 
_71Q1 7aQ2 Q + Qe 


a = —=-+—-2= and gz = —— ——— 
Vp, Vp: Vii ¥mupr 


and tang, = 0 
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6.4. Oscillations of a Nonlinear System with 
One Degree of Freedom* 


A. Bastc DEFINITIONS 


6.4.1. In the general case of vibrations of a nonlinear system, the 
differential equation takes the form 


E+f(x, £, t) =0 
6.4.2. A vibratory system is said to be autonomous if the equa- 
tion of motion does not involve the time explicitly: 


£+f (a, 4) =0 (+) 


The differential equation of the vibration of an autonomous 
conservative system does not contain the generalized velocity £: 


F+fle) = 0 (+4) 


and describes free vibrations. 
An autonomous nonconservative system is said to be dissipative 
if its motion is of the damped vibration type. If an autonomous 
nonconservative system can make periodic vibrations, it is 
said to be self-oscillatory and its oscillations are called self- 
induced ones. The amplitude and frequency of self-induced vibra- 
tions are dictated only by the properties of the system itself. 
6.4.3. A vibratory system is said to be nonautonomous if its 
differential equation of motion involves the time ¢ explicitly. 
The processes occurring in a nonautonomous system are called 
forced vibrations if the given periodic function of time F(t) is a 
term in the differential equation of motion. Thus 

B+ fle, #) = F(0 
The right-hand side of this equation is called the reduced disturb- 
ing force. Depending upon the type of function f(z, 2) involved, 
distinction is made between the forced vibrations of nondissipa- 
tive, dissipative and self-oscillatory systems. 
Parametric vibrations are ones described by differential equations 
of the following form: 

%+[a+P(t)]ze = 0 
where P(t) is the given periodic time function. 





* This section was written by Prof. Ya. G. Panovko, D. Sc. (Eng.). 
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B. Free VisraAtions OF A CONSERVATIVE SYSTEM 


6.4.4. In the differential equation (**) in 6.4.2, f(z) is the restoring 
force referred to unit mass of the system and depending nonline- 
arly on coordinate 2 of the system. 

The relationship f(z) is called the quasi-elastic characteristic of 
the system. At f(x) = —f(-—<), the quasi-elastic characteristic is 
said to be symmetrical. Depending on the sign of the second 


. . 2 . . . 4s rer 
derivative a of a symmetric quasi-elastic characteristic, it is 
called 
ap 
dx? 
def 
dx? 


hard, if ata>0, >0 (Fig. 6.15a) 


or soft, if at x > 0, <0 (Fig. 6.155) 


6.4.5. The free vibrations of a conservative system are periodic, 
but anharmonic. The period of free vibrations depends upon 
their amplitude and, fora 


symmetric —quasi- elastic 

characteristic, is 

T= ova [ eee 
Vie f(x) dx 


ry Hard sort 
characteristic characteristic 
where A is the amplitude F1G.6.15 
of vibrations. 
Example 1. The quasi-elastic cubic characteristic is f(z) = 2°. 
Then the period of vibrations is equal to 


T= avs f dx — 7.316 
Pe rerh 
0 








Al—xé A 


Example 2. For a simple pendulum swinging with large angles of 
deviation a (Fig 6.3.), the quasi-elastic characteristic is 


f(a) = {sina 
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The period of vibration is represented by the elliptic integral 


oA 
rant (tm 
in? <—sin? & 
V sin 3 ~sint > 

ry 


where A is the maximum angle of deviation (amplitude of 
vibrations). The period T can also be expressed in the form of a 
power series: 


F T iy. A, (1x3\8 4 A 
T=27n yt [1 +(4) sin? Ay (x8) sin* at oe | 
6.4.6. An approximate formula for the period of free vibrations 


for any type of symmetric quasi-elastic characteristic is 


T = 2nA? é 


A 
5 | f(x)x? dx 
J 


C. FREE ViBRATIONS OF A DissIPATIVE SYSTEM 
6.4.7. If the dissipation of mechanical energy is not excessively 
great, the period of free damped vibrations is approximately 
equal to the period = of free vibrations of the corresponding 
conservative system. Within one period, the motion of the system 
is described approximately by the equation 
x = A COS wot 


where A is the time-dependent amplitude of vibrations. The 
curve A = A(t) is the envelope of the vibrational diagram. 
6.4.8. With nonlinear-viscous friction, the reduced force of in- 
dlastic resistance takes the form 


R=k 
where & .and n # 1 are constants of the system. The equation 


of the envelope for a system with alinear quasi-elastic character- 
‘istic jis 





El 1k 


A= As 


n—-l 


n-1 
y: + on RS(cp Ap) *- It 
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where A, is the deviation of the system at ¢ = 0. 
nm 
S= 2 f sinn+ y dy 
0 


The values of S are listed in the following table: 


0.5 1.0 1.5 2.0 2.5 3.0 




















Ss 4.000 3.500 3.142 2.874 | 2.666 2.498 2.356 




















6.4.9. The internal friction of a material subject to cyclic, or 
repeated, deformation is charac- 

terized by the phenomenon of Total force of resistance 
hysteresis (Fig. 6.16). The reduced 
force of inelastic resistance is 


R=+0aeV1-= 


where } and n are constants of 
the system and the plus and mi- 
nus signs correspond, respecti- 
vely, to the ascending and des- 
cending branches of the hyste- FIG.6.16 

resis loop. At n = 1, the equa- 

tion of the envelope of the damped vibrations takes the form 





Llasii 
force 






_ dtog 
A=Aje 2 
and at n # 1, it will be 


A=- 


n-1 


\: +(n—4bagh ) Set 


Ao 


D. Forcep Visrations or a NonpDIssIPATIVE SYSTEM 


4.4.10. Upon the action of a harmonic disturbing force, the differ- 
ential equation of the vibration in a nondissipative system takes 
the form 

#+f(xz) = Fysin Qt 
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where F, = amplitude of the disturbing force referred to unit 
mass 
Q = cyclic frequency. 


6.4.11. In dealing with a cubic symmetric quasi-elastic characte- 
ristic: 
f(x) = ofr + Bx? 
the equation 
&+a3x+ Bxi = F, sin Qt 


has the approximate solution 
a = Asin Qt+ PA. (sin Qt—sin 321) 
OO 


In addition to the fundamental harmonic, this solution includes 
a harmonic with a tripled cyclic frequency. The amplitude of 
vibrations is determined from the cubic equation 


(Q?-03)A-2 pA?+ F, = 0 


At small values of the cyclic frequency 2, this equation has one 
real root; at higher frequencies it has three real roots, each 
corresponding to vibration with a definite amplitude. The many- 
valued solution signifies that at a given cyclic frequency of the 
disturbing force, vibrations at various amplitudes are possible, 
but that not all of the modes of vibration are stable. Shown in 
Fig. 6.17a is the dependence of the amplitude of forced vibrations 
on the cyclic frequency of the disturbing force for 8 > 0. Unstable 
solutions, which lack any physical significance, are indicated with 
a dash line. 

The sequence in which the amplitude of forced vibrations varies, 
upon a slow variation of the cyclic frequency of the disturbing 
force, is indicated in Fig. 6.17a by arrows. Upon an increase in Q, 





FIG.6.417 
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the amplitude of vibrations likewise increases, following the 
upper branch of the curve. As soon as the cyclic frequency 2 
begins to decrease, the amplitude immediately “drops off” 
onto the lower branch. A further reduction in frequency 2 leads 
to the skipping of the amplitude back over to the upper branch 
of the curve. 

6.4.12. In addition to vibrations with cyclic frequencies 2, 3Q, 
etc. (where 2 is the cyclic frequency of the disturbing force), 
subharmonic vibrations may occur in nonlinear systems. The 
cyclic frequency of the disturbing force is a multiple of that of 
such subharmonic vibrations. 

6.4.13. Upon the action of a polyharmonic disturbing force, of 
the type #, sin Q,t+ F, sin Q,t, vibrations are set up with the 
combination cyclic frequencies 2,+ 2, and 2,—Q,, in addition to 
the vibrations with the cyclic frequencies 2, and 2,. Of most im- 
portance are the low-frequency combination vibrations correspond- 
ing to the cyclic frequency 2,—2, (these are sometimes called 
subharmonic vibrations). 


E. Forcep Visrations or A DIssiPATIVE SYSTEM 


6.4.14. The differential equation of the forced vibrations of a 
nonlinear system with viscous resistance and a cubic quasi-elastic 
characteristic is of the form 


r+ pé+oix+ Bo? = Fy sin Qt 


6.4.15. The amplitude of vibration can be determined approxi- 
mately from the equation 


(22-0) A ~BA* + Fy 1-14 (AQ)? = 0 


For f > 0, the function A(Q) takes the form shown in Fig. 6.17b- 
Unstable solutions are indicated by a dash line. 


F. Setr-Inpucep VIBRATIONS 


6.4.16. In investigating the nature of the motion of complex 
systems (in particular, self-oscillatory systems), use is made of 
the concept of a phase plane—the plane of the variables x and 
v = “. Each instantaneous state of the system, specified by the 
quantities x and v, corresponds to a point on the phase plane 
called the phase, or representative, point. Each process of mot ion 
of the system complies with a definite curve on the phase plane. 
This curve is called the phase path. 
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f 


6.4.17. The phase paths are integral curves of the efuation 
ae fhe). 
dx v 


where f(z, v) = f(x, £) is a function included in the differential 
equation (*) of motion of an autonomous system (see 6.4.2.). 
Points of the phase plane at which f(x, v) = 0 and v = 0 are 
called singular points. Singular points correspond to states of 
equilibrium of the system. All other points of the phase plane 
are called ordinary points. One and only one phase path passes 
through each ordinary point. 

6.4.18. The singular point through which no phase paths pass, 
and which is surrounded by closed phase paths, is called the 
centre (Fig. 6.18). The centre corresponds to a state of stable 
equilibrium. 

v 


FIG.6.18 F1¢.6.19 


If, in the vicinity of a singular point, the phase paths are hyper- 
bolas and only two paths pass through the singular point, such 
a point, called the saddle point (Fig. 6.19), corresponds to a stale 
of unstable equilibrium. 

If, in the vicinity of a singular point, the phase paths have the 
shape of spirals that are either being wound up on or unwound 
from the point, such a point is called a focus. In the first case 
(Fig. 6.20a), the equilibrium is stable, and in the second (I'ig. 
6.20) it is unstable. 

If, in the vicinity of a singular point, the phase paths are of 
parabolic form and all pass through this point, such a point is 
called a node (Fig. 6.21). If the phase paths enter the node, it 
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v 
(a) co () hP 
ag 
x z 
Stable Unstable 
facus focus 
FIG.6.20 FIG.6.24 


corresponds to a state of stable equilibrium; if they come out 
of the node, it corresponds to a state of unstable equilibrium. 

Example. Consider the motion of a simple pendulum with arbi- 
trary initial conditions. The phase paths are illustrated in Fig. 6.22. 
Points 0 and +2z on the axis of abscissas are centres, and points 





FIG.6.22 


+a are saddle points. At sufficiently high initial velocities, the 
phase paths are of wave shape and nowhere intersect the axis 
of abscissas. These paths correspond to the running-away motion 
of the pendulum, i.e. to an unrestricted increase in the angle of 
deviation of the pendulum. 
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6.4.19. The limit cycle is a closed curve C on which neighbouring 
spiral phase paths are either being wound or from which they 
are being unwound. If the neighbouring phase paths are being 
wound up on curve C, it is called a stable limit cycle (Fig. 6.23); 
if they are being unwound, it is called an unstable limit cycle. 
If the phase paths located on one side of curveC are being wound 
up on it and those on the other side are being unwound from it, 
it is called a semistable limit cycle. 

6.4.20. The limit cycles of nonlinear autonomous systems differ 
from closed phase paths describing the vibrations of conservative 
systems and surrounding a singular point of the centre type in 
the following: (1) limit cycles are isolated curves whcreas the 
closed phase paths of a conservativesystem constitute a continuous 
family of curves; (2) motion along a limit cycle does not depend 
upon the initial conditions whereas in conservative systems it is 
precisely the initial conditions that single out a particular phase 
path from the continuous family. 

6.4.21. If several limit cycles constitute a concentric system, the 
stable cycles alternate with unstable ones. Here the singular 
point, located within the family of limit cycles, can be regarded 
as a limit cycle that has shrunk into a point. 


v ot abl. @ 
Dv Unstable limit cycle 
singular point 





Stable Unstable able 
limit cycle Limit eycle singular point 
FIG.6,23 FIG.6,.24 


6.4.22. Soft self-excitation is the conversion of a system from a 
state of unstable equilibrium into motion according to a stable 
limit cycle (Fig. 6.23). Hard self-excitation is the conversion of a 
system from a state of stable equilibrium into motion according 
to a stable limit cycle. This requires a sufficiently great initial 
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disturbance, hae that is capable of “throwing” the initial phase 
point beyond ‘the contour of the unstable limit cycle located 
between the stable singular point and a stable limit cycle (Fig. 
6.24). 
6.4.23. A quasi- -linear material system is one whose motion is 
described by the differential equation 

d?x dav 

qa tobe = wh(2, “G) 


which contains the small parameter yz. Transformation to ‘‘di- 
mensionless time” t = simplifies the differential equation to 
Sete = ut(n &) (+) 
dx 1 dx 
(2, Ge) = ag h(™ Gr) 


An approximate solution of equation (+) is 


in which 


xz = @ cos (r—0) 


where g and 6 are slowly varying time functions determined by 
the establishment equations 


4% = w@(o) and 2 = wp P(e) 


dt 
in which 
2) =—-f f fle cos &,—e sin é) sin ¢ df 
is (na) 
Wo) = a f f(g cos &, —@ sin €) cos € dé 


where f(g cos & es, esin &) results from the substitution in the 
function f' (2, #) of peers ge cos € in place of x and expression 


—osin é in place of e, 


Example. Van der Pol’s equation is 
+2 = wi—x)z 
According to formulas (**) we can write 
P(e) = (4-9) and Yo) = 
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The establishment equations are of the form 
do a a0 
= = - (4-0?) and a = 0 
The law of variation of the amplitude 0 with time is 
2 
on Vir Cer 


where C is a constant depending upon the initial conditions. 
Ast —+e, the value @ approaches g@ = 2, and motion according 
to a limit cycle is established. The motion law is 


x= 2cost 


PART TWO 





The Fundamentals of 
Thermodynamics 
and Molecular Physics 


CHAPTER 7 


Introduction 


7.1. Busie Cnee pts 


7.1.1. Molecular physics is the science that treats of the physical 
properties and aggregate states of bodies on the basis of their 
molecular structure, forces of interaction between the particles 
making up the bodies and the nature of the thermal motion of 
these particles. Two methods, complementing each other, are 
employed in the theoretical investigation of these problems: 
statistical and thermodynamic. 

7.1.2. The statistical method consists in studying the properties 
of macroscopic systems on the basis of an analysis, with the aid 
of mathematical statistics, of the laws of thermal motion of an 
cnormous number of microparticles that make up the systems. 
7.1.3. The thermodynamic method consists in studying the proper- 
ties of a system of interacting bodies by analysing the conditions 
and quantitative relations of the conversions of energy that occur 
in the system. These problems are dealt with in the branch of 
theoretical physics known as thermodynamics (phenomenological 
thermodynamics). 

As distinct from the statistical method, the thermodynamic one 
is not concerned with the internal structure of the bodies or with 
the nature of the motion of the particles of which they are compos- 
ed. Thermodynamics deals with the macroscopic characteristics 
of the items being studied and is based on several experimentally 
established principles—the laws of thermodynamics—which are 
cxtremely general in nature. In consequence, the thermodynamic 
inethod finds application in the theoretical analysis of the general 
laws of a great variety of phenomena. 
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7.1.4. A thermodynamical system is a totality of /macroscopic 
items (bodies and fields) that interchange energy jn the form of 
work and in the form of heat (see 3.1.4.) with one another, as 
well as with the external medium (one that is external in relation 
to the system of bodies and fields concerned). 

A thermodynamical system is said to be closed, or isolated, if 
there is no exchange of energy between it and the external medium. 
A system is said to be adiabatic if no heat exchange takes place 
between it and the external medium. A thermodynamical system 
in which all interchange of energy with the external medium 
takes place only by heat exchange is said to be mechanically 
isolated. 

7.1.5. A homogeneous thermodynamical system is one in which 
there are no interfaces separating macroscopic parts of the system 
that differ in properties and composition. Thermodynamical 
systems that do not satisfy this condition are said to be hetero- 
geneous. Examples of homogeneous systems are gaseous mixtures, 
liquid and solid solutions, as well as any chemically homogeneous 
body, all of which is in the same aggregate state. Examples of 
heterogeneous systems are melting ice, wet steam, many alloys 
and rocks. A system is said to be physically uniform if the compo- 
sition and physical properties are the same for all macroscopic 
portions of the system that are equal in volume. An example 
of such a system is a gas that i is not subject to the action of an 
external force field. 

A phase is a totality of all fomoseneous portions of a thermodynam- 
ical system which are physically uniform when not acted upon 
by external forces. Wet vapour, for example, consists of two 
phases —a boiling liquid and dry-saturated vapour. 

Components (independent species) of thermodynamical systems 
are the different substances, or constituents, the least number 
of which is sufficient to form all the phases of the system. 

A solution is a homogeneous system (solid, liquid or gaseous) 
consisting of two or more chemically pure substances. One of the 
components of a solution (usually that present in the highest 
proportion) is called the solvent, and the other components are 
called solutes. 

7.1.6. The state of a thermodynamical system is determined by 
the totality of its thermodynamic variables, or parameters (state 
variables), i. e. all physical quantities that characterize the macro- 
scopic properties of the system (its density, energy, viscosity, 
polarization, magnetization, etc.). Two states of a system are 
considered to be different if the magnitudes differ for even one 
of the thermodynamic variables. The state of asystem is said to 
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be steady if it does not change with time. Steady states are said to 
be equilibrium ones if their invariability in time is not due to 
the occurrence of some process that is external in relation to the 
system. 

The thermodynamic variables of a system are interrelated. 
In consequence, the equilibrium state of a system can be uniquely 
specified by indicating the values of a limited number of these 
variables (see 10.9.8.). The principal state variables are the pressure, 
temperature and the specific (or molar) volume. 

Distinction is made in thermodynamics between the external 
and internal state variables of a system. External state variables 
are those which depend only upon the generalized coordinates 
(see 5.1.1.) of external bodies with which the system interacts. 
An example of an external variable for a gas is its volume which 
depends upon the position of external bodies — the walls of the 
vessel. Another external variable of a gas in a gravitational or 
any other force field is the field intensity. Internal state variables 
are ones that depend both on the generalized coordinates of 
external bodies and on the averaged values of the coordinates and 
velocities of the particles making up the system. Examples of 
internal variables are the pressure and energy of a system. 
7.1.7. The pressure is the physical quantity p equal to the ratio 
of the magnitude of the normal force AF,, acting on an area 
AS of the surface of the body, to the value 4S as AS approaches 
zero as a limit. Thus 


p= lim at = as 


The specific volume v is the reciprocal of the density o (see 2.3.2.): 
d= ae The specific volume of a homogeneous body is the ratio 


of its volume to its mass. It is numerically equal to the volume 
of an element of the body with a mass equal to unity. 

A gram molecule or mole (kilogram molecule or kilomole) is the 
amount of a chemically homogeneous substance whose mass, 
expressed in grams (kilograms) is numerically equal to its molec- 
ular weight «. The volume V, of one mole of a substance is 


called its molar volume: 


= =f 
V, = ww= f 


A gram atom (kilogram atom) is the amount of a chemically 
simple substance (an element) whose mass, expressed in grams 
(kilograms), equals its atomic weight. The number of molecules 
in a gram molecule and the number of atoms in a gram atom are 
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the same for all substances. This number is known as Avogadro’s 
number Na (N4g = 6.023X1078 mol-! = 6.02310 kmole-!). 
7.1.8. The temperature is a physical quantity characterizing the 
degree of hotness or coldness of a body (see also 11.2.4 and 
12.8.11). If a system is in a state of thermodynamical equilibrium, 
all bodies constituting the system are at the same temperature. 
The temperature can only be measured indirectly, making use 
of the fact that certain physical properties of bodies, lending 
themselves to direct measurement, depend on the temperature. 
The bodies (or substances) employed for this purpose are said to 
be temperature-indicating, or thermometric, and the tempera- 
ture scale based on them is said to be empirical. 
The main shortcoming of empirical temperature scales is their 
dependence on the specific features of concrete temperature- 
indicating substances (see 10.2.6. on the possibility of establish- 
ing a universal thermodynamic temperature scale). In setting 
up a temperature scale, the temperatures at which chemically 
pure substances pass from one aggregate state to another are 
used as the initial values for establishing the reference point and 
the unit of measurement — the degree. Examples of such tempera- 
tures are the melting point of ice (é,) and the boiling point of 
water (¢,) at normal atmospheric pressure equal to 760 mm Hg. 
These are also called the ice and steam points, respectively. 
The values of ¢, and t, for the various temperature scales are: 
(a) Celsius (centigrade) temperature scale: t, = 0°C and t, = 100°C. 
(b) Fahrenheit temperature scale: tg = 32°F and t, = 212°F. 
The relationship between a temperature expressed in Celsius 
and Fahrenheit degrees is 

rC _ t°F-32 

400 ~ ~ 180 ~ 
(c) Kelvin temperature scale (see also 10.2.6.): the temperature T 
is measured from absolute zero (t = — 273.15 °C) and is called the 
absolute temperature. The relationship of a temperature expressed 
in the Kelvin (7 °K) and Celsius (¢ °C) scales is 


TOK = C+ 273.15°C 


7.1.9. The internal variables of a thermodynamic system (see 
7.1.6.) which is in an equilibrium state depend only upon its 
external variables and the temperature. Thus 


un = f(x1, Ley +249 Zn; T) (*) 


where y, = internal variable 
24, ++, %,_, = external variables. 
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For instance, the equilibrium state of a physically homogeneous 
thermodynamic system can be completely specified, according 
to Gibbs’ phase rule (see 10.9.12.), by only two variables. Hence 
the equilibrium pressure of this system is a function of its 
volume and temperature (the mass of the system is assumed to 
be fixed): 


p=filV,T) (**) 
7.1.10. If, in equation (*) y, represents a generalized force (5.1.4.) 
conjugate to any one of the external variables z,, ..., z,, then 


equation (+) is called a thermal equation of state of the system 
(or, simply, equation of state of the system). For example, equation 
(**) is a thermal equation of state of a physically uniform system. 
Written for the internal energy U (see 9.1.1.) of the system: 


U =, fe(1, Co ey) T) 


equation (+*) is called the calorific equation of state of the system. 
The equations of state of the system being investigated in thermo- 
dynamics are assumed to be known from experiments. These 
equations can be derived analytically by the methods of statis- 
tical physics. 

7.1.11. A thermodynamic process is any change that occurs in 
the state of a thermodynamic system. Anequilibrium (quasi-static) 
process is a thermodynamic process in which the system passes 
through a continuous succession of equilibrium states. A cycle 
is a thermodynamic process as a result of which the system returns 
to its initial state. 

Iso-processes are defined as thermodynamic processes that proceed 
with a constant value of one of the state variables.* An isochoric 
(isovolumic) process is a thermodynamic process that proceeds at 
constant volume of the system. An isobaric process is one that 
occurs at constant pressure. An isothermal process proceeds at 
constant temperature. 

An adiabatic process is a thermodynamical process that is accom- 
plished by the system without heat exchange with external bodies. 
Relaxation is the process in which a system that has been disturb- 
ed from a state of thermodynamic equilibrium returns to that 
state. The relaxation time is a measure of the rate at which relaxa- 
tion takes place. It is the interval of time that it takes for the 
deviation of any variable of the system from its equilibrium value 


to decrease to +t of its initial value. 


* The mass of the system is assumed to be constant, 
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7.1.12. State functions are physical characteristics of a system 
whose variation, as the system passes from once state to another, 
does not depend upon the kind of thermodynamic process that is 
associated with the change in state. These characteristics are 
determined exclusively by the values of the variables of the 
initial and final states. The most important state functions are 
the internal energy U (see 9.1.1.), enthalpy H (see 9.1.6.), entropy 
S (see 10.4.3.), isothermal and isochoric potential, or Helmholtz 
free energy, F (see 10.6.3.) and isothermal and isobaric potential, 
or Gibbs free energy, G (see 10.6.3.). 

Extensive quantities are state functions of a thermodynamic 
system that depend upon its mass. Such, for example, are the 
functions enumerated above. Frequently, the values of extensive 
quantities used in thermodynamic equations are referred to 
unit mass or to one mole. 

Intensive quantities are state functions of a thermodynamic 
system that do not depend upon its mass. Such, for instance, are 
the temperature, density, viscosity and permittivity. 

7.1.13. The equilibrium states of a physically uniform system and 
the equilibrium processes it performs can be represented by points 
and curves, respectively, plotted on a plane in Cartesian coordi- 
nates.'Plotted along the coordinate axes are state variables of the 
system or state functions which are uniquely related to these 
variables. Such a graphical representation is called a thermody- 
namic diagram. The most widely used are the V-p, s-T and s-H 
diagrams (the first symbol indicates the quantity plotted along 
the axis of abscissas; the second, that plotted along the axis of 
ordinates). 


CHAPTER 8 


Ideal Gas Laws 


8.1. Ideal Gases 


8.1.1. An ideal, or perfect, gas is one in which there are no forces 
of molecular interaction. Gases can be regarded as ideal, with a 
sufficiently high degree of accuracy, when their states are far 
from the regions of phase transitions. 

8.1.2. The following laws are valid for ideal gases: 

(a) Boyle’s law* which states that at constant temperature and 
mass the product of the pressure and volume of a gas is constant: 


pV = const 


(b) Gay-Lussac’s law which states that at constant pressure 
the volume of a given mass of gas is directly proportional to its 
absolute temperature: 


V =aV,T = Vr 


where V, = volume of the gas at the temperature 7, = 273.15 °K 
a= * = coefficient of volume expansion. 


(c) Charles’ law which states that at constant volume the pressure 
of a given mass of gas is directly proportional to its absolute 
temperature: 


* This law was independently discovered by French physicist E. Mariotte 
14 years after R. Boyle. 
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where pyis the pressure of the gas at the temperature T, = 273.15°K. 
(d) Avogadro’s law which states that equal volumes of different 
ideal gases at the same temperature and pressure contain equal 
numbers of molecules or, in other words, moles of different ideal 
gases occupy the same volume at the same temperature and press- 
ure. 

Thus, for example, under standard conditions (t = 0 °C and 
p = 101,325 N/m? = 1 atm = 760 mm Hg), moles of all ideal 
gases occupy a volume of V, = 22.414 litres. The number of 
molecules in 1 cm? of an ideal gas under standard conditions is 
called Loschmidt’s number and equals 2.68710 1/cm®. 

8.1.3. The equation of state of an ideal gas is of the form 


pV, = RT 


where p, V,, and T = pressure, molar volume and _ absolute 
temperature of the gas 
R = universal gas constant. 

The universal gas constant is numerically equal to the work 


done by one mole of an ideal gas when it is heated isobarically 
by one degree. Thus 





= J ne litre-atm 

R= 8.31108 ‘Emole-deg ~ 0.08214 mole-deg 
at kgf-m = rg cal 
= 0.848 qolaee’ = 8.34 x 107 mole-deg ~ 1.987 —iole-deg 


For an arbitrary mass M of gas, the volume V = a V,, and the 
equation of state takes the form 


=, 
pv = ; RT 
This is called the Mendeleev-Clapeyron equation. Since a =v, 
the specific volume, then 
ee 
pia, T = BT 


where B = = is the specific gas constant which depends upon the 


molecular weight of the gas. 
8.1.4. It follows from the Mendeleev-Clapeyron equation that 
the number n, of molecules contained in a unit volume of an 
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ideal gas equals 
. Na _. PNa D 


iam (amet «: dame 


pe ke -23 J 
where k = me 1.38 x10 ce 
= Boltzmann’s constant 
N, = Avogadro’s number (see 7.1.7). 


4Q-16 £8 
1.38 x 10718 deg 


8.2. Mixtures of Ideal Gases 


8.2.1. A gas mixture is the totality of several different kinds of 
gases which do not react chemically under the conditions being 
considered. A gas mixture constitutes a homogeneous thermody- 
namical system (see. 7.1.5). 

The weight concentration g; (or weight fraction, or weight-fruction 
concentration) of the i-th gas included in the composition of 
the mixture is the ratio of its mass M, to the mass M of the whole 
mixture. Thus 


where WN is the total number of different kinds of gases that 
make up the mixture. 

The molar concentration x; (or mole fraction, or mole-fraction 
concentration) of the i-th gas is the ratio of the number of moles 
of this gas to the total number of moles of all the gases in the 
mixture. Thus 





where yw, is the molecular weight of the i-th gas. 
8.2.2. The partial pressure p; of the i-th gas in a mixture is the 
pressure that this gas would exert if all the other gases were 
removed from the mixture and the volume and temperature 
remained as before. Thus 
M, RT 
p= a aaa (*) 


where V and T are the volume and temperature of the mixture. 
Dalton’s law states that the total pressure of a mixture of ideal 
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gases is equal to the sum of their partial pressures: 
NX v 
= = RD Sy Ms +4 
P pa Pi V os Hy ( ) 


From Dalton’s law it follows that the partial pressure of the i-th 
gas is equal to the product of the pressure of the mixture by 
the molar concentration of this gas: p; = 2,p. 
8.2.8. The partial volume V, of the i-th gas in a mixture is the 
volume that this gas would occupy if all the other gases were 
removed from the mixture and the pressure and temperature 
remained as before. Thus 

| ee eae 


aoe (##«) 


Amagat’s law, following from equations (**) and (#*#*), states 
that the total volume of a mixture of ideal gases is equal to the 
sum of their partial volumes: 

Nv 


V=>V, 


i=l 


The partial volume of the i-th gas is equal to the product of the 
volume of the mixture by the molar concentration of this gas: 
Vi, = 2,V. 

8.2.4. In calculating the state variables of a mixture of ideal 
gases, use can be made of the Mendeleev-Clapeyron equation 
written in the form 


M 
pV = reas RT 
or 
pV = MBy.T 
where Miz = - ve = apparent molecular weight of the mixture 
Gy 
Bui: = FOLRY = specific gas constant of the mixture. 


Umiz am“ 


CHAPTER 9 


First Law of Thermodynamics 


9.1. Internal Energy and Enthalpy 


9.1.1. The internal energy U is the energy of the system that 
depends only on its thermodynamic state. The internal energy is 
the total energy of a system which is not subject to the action of 
external forces and is in astate of macroscopic rest. In certain of 
the simplest cases, the internal energy is equal to the difference 
between the total energy E of the system and the sum of the 
kinetic energy E, of its macroscopic motion and the potential 
anergy E¥ due to the action of external force fields on the system. 
Thus 
U = E-(E,+ E%") 


The internal energy of a system includes the energy of chaotic 
(thermal) agitation of all the microparticles of the system (mole- 
cules, atoms, ions, etc.), the energy of interaction of these parti- 
cles, the energy of the electron shells of atoms and ions, nuclear 
energy, etc. 

1.1.2. The internal energy is a single-valued function of the state 
of a system: its change AU as the system passes from state 7 to 
slate 2 does not depend upon the kind of process that occurs, 
and equals JU = U,—U,, If the system accomplishes a cycle 
(see 7.1.14.), the total change in its internal energy is equal to 
nero: 


$ aU =0 


1.1.3. The internal energy can be determined with an accuracy to 
the constant addend U, which cannot be found by thermody- 
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namic methods. This is immaterial, however, since in the therino- 
dynamical analysis of systems we deal, not with the absolute 
values of its internal ene but with the changes in this energy 
that do not depend on U, in various processes. Hence, it is 
frequently assumed that U, = 0 and the internal energy is 
understood to be made up only of those of its components that 
undergo a change in the processes being considered. At tempera- 
tures that are not too high the internal energy of an ideal gus 
can be taken equal to the sum of the internal energies of chaotic 
motion of its molecules. 

9.1.4. The internal energy of a homogeneous system is an additive 
quantity. It is equal to the sum of the internal energies of all the 
macroscopic portions of the system, i.e. proportional to the mass 
of the system. The internal energy of a heterogeneous systein 
includes, not only the sum of the internal energics of all the 
homogeneous portions of the system, but the energy of molecular 
interaction of their surface layers as well. In most cases, however, 
the internal energy of a heterogeneous system can also be assumed 
to be an additive quantity, equal to the sum of the internal ener- 
gies of all the phases of the system. This assumption is not valid, 
however, for highly disperse heterogeneous systems. 

9.1.5. The internal energy of an ideal gas depends only on its 
absolute temperature T (see 7.1.8) and is proportional to the mass 
M of the gas. Thus 


U = f Cy aT + Uy = ulf cy dT + «| 
where Cy = heat capacity (see 9.3.1.) of the gas in an isochoric 


process (at constant volume) 


a 


cy = = specific heat (see 9.3.3.) of the gas under the 
annie conditions 

Uy = vs = internal energy of a unit mass of the gas at 
T = 0°K 


Except at very high temperatures, the heat capacity Cy, of 
monatomic gases is independent of the temperature, and U = 
= CyT+U). 

The internal energy of a mixture of N ideal gases is equal to the 
sum of the internal energies of all the gases composing the mixture. 
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Thus 


N N r 
Uu=yYUu,-> f Cn ars. vs 
1 f=1 rit 


where Cy; is the heat capacity of the i-th component of the mix- 
ture in an isochoric process (at constant volume). 

The internal energy of a gas, according to the van der Waals 
equation of state (see 13.1.2), equals 


T 
al M? 
U= i Cy dT — “ye + Uy 


where M = mass of the gas 
“ = molecular weight of the gas 
a = correction term in van der Waals’ equation. 


9.1.6. The enthalpy H (heat content) is the function of the state of 
a thermodynamic system that is equal to the sum of its internal 
energy and the product of the pressure of the system by its 
volume, expressed in the same units: 


H = U+pV 


The enthalpy of an ideal gas depends only on its absolute temper- 
ature (see 7.1.8) and is proportional to the mass M of the gas. 
Thus 


Tr 
H = [ C,dT+Hy 
0 


where C, = heat capacity of the gas in an isobaric process (at 
constant pressure) (see 9.4.4.) 
Ay U, = enthalpy of the gas at T = 0°K. For mon- 
atomic gases, H = C,T +H. 
The enthalpy of a mixture of WV ideal gases is equal to the sum of 
the enthalpies of all the gases composing the mixture: 


x x ft? 
H = Dy H,= y fi cy ar +H 


where C,,; is the heat capacity of the i-th component of the mixture 
in an isobaric process. 

A thermodynamic process is said to be isoenthalpic if it proceeds 
without a change in the enthalpy of the system. 
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9.2. Work and Heat 


9.2.1. A necessary condition for a system to do work is that a 
displacement takes place in the external bodies interacting with 
the system, i. e. a change in the external state variables (see 
7.1.6.) of the system. An infinitesimal amount of work 6A, done 
by the system on the external bodies, equals 


6A = ry F t dx; 
where x; = external state variables of the system 
F,= generalized forces associated with the state variables 


(see 5.1.4.). 


The infinitesimal amount of work 6A’ done by the external 
bodies on the system is equal in magnitude to 6A and opposite 
in sign: 6A’ = A. 

9.2.2. apinisions work is the work done by a system in overcoming 
the forces of the external pressure. An infinitesimal amount of 
expansion work of a system subject to a uniformly distributed 
external pressure p,, is equal to 6A = p,,dV 

In the case of an equilibrium (quasi-static) expansion process, 
Pez is always equal to the pressure p in the system and 6A = pdV. 
The work done in equilibrium expansion of 
the volume of a system from V, to V, equals 


In a V-p diagram, this work is measured 
by the area which is bounded by the curve 
0 oY, “uv of the process, the axis of abscissas and 
7 2 the ordinates V = V, and V = V, (the 
¥IG.9.4 hatched area in Fig. 9.1). The work done 
by a system depends upon the kind of 
process it undergoes in changing its state. Expansion work, for 
example, depends, not only on the variables of the initial (p,, V,) 
and final (p2, V,) states, but also on the nature of the process 1-2, 
i.e. the path along which the system is taken from J to 2. The 
operation of all heat engines is based on this principle. 
9.2.3. Generally speaking, various thermodynamic processes 
involve different amounts of heat that have to be transferred to 
a system to bring it from one state to another. In other words, 
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heat and work are functions of the process for changing the state 
of a system. Therefore, an infinitesimal amount of the heat trans- 
ferred to a system in the process of a small change in its state is, 
as in the case of an infinitesimal amount of work 6A (see 3.2.1), 
not a total differential. 


9.3. Heat Capacity 


9.3.1. The heat capacity (true heat capacity) C of a body is the 
ratio of an infinitesimal amount of the heat 5Q transferred to 
the body in some process to the corresponding change in the tem- 
perature of the body. Thus 

— 5Q 

C= aT 

The heat capacity depends upon the mass of the body, its chem- 
ical composition, thermodynamic state and the kind of process 
employed to transfer the heat. 


9.3.2. The average heat capacity C of a body in the temperature 
interval from T, to T, > T, is the ratio of the amount of heat Q, 
required to raise the temperature of the body from 7’, to T,, to the 
difference T,—7T,. Thus 





The relationship between the average heat capacity of a hody 
and its true heat capacity is of the form 

rT, 

T, 


9.3.3. The specific heat ¢ is the heat capacity of a unit mass of a 
homogeneous substance. For a homogeneous body ¢ = 0 » where 
M is the mass of the body. ’ 

N 


Mor a mixture of NV gases, c= )  gic;, where ¢; and g; are the 


t= 5 
specific heat and weight concentration of the i-th component of 
the mixture. 7 . 
1.3.4. The atomic heat capacity C, is the heat capacity of a kilo- 
yram-atom (gram-atom) of an elementary substance: C, = Ac, 
where A is the atomic weight of the element. 


11 —15009 164 


Thermodynamics and Molecular Physics II. 


The molar heat capacity C,, is the heat capacity of one kilomole 
(mole) of a substance: C, = mc, where « is the molecular weight 


of the substance. 
Heat capacity theory is treated in Sec. 12.9. for gases and in 


Sec. 15.4. for solids. 
9.3.5. The infinitesimal amount of heat 6Q that must be trans- 
ferred to a body to change its temperature from 7 to T+dT 
equals 

6Q =CdT 
In the case of a homogeneous body 6Q =: Mc dT = Cy dT. 
For a chemically simple substance dQ = ¥C. aT. 


9.4, The First Law of Thermodynamics 


9.4.1. Macroscopically stationary systems are dealt with, as a 
rule, in thermodynamics.* The law of conservation and conver- 
sion of energy can be written for such systems in the form 


j=Q+A’ 


where A’ = work done on the system by external bodies 
Q = amount of heat transferred to the system 
AU = change in the internal energy of the system. 


If 4U, Q and A’ are measured in different units (A’ in mechanical 
and Q and AU in ice units) then 


« AU = Q+A’ 


where E is the mechanical equivalent of heat (E = 4.18 a = 
= 0.427 “€E™). The quantity j, = 0.239 = 9.84 OM. is 
called the thernial equivalent of work. From here anit will be assum- 
ed that all quantities are measured in units of the same system. 
9.4.2. The work A performed by the system on external bodies 


(to overcome external forces) is equal to — A’. Consequently 
Q=AU+A 

The heat transferred to the system is expended in changing its 

internal energy and in the work done by the body to overcome 

external forces (first law of thermodynamics). 

* The first law of thermodynamics for systems in motion is given in 19.4.1. 


162 


9, First Law of Thermodynamics 


If the system constitutes a periodic-action engine in which gas, 
vapour or some other working medium is returned to its initial 
state upon completing a cycle, then AU = 0 and A = Q. Conse- 
quently, it is impossible to build a periodic-action engine that 
could perform more work than the energy transferred to the 
system from without (a perpetual motion machine of the first kind 
is an impossibility). 

9.4.3. For an infinitesimal change in the state of a system the 
first law becomes 

6Q = dU+6A 


C dT = dU+6A 


where C is the heat capacity of the system. 

If, in addition to uniformly distributed external pressure, other 
forces act on asystem, then the work 6A is equal to the sum of the 
expansion work, i.e. work done to overcome the external pressure 
and equal to p,, dV, and the work 4A* performed by the system 
lo overcome other external forces. Thus 6A = p,, dV+6A*. 
In an equilibrium process, p,, equals p, the pressure in the system, 
and the first law can be written in the form 


C dT = dU+p dV+6A* 


or 


or 
C dT = dH-V dp+6A* 


where H is the enthalpy of the system (see 9.1.6.). 

{).4.4. For an equilibrium process in a single-phase, one- eae O. 
system, subject only to uniform external pressure, dA* = 

U = f(T, V) and H = f(T, p). Hence 


car = (32) ar+|(%), +2] av 


or 
C dT = (37), ar +{( oe -V| dp 


The no capacity Cy in an isochoric process (V = const) is 
equal to 


The heat capacity C, in an isobaric process (p = const) is equal to 


(or), > (ryt lav )etl (ar), 


= 6s ($6), +2] ($0), 
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9.4.6. For an ideal gas, U= Mf(T), (7). = 0 and ($4) = me, 
where: M and pw are the mass and molecular weight of the gas. 
Mayer’s relation: C, —Cy = = R; or C,,—Cy, = R for molar heat 


capacities and c,—cy = = for specific heats. 

The quantity x = o = aes = <2 is called the adiabatic expo- 
Vv 

nent. It follows from Mayer’s relation that 





x. 
es ee es CS O78 


9.4.6. The thermal effect E, of a process is the sum of the heat Q’ 
released by the system in this process, and the thermal equivalent 
of work A*. The latter work is equal to the difference between 
the total work done by the system in this process and the expan- 
sion work. Thus £, = Q’+ A*. Since Q’ = —Q, where Q is the 
heat transferred to the system, it follows from the first law of 
thermodynamics that in an equilibrium process 


: 2 2 
E, = U,-U,-f padv = H,-H,+] V dp 
1 1 


9.4.7. Hess’ law states that the heat of reaction, occurring in a 
system at constant volume or constant pressure, does not depend 
upon the intermediate stages, but is determined only by the initial 
and final states of the system. In an isochoric process E,y = —AU = 
= U,-—U,, and in an isobaric process E,, = —4H = H,— Hy. 
Hess’ law, which expresses the first law of thermodynamics as 
applied to chemical processes, is the fundamental law of thermo- 
chemistry. It serves as the basis for various conclusions that help 
to simplify the calculation of chemical reactions occurring at 
p = const or V = const: 


(a) The heat of reaction in the decomposition of a chemical com- 
pound is equal in magnitude and opposite in sign to the heat of 
reaction in the synthesis of the compound from the products of 
decomposition. 

(b) The difference between the heats of two reactions which lead 
from two different initial states to the same final state is equal to 
the heat of reaction, in passing from one initial state to the other, 


164 


9. First Law of Thermodynamics 


Hence, the heat of any reaction is equal to the algebraic sum of the 
individual heats of reaction in the combustion of reagents to the 
same end products (these heats of reaction are considered to be 
positive for the initial substances and negative for the products 
of the reaction). 

(c) The difference between the heats of two reactions which lead 
from the same initial state to two different final states is equal to 
the heat of reaction in passing from one final state to the other. 
Hence, the heat of any reaction is equal to the algebraic sum of 
the individual heats of reaction in forming reagents from element- 
ary substances (these heats of reaction are considered to be 
positive for the products of the reaction, and negative for the initial 
substances). 

9.4.8. Kirchhoff’s equations for the isochoric and isobaric heats 
of reaction are 


(8), = (EE, (P, = One = 








eT eT /y \ aT 
(CE), = (G8), (GRY) = GaGa = — a0, 


9.5. Most Common Thermodynamic Processes 
of Ideal Gases 


9.5.1. A polytropic process is a thermodynamic process in which 
the specific heat c of the gas remains constant. The quantity n = 


= cafe is called the polytropic exponent. The iso-processes and 


the adiabatic process are special cases of a polytropic process. 
9.5.2. The following table lists the main relationships for isochor- 
ic, isobaric, isothermal, adiabatic and polytropic equilibrium 
processes occurring in an ideal gas. It is assumed that the mass 
of the gas remains constant, the heat capacities Cy, and C, 
do not depend upon the temperature, and that work is done only 
to overcome the external pressure. 

In this table the subscripts 7 and 2 refer to the initial and final 
states, respectively; all the quantities in the formulas are express- 
ed in units of the same system. 

9.5.3. Lines representing isochoric, isobaric, isothermal, adiabatic 
and polytropic processes in any kind of thermodynamic diagram 
are called vsochores, isobars, isotherms, adiabats and polytropes. 
Figures 9.2, 9.3 and 9.4 illustrate isochores, isobars, isotherms 
und adiabats of an ideal gas in V-p, T-p and V-T diagrams. 
The initial state (1) of the gas is taken the same for all the proc- 
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Thermodynamic Processes 


Equation of 
the process 


Relationships 
between 
state varia- 
bles 


Work done in 
the process 


Amount of 
heat trans- 
ferred 


Change in 
internal 
encrgy 


Change in en- 
thalpy 


Heat capacity 


Polytropic 
exponent 


Isochoric 


V = const 


const 


ys 
n 


6Q = Cy, dt 
Q = Cp(T2— 71) 


dU =Cyat 
AU = C/(T2— T1) 


dH = dU+V dp = Cp aT 
4H = C,(T2- 7) 


Isobaric 


p = const 


“ar = const 


dA = pdV 
A = (Ve— V3) 


8Q = Cp dT 
Q = CT: Tr) 


aU = Cy at 
AU = Cp(T2— 7) 


dH = dU+pdV = 6Q 
4H = 4U+A=Q 
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Tsothermal | Adiabatic Polytropic 
! 
T = const 6Q = 0 C = const 
pV” = const pV" = const 
ie a 
pV = const pT1-* = const pT'1-” = const 
at aie 
VT*—! = const VT"~1 = const 
6A =pdV =-dU 6A=pdV 
A =-dU =. Cy(T1— T2) 
ee 1 1 
6A =pdVv = -— > (p1Vi-P2 V2) A= 7x7 (P1Vi-peV2) 
M V2 -1 n— 
Ager hay acid a1. 
td n 
= MpoinPh ,-uan | _ Pe Aaj Rt (2) 
7 Pe BH x-'1 Py wn-i D1 
— PiV1 [ (V2 all _ trVi [ _ (Ve aa 
~ #—4 : () — n=l 2 (4) 
6Q =6A 6Q =0 6Q =CdT 
Q=A Q=0 Q = C(T2-T;) 
dU = dU = Cy dT =-8A dU = Cp dT 
4U =0 4U =-A = Cp(T2-T}) AU = Cy(T2— T) 
dH =0 aH = Cy dT =—x6A dH =C,dT 
4H = 4H =-xA = C,(T2—T1) AIT = Cy( T2— Ts) 
Cr= 
_ftecatdV> 0 Co =0 C= M R(n—-x) 
—coatdV<0 <a w (x—1)(n—1) 
© Gp _ C-Cp 
n=1 Ge n= Culy 
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esses. Curves showing the dependence of the heat capacity C 
of an ideal gas on the polytropic exponent n are given in Fig. 9.5, 
9.5.4. Certain of the relationships for a polytropic process of an 
ideal gas are: 


du _ n-1, dit x(n—1) 
6Q n-x’ ~=6Q n-—x 





where x is the adiabatic exponent. 


CHAPTER 10 


Second and Third Laws 
of Thermodynamics 


10.1. Reversible and Irreversible Processes 


10.1.1. A reversible thermodynamic process is one that allows the 
system to be returned to the initial state without leaving any 
changes in the surrounding medium. 

A necessary and sufficient condition for a reversible thermodynam- 
ic acess is that it is constituted of a succession of equilibrium 
states. 

10.1.2. An irreversible thermodynamic process is one that does not 
allow the system to be returned to the initial state without leaving 
any changes in the surrounding medium. 

All real processes proceed at a finite rate. They are accompanied 
by friction, diffusion and heat exchange at a finite difference 
between the temperature of the system and the ambient tempera- 
ture. Consequently, they are all nonequilibrium and irreversible. 
10.1.3. Any irreversible process proceeds spontaneously in one 
(forward) direction. To make the process proceed in the reverse 
direction so that the system returns to its initial state, it will be 
necessary to provide a compensating process in the external bodies, 
as a result of which the state of these bodies will differ from their 
initial state. For example, the process of equalizing the temperature 
of two differently heated contacting bodies is a spontaneous one; 
it does not require the simultaneous occurrence of any processes 
in other (external) bodies. To accomplish the reverse process, i.e. 
that of increasing the temperature difference of the bodies to the 
initial value will require compensating processes in external bodies, 
such as those produced by the operation of a refrigerator. 
10.1.4. Due to their nonequilibrium nature, irreversible processes 
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cannot be plotted on thermodynamic diagrams. In practice it is 
usually sufficient to know the integral characteristics of an irre- 
versible process as the system passes over from equilibrium state 
1 to equilibrium state 2, i.e. the work A;, performed by the system 
and the heat Q, transferred to it. Therefore, any irreversible 
process can be replaced by the “equivalent” reversible process 
1-2, which brings the system from state I to state 2 in such a 
manner that the work done A = A,, and the heat transferred to 
the system Q = Q,. The equivalent reversible process can be 
represented on any thermodynamic diagram. 

Hence, it is possible to depict irreversible processes graphically 
in this conditional manner. The arbitrary nature of this “repre- 
sentation” is in the fact that in an actual irreversible process, the 
system does not pass at all through the states corresponding to 
the intermediate points on the curve of the “equivalent” rever- 
sible process. 


10.2. Cycles. The Carnot Cycle 


10.2.1. A heater (heat source) is a body which transfers energy 
in me form of heat to the thermodynamic system being consid- 
ered. 

A cooler (heat sink) is a body which receives energy in the form 
of heat from the thermodynamic system being considered. 
10.2.2. The working medium (working substance) isa thermodynam- 
ic system which accomplishes a cycle in a thermal installation. 
In a heat engine the working medium receives energy in the form 
of heat and delivers part of this energy in the form of work. 
In a refrigerator the working medium receives energy in the form 
of work and transfers energy in the form of heat from a cold body 
to a hotter one. 

10.2.8. Cycles (see 7.1.11.) are represented in thermodynamic 
diagrams in the form of closed curves. The work done by a system 
in a reversible cycle to overcome the external pressure is measured 
by the area enclosed by the curve of this cycle in a V-p diagram. 
A direct cycle is one in which the system does positive work: 


A= bp dV = 0. Ina V-p diagram, a direct cycle is shown as the 


closed curve along which the working medium passes in the 
clockwise direction. ; 
A reverse cycle is one in which the work done by the system is 


negative: A = : p dV < 0.Ina V-p diagram, a reverse cycle is 
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shown as the closed curve along which the working medium passes 
in the counterclockwise direction. 
In a heat engine, the working medium accomplishes a’ direct 
cycle; in a refrigerator it accomplishes a reverse cycle. 
10.2.4. The thermal efficiency , is the ratio of the thermal equi- 
valent of work A, done by the working medium in the direct 
cycle being considered, to the sum Q, of all the amounts of heat 
transferred to the working medium during one cycle by the heat 
sources. Thus 
= A _ Q17@ 
ies Pama 
where Q, is the magnitude of the sum of the amounts of heat given 
off by the working medium to the coolers. 
The thermal efficiency characterizes the 
degree of perfection attained by a heat 
engine, operating on the cycle being consi- 
dered, in converting internal energy into 
mechanical energy. 
10.2.5. The Carnot cycle is a direct cycle 
(Fig. 10.1) consisting of two isothermal pro- 
cesses /-J’ and 2-2’, and two adiabatic 
processes 1’-2 and 2’-1. In process 1-1’, the : 
working medium receives the heat Q, from ria.10.4 
the heater, and in process 2-2’ it gives off ‘aay 
the heat Q, to the cooler. 
The Carnot theorem states that the thermodynamic efficiency of a 
reversible Carnot cycle does not depend upon the nature of the 
working medium and is a function only of the absolute tempera- 
tures of the heater (7',) and the cooler (7,). Thus 
T1—T2 
NES a 





The proof of the Carnot theorem is based on the second law of 
thermodynamics (see 10.3.2.). 
10.2.6. It follows from a comparison of the expressions for the 
thermodynamic efficiency of an arbitrary cycle (see 10.2.4.) and 
of a reversible Carnot cycle that, in the latter, the ratio of the 
temperatures of the heater and cooler is equal to the ratio of the 
amounts of heat delivered and received by them, respectively, 
during the cycle. Thus 

Tr @ 

Tz Qe 
Hence, in order to compare the temperatures of two bodies, it is 
necessary to accomplish a reversible Carnot cycle in which these 
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bodies are used as the heater and cooler, and then measure Q, 
and Q,. A temperature scale established in this way is called the 
absolute thermodynamic temperature scale. Its advantage is that, 
according to Carnot’s theorem, it is independent of any particular 
thermometric substance. Owing, however, to the impossibility of 
actually accomplishing a reversible Carnot cycle, this method of 
comparing temperatures cannot be realized in practice, and it has 
only a theoretical significance. 

10.2.7. The thermodynamical efficiency 7,,,. of an arbitrary 
reversible cycle cannot be higher than that of a reversible Carnot 
eyele Pei accomplished between the temperatures T,,,, and 

mine Thus 


Tmax— Tmt 
Thre = Tear x 


where T,,,, and T',;, are the extremal values of the temperatures of 
heaters and coolers participating in the cycle. 


10.2.8. The thermodynamic efficiency 7,; of an arbitrary 
irreversible cycle is always less than that of the Carnot cycle 
accomplished between the temperatures 7',,,, and T'»;, indicated 
in 10.2.7. Thus 

Trax Trin 


Nir = cielo 


10.2.9. A measure of the performance of a refrigerator is the 
coefficient of performance & faiso called the cooling energy ratio). 
It is equal to the ratio of the heat Q extracted from the body 
being cooled to the thermal equivalent of the work A done on the 
refrigerant. Thus 

a 

A 

The coefficient of performance ¢,,, of any refrigerator operating 
on areversible cycle depends only upon the absolute temperatures 
of the body being cooled T, and of the hot system (T > T,) to 
which the heat is delivered. Thus, ¢,,, is equal to the coefficient 
of performance ég of a refrigerator operating on a reversible 
Carnot cycle in the same temperature interval: 


e= 


ee = 0 
Even = Eg = T—-To 
For a refrigerator operating on an irreversible cycle 


To 
T-To 





ts 
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16.2.10. Theoretical cycles of piston-type heat engines. 





Name and V-p diagram 


Thermodynamic efficiency 





1. Cycle with combustion 
at. V = const (Otlo cycle) 


qt 
m= eee 


vV er 
where ¢ = —.' = compression 





PAG 2 ratio 
Q, x = adiabatic expo- 
nent In compres- 
sion and expan- 
k sion ees 
& 
0 Vp yV 
Fig. 10.2 
1-2—adiabatic compression 
2-3 —isochoric heating 
3-4—adiabatic expansion 
4-1—isochoric cooling 
2. Cycle with combustion o%-1 
at p = const (Diesel cycle) m= 1--sy 
xe*—*(9—1) 





Fig. 10.3 


1-2—adiabatic compression 
2-3—isobaric heating 
3-4—adiabatic expansion 
4-1—isochoric cooling 


V; ‘ 
where e = —— = compression 


2 ratio 
V3 . 
e= ~— = cutoff ratio 
Ve 
x = adiabatic exponent 


in compression and 
expansion 
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Name and V-p diagram Thermodynamic efficiency 





3. ea nia cycle pall combustion ; Aox—1 
a = const and at p = const. m=1-yW-1,, 4...) 4 
(combination, or dual-combus- : NTA 1) +xA(0—1)] 
tion, cycle) Vv; . 
where « = —— = compression 
Ve ratio 
= Va _ i 
e= Ve cutoff ratio 
qos, PSs pressure ratio 
Pe 


x = adiabatic exponent 
in compression and 
expansion 





FIG, 10.4 





1-2 —adiabatic compression 
2 -3’—isochoric heating 

3’-3 —isobaric heating 

3-4 —adiabatic expansion 
4-1 —isochoric cooling 
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1.2.11. Theoretical cycles of gas turbines. 





\ i 


Name and V-p diagram | Thermodynamic efficiency 
————— ee 
1. Cycle with combustion = eee 
alt p = const m= Mea 
px 


-P2 — pressure increase 
P1 in compression 

x = adiabatic exponent 

in compression and 


where B 











expansion 
Fie. 10.5 
1-2—adiabalic compression 
2-3—isobaric heating 
3-4—adiabatic expansion 
4-1—isobaric cooling 
2. Cycle with combustion 1 
at V = const x 
= p—- *M ~1 
m= e-1 
(a-1)p * 
ee ee 
where # = -* = pressure in- 
Pi crease in com- 
pression 
y ee additional pres- 


P2 sure increase 





Fie@. 10.6 


1-2—adiabatic compression 
2-3—isochoric heating 
3-4—adiabatic expansion 
4-1—isobaric cooling 
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10.3. The Second Law of Thermodynamics 


10.3.1. The first law of thermodynamics, which expresses the 
universal law of conservation and conversion of energy, is insuf-- 
ficient to determine in which direction thermodynamic processes: 
will proceed. For instance, on the basis of this law alone, one might. 
attempt to build a perpetual motion machine of the second kind,, 
i.e. an engine whose working medium would accomplish a cycle,. 
receiving energy from a single external body in the form of heat 
and delivering it completely to another external body in the 
form of work. 

10.3.2. The generalization of the results of numerous experiments 
has led to the conclusion that it is impossible to build a perpetual 
motion machine of the second kind. This conclusion is called the 
second law of thermodynamics and can be stated in a number of 
ways which, though different in form, are identical in principle. 
Two such statements are:* 

(a) no process is possible whose sole result is the performance of 
work equivalent to the amount of heat received from a heater; 
(b) no process is possible whose sole result is the transfer of energy 
in the form of heat froin a cold body to a hotter one. 

10.3.3. The second law of thermodynamics stresses the essential 
difference between the two forms of energy transfer—heat and 
work. It states that the process of converting orderly motion of 
a body as a whole into disorderly motion of the particles of the 
body and the external medium is irreversible. Orderly motion can 
pass over into'disorderly motion without requiring any supplement- 
ary (compensating) processes, for example in friction. A reverse 
transfer of disorderly motion into orderly motion or, as is often 
said, “the transfer of heat into work” cannot be the sole result 
of a thermodynamic process. It must always be accompanied by 
some other compensating process. For instance, in equilibrium 
isothermal expansion, an idcal gas performs work which is fully 
equivalent’ to the amount of heat transferred to the gas by the 
heater. The density of the gas, however, decreases in this case, 
i.e. “the conversion of heat into work” is not the sole result of 
the process being conducted. A heat engine, operating on a direct 
Carnot cycle, performs work equivalent to only a part of the 
heat received from the heater, since the remainder is delivered 
to a cooler whose state is thereby changed. In a refrigeration 


* The mathematical formulation of the second law of thermodyuamics is 
given in 10.5.2, 
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plant, energy is transferred in the form of heat from a cold body 
to a hot one. To accomplish this process, however, a compensating 
process is required in which work is done by external bodies. 


10.4. Entropy 


10.4.1. The reduced heat Q* in an isothermal process is the ratio 
of the amount of heat Q, delivered to the system, to the tempera- 


ture T of the heat source. Thus Q* = 4 , with Q > 0 when energy 
is delivered to the body and Q < 0 when energy is withdrawn. 
The reduced heat of an arbitrary process is equal to 


aad 


where 6Q is the amount of heat delivered to the system in an 
infinitesimal portion of the process by the body from which the 
heat is transferred and which has a temperature T. 

10.4.2. The reduced heat Q,,, delivered to the system in any 
reversible cycle is equal to zero (the Clausius theorem): 


where 7' is the Lemperature of the system to which an infinitesimal 
amount of heat 6Q is delivered. In contrast to 6Q, the integrand 
. is a total differential. Consequently, the absolute temperature 
of the system is an integrating denominator for an infinitesimal 
amount of heat delivered to the system in a reversible process. 

10.4.3. The entropy is the function S of the state of a system whose 
differential in an infinitesimal portion of a reversible process is 
equal to the ratio of an infinitesimal amount of heat, delivered 
lo the system, to the absolute temperature of the system. Thus 


_ 6Q 
aS = 


The entropy of a complex system is equal to the sum of the entro- 
pies of all its homogeneous parts. 

The sign of the change of entropy of the system in a reversible 
process is an indication of the direction of heat exchange. In all 
ordinary thermodynainic systems, the internal energy U increases 
infinitely as 7’ +0oo. Hence, for the equilibriuin states, the absulute 
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temperature can only be positive since, in heating the system, 
aS > 0 and in cooling, dS < 0. 
Unique systems exist, however, for which lim U is equal to a ger- 


T + co 
tain finite value U,. Such systems may be in states having either 
a positive or a negative absolute temperature (JT > 0 if U < U, 
and T < 0 if U => U,). An example of such a system is that of 
the nuclear spins (see 47.3.2.) of certain crystals (for example, 
LiF). In a time t, much less than the relaxation time t,'for 
spin-lattice interaction (see 45.4.13.), this nuclear spin system 
can be considered to be isolated and in equilibrium since rt, is 
approximately 107 times greater than t,, the relaxation time for 
spin-spin interaction (see 45.4.12.). The temperature T = 0 
corresponds to the state in which all the spins are oriented in the 
direction of the external magnetic field; the temperature T =o 
(or T = —0co) to a state of completely chaotic orientation of the 
spins; and the temperature T = —0 to a state in which all the 
spins are oriented in a direction opposite to the external magnetic 
field, i.e. when the energy of the spin system is at the maximum. 
10.4.4. The change in the entropy of any reversible process that 
brings a system from state J to state 2 is equal to the reduced heat 
delivered to the system in this process. Thus 


An isentropic process is a thermodynamic process in which no 
change takes place in the entropy of the system. In a reversible 
adiabatic process, for instance, 6Q = 0 and S = const. 

10.4.5. The entropy of a body can be determined with an accuracy 
on y to a constant addend (constant of integration): 


S= f 32+ const 
rev 
or 


T 
S=f P+s, 
0 


where integration is carried out along an arbitrary reversible 
process and 5S, is the entropy of the body at 7 = 0°K, which 
cannot be determined by means of the first and second laws of 
thermodynamics. 
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10\4.6. The entropy of a physically uniform system is a function 
of Lwo independent state variables, for example p and T or T and 
V [the mass of the system is assumed to be constant). Hence 


S(V,T) = fortes s, 
or 


T 
dT a 
S(p,T)§ CoG +8 
0 


where the integrals fot? and fos “= are calculated for 


reversible processes of isowhone and isobanie heating, respectively, 
of the system from T = 0°K to the temperature T of the state 
being considered; Cy, and C, are the heat capacities of the system 
in these two processes, and $5 = S(V, 0) and Sj’ = S(p, 0). 
Moreover, according to the Nernst postulate (see 10.11.2.), 
So = So 

Example 1. Consider the entropy of an ideal gas. According to the 
first law of thermodynamics (see 9.4.2.), at dA* = 0 


6Q = dU+p dV = dH-V dp 


where dU = C, dT and dH = C, dT. 





Hence 
dS = C, S42 av = 0,4 -+ dp 

For an ideal gas (see 8.1.3.) + = a # and a = af - 
Therefore 

y ve _ M aT dp 
dS = TE (Cen Ge tR GE) = (Cou RS) 

M dVp 
a = (Con 57 Vu E+Cvn ,) 

where V, = volume of one mole of the gas 


molar heat capacities of the gas (sec 9.3.4.) 


Cy, and C, 
; _ depending only on the temperature. 
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Then 
S= 2 [f Cy, A+R in V+] 


S = UP Con ae —-R In p +43] 
$= [C,, In Vyut-Cyy In p+ ay] 


where a, a, and a, are constants of integration. 
With monatomic gases, Cy, and C,, do not depend upon the 
temperature (see 12.9.1.) and 


s= "(Cy In T+R In V,+ a4] 
__M 
S = —- [Cp In T—R In p+ az] 


Example 2. The entropy of a mixture of NV ideal gases is the sum 
of the entropies of all components of the mixture, cach determined 
at the temperature of the mixture and at the partial pressure p; 
(see 8.2.2.) of the respective component. Thus 


- =35= ra Cou, GF In pet ars] 


ea 


Tf Cou, GE —R In p+ an] + AS nie 


» “a 


where p = pressure of the mixture 


My a M ca 
AS mtz = —R ym + In a= -R(¥ Ms) (x a, In «| 


=e) 


is the entropy of mixing, and a, is molar concentration of the 
i-th component (see 8.2.1.). 

The entropy of mixing of different kinds of ideal gases does not 
depend upon their individual features, and is determined only 
by the molar concentrations of the gases and the total number 
of moles of all the gases in the mixture. In mixing identical gases 
(t = 1,2) = 2 =... = Y1 = % 41 =... = ay = 0), the en- 
tropy of mixing equals zero (Gibbs? paradox). 

Example 3. In a van der Waals gas (see 13.1.2.) 


dU = 0, aT+ 4% Sav 
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Tence 
Mages dT , 1 M* a M avn 
BS Grek a (p+ ir +) ae 7 [Crm 5 qtRye -b 
and the entropy is 
M aT 
a [f Cra “ge + Rin (V,—b) + const] 


where V, = volume of one mole of the gas 
Cy, = its molar heat capacity. 


Nol 


5. The Basic Relationship of Thermodynamics 


10.5.1. It follows from the second law of thermodynamics that in 
an ee irreversible process, the change of entropy is 


dS > 2 , where 6Q is the amount of heat delivered to the system 


in this process by an external body whose temperature* equals T. 
For an arbitrary infinitesimal process 


ds > °2 (*) 


where the equality sign refers to reversible processes and the 
inequality sign to irreversible ones. 
10.5.2. In a heat-insulated (adiabatic) system, 6Q = 0 and equa- 
tion (*) takes the form 

dS = 0 


This isa mathematical expression of the second law of thermody- 
namics which thereby states that the entropy of an isolated system 
cannot decrease whatever the processes that occur in it. 

All real processes are irreversible and therefore the entropy of an 
isolated process can, in actuality, only increase, reaching a maxi- 
mum in the state of thermodynamic equilibrium of the system. 
This interpretation of the law is based on the physical meaning of 
entropy which is treated in statistical physics (see 12.10.1.). 
10.5.3. If a system accomplishes a cycle, its change of entropy is 
equal to zero and the algebraic sum of the reduced amounts of 
heat delivered to the system equals zero in a reversible process 


* It is assumed that the absolute temperature T > 0. For systems with a 


negative absolute temperature (see 10.4.3.), dS < rT: 
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and is less than zero in an irreversible process 


ee 
The last relationship is sometimes called the Clausius inequality 
and is a mathematical expression of the second law of thermody- 
namics for irreversible processes occurring in open systems. 

10.5.4. The basic relationship of thermodynamics, combining the 
first and second laws of thermodynamics, is derived from equation 
(*) by substituting for 6Q its value in accordance with the first 


law (see 9.4.3.): 
TdS=dU+6A 


For a reversible process, this relationship reduces to the thermo- 
dynamic identity 
TdS =dU+6A 


10.6. Characteristic Functions and Thermodynamic 
Potentials 


10.6.1. Characteristic functions are functions of state of a system 
which, together with their derivatives, explicitly define the thermo- 
dynamic properties of the system. The form of the characteristic 
function depends on the choice of independent variables. For 
example, if the independent variables are H (enthalpy) and p 
(pressure) or U (internal energy) and V (volume), the characteris- 
tic function is the entropy S. For the independent variables .S and 
V, it is the internal energy U (see also 10.6.3.). 

10.6.2. A thermodynamic potential is a characteristic function 
whose decrease in an equilibrium (reversible) process, proceeding 
at constant values of a definite pair of state variables (JT and V, 
T and p, S and p, S and J, etc.), is equal to A* —the total work 
done by the system minus the work done to overcome external 
pressure. 

10.6.3. The existence of thermodynamic potentials follows from 
the thermodynamic identity (see 10.5.4.), according to which the 
infinitesimal amount of work 6A: = 6A—p dV (see 9.4.3.) can 
be determined by the following formulas: 


6A* = TdS—dU-pdV 
6A* = TdS—dH+V dp 

6A* = —d(U—-TS)—S dT—paV 
6A* = —d(H-—TS)-S dT+V dp 
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The combinations of the independent variables and the corre- 
sponding characteristic functions and potentials are: 

(a) Independent variables S and V. The characteristic function 
and thermodynamic potential is the internal energy U (isochoric- 
isentropic potential). 

(b) Independent variables S and p. The characteristic function 
and the thermodynamic potential is the enthalpy H (isobaric- 
isentropic potential). 

(c) Independent variables T and V. The characteristic function 
and the thermodynamic potential is the function of state of the 
system I’ = U—TS, called the isochoric-isothermal potential (and 
more often the Helmholtz potential or Helmholtz free energy). 

(d) Independent variables T and p. The characteristic function 
and the thermodynamic potential is the function of state of the 
system G = H-TS = U+pV—TS, called the isobaric-isothermal 
potential (and more often the Gibbs function or Gibbs free energy). 
10.6.4. The Helmholtz potential and Gibbs function of an ideal 
gas are: 


PSs m [RT In V,+9(T)] = —n[RT In 7-+9(7)] 
G = nA[RT In p4f(T)] 


M 
where i ee number of moles of gas 


V,, = volume of one mole of the gas 
dT 
9(T) =-U,+T (+f Cru SF) 
Ae = functions of the 
f(T) = H,- T(az fe f Ce, a) temperature 


', and H, = internal energy and enthalpy of one mole of the 
gas 

(',, and C,, = molar heat capacities 

a, anda, = constants of integration in the expression for the 
entropy (see 10.4.6). 


10.6.5. For a mixture of ideal gases, the Helmholtz potential 
equals the sum of the Helmholtz potentials of all VV components 
of the mixture, taken at the volume V and temperature T of 
the mixture. Thus 


N ; N Vv 
Fey Woe) n[RT In + 9i(T)] 


The Gibbs function of the mixture equals the sum of the Gibbs 
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functions of all V components of the mixture, taken at the tempera- 
ture of the mixture and at the partial pressures of the components 
(see 8.2.2.). Thus 


N N 
G= pa G; = p> n{RT In pPth(T)] 


or 
N 
G= ») n{RT In p+ RT In x,4+f,(T)] 
fal 
where x; = tt = molar concentration of the i-th component 


oe 
pi = its partial pressure. 
10.6.6. An infinitesimal amount of work equals 
5A* = y F, da; 


where a; = all the external variables of the system (see 7.1.6.) 
except its volume V 
F, = corresponding generalized forces (see 5.1.4.). 


Consequently, the equations of 10.6.3. can be written in the form 


aU = T dS —p av—-> PF, da; 
‘ 


dH =T dS+V dp-y Lr, da; 

df’ =-S dl'—p dv->) BF; da; 

dG =-SdT+V dp-> I; da; 
i 


Since dU, dH, di and dG are total differentials of the functions 
of the independent variables S, V, a, a., ...; S, p, @, @, .- 63 
T, V, ay, dg, ... and T, p, a, dg, ...,* 





* The subscripts of the partial derivatives indicate which of the independent 
variables of the system are assumed constant when they are determined. 
As is common practice, an abbreviated notation, without the subscripts 
(1,2, ..., Will be employed in the following (beginning with 10.6.7.). For 
example: T= (25) will be used instead of T (5 ) 
ate is) y as 


Fy ay, gy oe 
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respectively, then 


US lem iiss alee 
Deep Nucedo i" (ap) Paon 
OS area er peiees 


Moreover, from the first law of thermodynamics and the equations 
given above for dU and dH, it follows that 


4 Cy = (or) V, G,, 9, ... = T(5r) V, @,, Gg... 
ond oH 6s 
C, Pe Gr), Gy, Gy... a Tor), G;, Gy 


10.6.7. The following relations exist between the thermodynamic 
potentials and their derivatives: 


U = H-pV = H+V(20) 
) 


H = U+pV = U+3(5), 


F=U-TS =U+ r(er), 
G=H-TS = H+ T($), 


The last two equations are sometimes called the Helmholtz and 
Gibbs equations. They can also be written in the form: 
(i) for an isochoric-isothermal process: 


Arn Bet (GE), 


where A* = work done by the system in the process being 
considered 
£,y = amount of heat in an isochoric process (see 9.4.7.). 
(b) for an isobaric-isothermal process: 
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where A* = difference between the total work done by the 
system and the expansion work 
E,» = amount of heat in an isobaric process (sce 9.4.7.) 


Example. Consider the relationship between the electromotive 
force of a reversible voltaic cell* and the heat of the chemical 
reaction that takes place in it. The work A* is done in transferring 
the electric charges: A* = gé, where q is the transferred charge 
and é is the emf of the cell. Based on the Helmholtz and Gibbs 
equations for an isobaric-isothermal process, the Helmholtz 
equation for a voltaic cell is 


6= e+ Tor), = Het Tse), 


where e, = “ = thermal effect referred to unit charge trans- 


ferred 
€p. = thermal effect referred to one mole of reacting 
matter 
Nr = Faraday’s constant (see 22.2.2.) 
z = valency of the ion transferring the charge. 


The heat Q delivered to the cell from outside in transferring the 
charge q is se 
Q = -Eyt4é = aT (37), 


A thermally isolated cell will cool off in the process of operation if 
aé wp (06 
(7), > 0 and heat up if Gre <0. 
10.7. Principal Differential Equations of Thermody- 
namics (For a Single-Phase Single-Component** Equilib- 
rium System upon Which No Other Forces Act Except 
Uniformly Distributed External Pressure) 


10.7.1. The state of a system being considered can be fully specified 
by two independent state variables (the mass of the system is 
assumed to be constant). 


* One in which the reverse chemical reactions occur when the electric current 
is reversed, and in which there is no energy loss for the evolution of Joule 


heat. 
** The equations given in this section are also valid fora physically uniform 
multicomponent system of constant composition. 
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An infinitesimal amount of work 6A* = 0, and the thermodynam- 
ic identity (see 10.5.4.) is of the form 

dU = TdS—pdV 

dH = TdS+Vdp 

dF =-SdT—pdvV 

dG =-SdT+V dp 
10.7.2. Certain relations between the derivatives of the thermo- 


dynamic quantities follow. 
(a) Independent variables V and 7’: 


(3), = ER), +H) .5 (BA, = Or 8B), 


(sv), = (sr), = 7 lev), tel) (ar), = SF 





Op 2 
(WV), = eee C,-Cy = -T (or), 
(30) 
(37 )e ~ oe (25) = differential equation of an adiabat 
(ary, Maes, cory aleve), 
aViu Cy OV /a# cy+v(2P) 


Example 1. The equation of state fur an ideal gas is pV = 
M " 
=" RT. Then 


(),- 84s GR), (Ba 


éT uw Vv? \oT? av “ 
Therefore 
(Br )p= 0 (Grp = 8 (BF)p= 0 and Cy—Gy = Me 


i.e. the internal energy, enthalpy and the heat capacities Cy and 
C, of any ideal gas of constant mass depend only on the tempera- 
ture. 
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Example 2. The equa On of state for a van der Waals gas is: 


(p+ 4) (v-™) = “Rr. Then 
ee 
(ie) oa (8) 
“ 
—RT Mt 4 


Therefore (°C") = 0, i. e. the heat capacity C, of any van der 
OV) 4 


Waals gas of constant mass depends only on temperature. Other 
relations are 


(35) ee and C,—Cy = me 
aV/r ot V8 eek e 2a(v— oy" 
1+— —RTva 


(b) Independent variables p and 7: 





(3). a -1(37), -»($),3 (Fr), = C,—-P(sr), 
(s)e=—-Tler),+¥s (57), = % 
(i)e~—(sr),' (sr), = 7 
avy? 
op 
(=), = <($r), = differential equation of an adiabat 
(ie ™(3r),*?(an)e 
v 
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Example 3. Consider an ideal gas. The equation of state is 


pV =RT 
se OV MR oT 
(sr), =p 284 (Sr)y = ° 


(c) Independent variables p and V: 
(Se), = Cree as 7), = Slav), — 
(Se), = Crs )e+¥5 (av), = Slr), 

Ss C) 


(i), - (ae), (sr), =F (Gv), 
C,—Cr = T(3r), (ar), 
(3y) 
(33), = a (@), = differential equation of an adiabat 
ap /y 
(7) ne (57) (23) a O50), 
Be ORE, | aE) ay 


10.7.3. The coefficient of thermal expansion a, is the relative increase 
in the volume of a system, maintained at constant pressure, per 
unit increase in its temperature. It is defined by 


_ 4 /aV)\) _ 4 sav 
a=" (sr), = 7 (er at)» 
where V = volume of the system 
T and t = its temperature in °K and °C. 
The coefficient of volume expansion a is defined by 


ao ee) 


where V, is the volume of the system at 0°C. 
The tsothermal compressibility Bris the relative increase in the 
volume of a system per unit decrease in pressure at constant 
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temperature. Thus 
_ 4 7av 
ay (Ee 
The adiabatic compressibility Bs is the relative change in the 


volume of a system per unit adiabatic decrease in its pressure. 
Thus 


1 (av Cc 
Bs=~ yay), and Be = Ge Be 


where Cy and C, are the heat capacities of the system at constant 
volume and constant pressure, respectively. 
The pressure coefficient y, is the relative change in the pressure of 
a system per unit increase in temperature at constant volume. 
Thus 

a ey (ct Va fd 2 ae ie 
uD eae — p ( él i and = p Br 


The coefficient of increase of pressure is defined by 


y= oe (3), 


where py, is the pressure at 0°C. 


10.8. The s-T Diagram 


10.8.1. The s-T diagram is the graphical representation of the 
equilibrium thermodynamic states of a system in rectangular 
coordinates in which the specific entropy s (entropy of a unit mass 
of the system) is plotted along the axis of abscissas and the abso- 
lute temperature T along the axis of ordinates. Here, sis calculated 
from its value at some definite (standard) state. 

10.8.2. The isobars and isochores on the s-T diagram of a homo- 
geneous system are ascending curves since 


aT T aT T 

(),- 2-0 and (Y),- Z>0 

where c, and cy are the specific heats. 

The higher the pressure p, the higher the corresponding isobar 
will be located on the s-T diagram. The greater the specific 
volume v, the lower the corresponding isochore will be located on 
the diagram. 

10.8.3. The s-7' diagrain is widely employed for the thermodynamic 
analysis of reversible cycles. 
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In a reversible process 6Q = T dS = MT ds, where M is the mass 
of the system. Therefore, the area enclosed by the curve J-2 of the 
process (Fig. 10.7), the axis of abscissas and the ordinates s = s, 
and s = s, is proportional to the amount of heat Q delivered to 
the system in this process. Thus 


Q=mMiras 
l 


A reversible cycle is represented on an s-T diagram as a closed 
curve. In the direct cycle 1a2b/ (Fig. 10.8), the amount of heat 





2 
7 

7 { 
1 
i 

i 1 

{ 1 

O % Sp 8 
FIe.10.7 F16.10.8 


Q, is delivered to the system along section Ja2. The amount of 
heat of absolute value Q, is removed from the system along section 
2b1. Q, and Q, are proportional to the areas under the curves 
a2 and 2b1 which are hatched with vertical and horizontal lines, 
respectively. The area of the cycle 1a2b/ is proportional to Q,—Q,, 
i.e. the work A done by the system in the cycle. The thermal 
efficiency 7, of the cycle is equal to the ratio of the area of the 
cycle to the area under the curve Ja2. 

A reversible Carnot cycle, consisting of two isothermal and two 
isentropic processes, is represented on an 
s-T diagram as a rectangle whose sides 
are parallel to the axes of the coordinates 
(Fig. 10.9). 

A generalized Carnot cycle is a reversible 
cycle consisting of two isothermal pro- 
cesses and two processes that close the 
cycle. It is represented on an s-T dia- 
gram by two equidistant curves, i.e. 
curves that coincide when _ translated 
along the axis of abscissas (Fig. 10.10). FIG.10.9 
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The thermal efficiency », of a generalized Carnot cycle is 
T, 

m= 1 a : 

10.8.4. The s-T diagram is also used to analyse certain irreversible 


processes and, in particular, ones whose irreversibility is due to 
adiabatic compression and expansion of the working medium. 





Fr1g.10.10 FIG.{0.44 


Example 1. Consider the cycle 1-2-3-4 (Fig. 10.11), consisting of 
the reversible processes of isothermal expansion (1-2) and 
compression (3-4), reversible adiabatic compression (4-1) and 
irreversible adiabatic expansion, conditionally represented by 
the dash line (2-3) 
The amount of heat Q, delivered to the working medium by the 
heat source in process 1-2 is proportional to the area of rectangle 
a12b and the magnitude of the amount of heat Q, delivered by 
the working medium to the heat receiver in process 3-4 is propor- 
tional to the area of rectangle a43c. Hence, the work A;, = Q,— 
—Q., done in the irreversible cycle 1- 2-3-4-1 is less than the 
work A,,, done in the corresponding reversible Carnot cycle 
1-2-3'-4-1 which is proportional 
U5 y, to the area of the latter cycle. 
T 2 ’ The difference A,,,— Az, is pro- 
portional to the area b3’3c. 
Example 2. Consider the process 
of adiabatic compression of an 
ideal gas when the irreversibility 
of the process is due to internal 
friction. 
The process of reversible adiaba- 
tic compression of the gas from 
specific volume v, to vz is rep- 
resented in an s-T diagram (Fig. 
10.12) by the isentrope 1-2’. The 
¥14.10.42 work A;,,, performed by the 
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external forces in this process, is equal, according to the first law 
of thermodynamics, to the increment of internal energy of the 
gas. Thus 


Aj, = M ie dT = M (Ta 
qT, é 


where M 


ey 


The work A; is proportional to the area ab2’e under the curve 
b-2’, 

Owing to friction, the State of the gas at the end of irreversible 
adiabatic compression corresponds to point 2. The process of 
compression, in this case, is conditionally represented by dash 
line /-2, drawn in such a manner that the area cJ2d under curve 
1-2 is proportional to the amount of frictional heat Q,, or to the 
equal amount of frictional work Aj. 

The work Aj, of the external forces in process 1-2 equals 


mass of the gas 
its specific heat at constant volume. 


T, 2 
Ai, = M fc, dT = Mf Tas 
tT, ry 


i.e. is proportional to the area ab2d under curve b-2. The amount 
of work Aj, is greater than the sum Aj+ Aj by an amount of 
work proportional to the area 12’2, and is a result of the heating 
of the gas due to friction. 

Example 8. Consider the process 
of adiabatic expansion of an ideal 
gas when the irreversibility of the 
process is due to internal friction. 
The work A,,,, done by the gas 
in the process of adiabatic expan- 
sion 1-2’ (Fig. 10.13), is equal 





to the decrease in the internal I 
energy of the gas: 
1 
Arm = Mf Tas 0 a er eee 
F14.10.13 


This is proportional to the area 
able under the curve bJ. The frictional work A,, is proportional 
lo the area e12f under curve 1-2. The amount of work A,, done 
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by the gas in the irreversible process 7-2 is equal to 
1 
A, = M { T ds 


This is proportional to the area dele under curve c-1. The differ- 
ence A,,,— Aj, is less than Ay by an amount of work which is 
proportional to the area 122’ (the areas abcd and e2’2f are equal 
since, for an ideal gas, cy does not depend on v) and corresponds 
to the conversion of a part of the frictional heat into useful work. 


10.9. Multicomponent and Multiphase Systems. 
Conditions for Thermodynamic Equilibrium 


10.9.1. Any extensive quantity (see 7.1.12.) of a homogeneous 
system, consisting of several components, depends substantially 
on the composition of thesystem. For instance, the thermodynam- 
ic potentials depend upon the number of moles of each compo- 
nent in the system. Thus 


U = U(S, V, ny, ng, ..., ny); H = AS, p, ny, ne, ..., ry) 
F = R(T, V, ny, ng, ..., ny); G = G(T, p, ny, ne, ..., Ny) 


number of moles of the i-th component 


where n,; 
N total number of components. 


10.9.2. The partial molal quantity X, is the partial derivative of 
an arbitrary extensive quantity X(p, T, n,, ng, ..., ny) of a 
homogeneous system consisting of N components, with respect 
to the number n; of moles of the i-th component at constant 
pressure, temperature and numbers of moles of the other compo- 
nents. Thus 

e Ox 

Ay =(5— 

: (an, |e eee 
The Gibbs-Duhem relations are: 


x N = 
XV = YX nx; and Y n; ax, =0 


f=1 fel 


(at p = const and T = const) 
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or for one mole of the system: 
N N po 
X, = Y «eX; and VY 2,dX; = 0 
t=l t=1 


(at p = const and T = const) 


where a; = - ,'* - = molar concentration of the i-th component 
ym 
i=1 
x 
Xy = ee 
Y 
t=1 


© N-1 
X= X,+Gt Ym Ze (i= 1,2, ..., N—1) 
k=l 


10.9.3. The chemical potential x, of the i-th component of a homo- 
geneous system (or of a phase of a heterogeneous system) is the 
partial derivative of any of the thermodynamic potentials of the 
system (or phase) with respect to the number of moles n; of this 
component, at constant values of the number of moles of all the 
other components of the system and of the state variables corre- 
apeneing to the given thermodynamic potential (see 10.6.2.). 
dus 


i= (Sm = - Tiny = Gar i i T,ny o (Fs. an = (ire), Ving 


where k = 1,2, ..., 1-1, i+4, Nv. 

Note 1. In statistical physics, the amount of the i-th component 
of the system is characterized, not by the number of moles n,, 
but by the number of particles N, = niN4, where Ny is Avogad- 
ro’s number. Accordingly, the chemical potential m,; of the i-th 


component is only 7 as large as that given above. Thus 
_ ( 9G. _ (ar _ (aH _ (aU 
= ( ON; is TN, Con ieee ~ ( ON; Veo - ( ON; Je VIM, 
where k = 1,2, ...,i-1, i441, ..., W. 
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Sometimes, this value of yu, is called the chemical potential of a 
single particle. 

In practice, the pressure and temperature are most often used as 
the independent variables. Consequently, the first equation for 
#; is most commonly employed. From this equation it follows 
that the chemical potential is the partial molal value of the Gibbs 
function. In accordance with the first Gibbs-Duhem relation 
(see 10.9.2.) 


N 
Note 2. In statistical physics G = )’ Niu. Hence, in a system 


t=1 
consisting of identical particles, the chemical potential is equal 
to the ratio of the Gibbs function of the system to the number of 
particles it contains. 
The chemical potential is an intensive quantity (see 7.1.12.), 
i.e. it depends upon the state variables and composition of a 
homogeneous system, but not on its mass. 
Example. The chemical potential of a component in a mixture of 
deal gases is 


= (jn) 
Hee 07g /V. Ti My Mase M-Mg reer My 


= RT In ytArT- 9(T) 


ne ( aG ) 
m= “ang, P,P, Nyy May oe ML Mey coe ty 
= RT In2,+RT ln p+f,{(T) 
where Z = volumetric molal concentration (molarity) of 


the i-th component of the mixture 
x; = its molar concentration 


g(7') and f(T) = same as in 10.6.4. and 10.6.5. 


10.9.4. The following relations are valid for reversible processes 
accomplished by an N-component homogeneous system whose 
composition and mass may vary, and on which no other forces act 
except uniformly distributed external pressure: 


N 
dU = TdS—pdV+¥ wydn 
m1 
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N 
dH = TdS+Vdp+¥ wydn 
t=1 
N 
dF =—-SdT—pdV+ by uy dn; 
f=1 
N 
t=1 


Note. In the general case, it is necessary to add the infinitesimal 
amount of work 6A* (see 9.4.3.) to the right-hand side of the 
preceding equations. 

10.9.5. The Gibbs function of a homogeneous system is 


in which integration is carried out at constant values of the teim- 
perature and number of moles of all the components of the system, 
from the low pressure p°, at which the system constitutes a mix- 
ture of ideal gases, to the pressure p at the state being considered. 
Here G° is the Gibbs function of this system of ideal gases at 
p = p® and the temperature T of the system. Thus 


N N 
G® = > G?+RT Y ny In x 
t=1 31 


where G? = G,( P T, n,) = Gibbs function of the i-th compo- 
nent 
x; = molar concentration of the i-th component. 


Pp 
The definite integral J V dp can be evaluated algebraically if 


the system being considered i is a mixture of gases and if its equa- 
tion of state is known. In the general case, this integral is evalu- 
ated gra pocy on the basis of the experimentally established 
relationship V = V(p) in an isothermal process. If the system is 
in the solid or liquid state, the curve V = V(p) has discontinuities 


due to phase transitions (see 10.9.11.). Nevertheless, f V dp 
van be evaluated graphically in this case as well. 
10.9.6. The entropy, enthalpy and internal energy of a gus 
mixture are: 
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(a) Entropy: 
$= FN -G)javes 


N 
So = ; SI-RY ng ln 2;~nR In 7 
i=l a=) 


N 
where n = Y n; = number of moles of all gases in the mixture 
t=1 


X= a = molar concentration of the i-th gas of the mixture 


= low pressure at which the system constitutes a- 
mixture of ideal gases 
S? = entropy of the i-th component of the gas mixture at 
pressure p® and temperature 7. 


Here integration is carried out at constant values of n; and of the 
temperature which is equal to the temperature T of the mixture 
in the state (p, T) being considered. The entropy of i-th component 
is 

SP = J C8; din T+ 8%, 
where C2; = heat capacity of the i-th component (ideal gas) 

in an isobaric process 

58; = entropy of this gas in the state (p®, Ty) 
T, = arbitrary standard temperature. 
(b) Enthalpy: 


= flr Jee 


N 
Bes) nH? and H? = J C3, dT +H, 


(c) Internal energy: 
v 
u= f[r(3h),-plav+0 
Vo 
in which integration is carried out at constant values of n; and 
of the temperature which is equal to the temperature 7' of the 
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mixture, from the very large volume V. of the system, at which 
it constitutes a mixture of ideal gases, to its volume V in the state 
being considered. The internal energy U® of the system in the 
state (Vo, T) is 


N T 
U'= ¥nU? and UP = fcvar+ U8, 
tT, 


t=1 


10.9.7. The thermodynamic potentials and the entropy of a 
heterogeneous system are equal to the sums of the corresponding 
functions of all its homogeneous parts (phases)*. Thus 


C2 g @ 
U=S0U,; H=S 4H; F=)Y F, 
J=1 j=1 g=1 


% P 
G=\)G; S=¥Y 5S; 
A ian 


where 9 is the number of phases in the system. 

10.9.8. Depending upon the way a system is isolated from its 
surroundings, its conditions of thermodynamic equilibrium are 
expressed as follows: 


(a) if U=const and V =const, then dS=0 and S = Siaz3 
(b) if S = const and V=const, then dU=0 and U= Uyjin; 
(c) if S =const and p=const, then dH=0 and H= Anim; 
(d) if 7 = const and V =const, then dF=0 and F= F,,,; 
(e) if T =const and p= const, then d@G=0 and G= Gyj. 


From this it follows, in particular, that the conditions of equilib- 
rium are: 

chemical equilibrium: in an equilibrium heterogeneous system, 
the chemical potentials of any component should be the same for 
all the phases containing this component; 

thermal equilibrium: the temperature should be the same in all 
portions of an equilibrium system; 

mechanical equilibrium: the pressure should be the same in all 
portions of an equilibrium system on which no other forces act 
«xcept a uniform external pressure. 


*{t is assumed that the system is not highly disperse, i.e. that surface 
elects can be neglected. 
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10.9.9. The functions U, H, F and G of asystem may have several 
minima (for given values of the corresponding two state variables, 
for instance, p and T for G, V and T for F, etc.), and the entropy 
S may have several maxima (at U, V = const).* 

The state of equilibrium corresponding to the absolute maximum 
of S at given values of U and V or, likewise, to the absolute 
minimum of G (at given values of p and T), of F (at given values 
of V and 7’), etc. is stable equilibrium. The states of equilibrium 
corresponding to the relative maxima of S (or relative minima 
of G, F, H and U) are unstable or metastable. Examples of metastable 
states of equilibrium are superheated liquid and supersaturated 
vapour (see 13.4.5.). 

10.9.10. The Le Chatelier principle states that if a system in a 
state of stable equilibrium is subjected to external action that 
disturbs the equilibrium, then the equilibrium is shifted in the 
direction in which the effect of the external action is weakened. 
For example, upon reducing the volume of an equilibrium single- 
component liquid-vapour system, a part of the vapour condenses, 
thereby raising the temperature and pressure of the system. 
10.9.11. A phase transition (phase transformation) is a transition 
of a substance from one phase to another. Distinction is made 
between first-order and second-order phase transitions. 

A first-order phase transition is one in which the changes in internal 
energy and density suffer discontinuous jumps. First-order phase 
transitions are always associated with the evolution or absorption 
of heat called the heat of phase transition (latent heat). The thermo- 
dynamic potential G of the system does not change in a first- 
order phase transition. Examples of such phase transitions are 
vaporization (see 14.4.1.), fusion (see 15.5.1.), sublimation (sce 
15.5.1) and many transitions of solid bodies from one crystalline 
modification to another. 

A second-order phase transition is one in which there are no discon- 
tinuous jumps in the changes of internal energy and density. 
The heat of a second-order phase transition equals zero. Such a 
transition is accompanied, however, by discontinuous jumps in 
the heat capacity, coefficient of thermal expansion and isothermal 
compressibility (see 10.7.3.). Examples of second-order phase tran- 
sitions are the transition of liquid helium to the superfluid state 
(see 14.6.1), transition of a ferromagnetic substance into paramag- 
netic one at the Curie temperature (see 28.6.14.), etc. 





* The number of state variables required to specify a nonequilibrium state 
is greater than that for equilibrium states. 
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10.9.12. Thermodynamic degrees of freedom of a system are the 
variables of its phases, which are in equilibrium, that can be 
given arbitrary values within the interval in which the number of 
phases remains constant. 

Gibbs’ phase rule states that the number f of degrees of freedom of 
a system consisting of g phases and V components is 


f= N-p+2 


Since f = 0, the number of coexistent phases of a system complies 
with the inequality p = N+2. 

On the basis of the number of thermodynamic degrees of freedom, 
distinction is made between nonvariant (f = 0), monovariant 
(f = 1), bivariant (f = 2) and other multivariant systems. 
10.9.13. Consider the phases of a single-component system 
(1 =m =< 3). When 9= 3, f = 0, i.e. equilibrium coexistence of 
the given three phases (for instance, solid, liquid and gaseous) is 
possible only in one definite unique state known as the triple 
potnt. 

In a two-phase equilibrium single-component systein, the pressure 
is a function of the temperature. This relation is expressed by the 
Clapeyron-Clausius equation 


dp _ or 
aT ~~ Tav 
wherer = latent heat per mole of transition from the first 


to the second phase 
Av = v,—v, = difference between the specific volumes 
of the phases. 


If the second phase is an ideal gas, the Clapeyron-Clausius 
equation takes the form 


atin p) = 9A) 


where r, = ru, the heat of vaporization of one mole of the substance. 


10.10. Chemical Equilibrium 


10.10.1. The fugacity f; of the i-th component in a homogeneous 
system is defined as a function of the pressure, temperature and 
concentration that is related to the chemical potential mu, of 
this component in an isothermal process by the equation 


(dui)z = RT d(ln f,) 
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or 
RT In ft = 1 — pe 


where u? and f? are the values of the chemical potential and fuga- 

city of the i-th component in a certain arbitrarily selected initial 

state (with respect to the pressure and concentration) correspond- 

ing to the same temperature as in the state being considered. 

This initial state is called the standard state. 

10.10.2. The activity a; of the i-th component of a homogencous 

system is the ratio of its fugacity f; in the given state to the 

fugacity f? in the standard state at the same temperature. Thus 
a, = f or RT Ina, = 4j,~4° 

‘ 

10.10.38. The fugacity of the i-th component of a mixture of ideal 

gases is equal to the partial pressure of the given gas in the 

mixture. Thus 


fi = Pi = Up 
where x; = molar concentration 
p = pressure of the mixture. 


Hence, fugacity has the same dimensions as pressure. 
Thermodynamic equations, derived for isothermal processes of 
ideal gases and their mixtures, turn out to be valid for real 
gases and their mixtures if, in these equations, the partial press- 
ures of the gases are replaced by their fugacities. 

10.10.4. Chemical equilibrium is the equilibrium of a system 
consisting of components that are chemically reactive with one 
another. In chemical equilibrium, the rate of the direct and the 
reverse reaction is the same so that the composition of the system 
undergoes no changes. 

The capacity of components of a system to react chemically 
with one another is called their chemical affinity. A measure of 
chemical affinity for reactions occurring in a system whose 
temperature and volume are constant is the change in the Helm- 
holtz potential 4 of the system in the reaction: AF = F—F yy. 
Correspondingly, the measure of chemical affinity for reactions 
occurring at constant temperature and constant pressure is the 
change in the Gibbs function: 4G = G—G,,,;. Inastate of chem- 
ical equilibrium, the potentials F (at 7, V = const) and G 
(at T, p = const) should have a minimum. Consequently, a 
spontaneous reaction is possible in the system only in cases 
when 4F < 0 (at T, V = const) and 4G < 0 (at T, p = const), 
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10.10.5. A chemical reaction can be symbolically written in the 
form of a stoichiometric formula: 


N 
> a;A; =0 
1 


where A,, Az, ..., Ay = chemical symbols for the substances 
entering the reaction and being formed 
as a result of it 
@y, Mg, ..., A, = positive whole numbers (for sub- 
stances formed in the reaction) and 
negative whole numbers (for sub- 
stances entering the reaction) pro- 
portional to the changes in the number 
of moles 7, mg, ..., my of the substances 
A Ay, i.e. 4 = &% K = any 
Tose Ny? a de eee ay 
10.10.6. The mass action law states that for a system in a state 
of chemical equilibrium the relation of the activities of its compo- 
nents, between which the chemical reaction can be described by 


the stoichiometric formula Y a;A; = 0, is of the form 


=i 
N 
a, 
[] at = K 
i=1 
Ato 
RP 


where K, =e = thermodynamic equilibrium constant 
N 


Atty = Y. aye 
f=1 


wo= chemical potential of the i-th component in the 
standard state. 


If the standard state for each component is that of the pure 
substance, then «? = G?,, which is the Gibbs function of one 
mole of the pure substance in the standard state. In this case, 


N 
Atty = ¥ aGrs = AG 
i=1 


and the following relation is valid for the cquilibrium constant: 
RT \n K, = — AG 


Taken as the standard state of a pure gas at each temperature 
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is a hypothetical state with the pressure p° = 1 atm and the 
fugacity f° = 1 atm. Hence, for gases at any temperature, a; = 


= i. This is numerically equal to f; expressed in atm. The mass 
action law for a reaction in a gaseous phase takes the form 


[lft = %& 


t=1 
N 


x 4 
where K, = K,(p)'" . 


If the gases can be considered to be ideal, then f; = p; = 2ip, 
and the mass action law can be written in the following forms 


N N 
[Ts = K, and [] = = K, 


where p; = partial pressure of the i-th component 


a; = molar concentration of the i-th component 
N 
-x % 
K, =p as K, 
K, = Ky. 


10.10.7. The equilibrium constant K, depends on the absolute 
temperature alone. If the state of the pure substance is the stand- 


ard one for all components, then 
din Ky _ lle 
dT ~~ RT 
N 


where 4H® = >° «,H? 


t=1 
H? = enthalpy of one mole of the i-th component in the 
standard state. 
The dependence of AG® on the temperature is of the form 
d ey _ __4H° 
aT ( RT) ‘RT? 
10.10.8. If the components A, of the system being considered 
are chemical compounds and not simple substances, then 


Y N 
AG? = ¥. a,(4G°), and K, =] | (K.)% 
=1 


i=1 


where (4G); and (K,); correspond to the chemical reaction of 
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formation of one mole of the i-th component from the simple 
substances. It is necessary, in this case, that all the intermediate 
reactions of synthesis lead to the formation of components A, 
precisely in those thermodynamic states in which they are found 
in the system being considered. . 

The standard Gibbs function change AG%,, of any chemical com- 
pound is the change in this function in the process of forming one 
mole of this compound from simple substances under the condi- 
tions that the process is isothermal (t = 25°C) and that the initial 
simple substances and compounds that are formed are subject 
toa ca of 1 atm (or, more, precisely, at activities equal to 
unity). 

The thermal effect 4H%,, of the process mentioned above is 
known as the standard thermal effect. 


10.11, The Third Law of Thermodynamics 


10.11.1. The first and second laws of thermodynamics do not 
allow the value of the entropy S, of a system at absolute zero 
temperature (JT = 0°K) to be determined. As a result, it turns 
out to be impossible to calculate theoretically the absolute values 
of the entropy, Helmholtz potential and Gibbs function of a 
system, as well as the equilibrium constants. 

10.11.2. On the basis of a generalization of the experimental 
investigations of the properties of various substances at ultralow 
temperatures, a law was established that eliminated the above- 
mentioned difficulty. It is called the Nernst postulate or third 
law of thermodynamics. Nernst’s formulation was that in any 
isothermal process carried out at absolute zero temperature, the 
entropy change of the system equals zero, i. e. 


MSp_p = 9 and S = S, = const 


regardless of the changes in any other state variables (for instance, 
volume, pressure, intensity of the external force field, etc.). 
In other words, at absolute zero temperature, an isothermal 
process is also isentropic. 

10.11.83. It follows from the third law of thermodynamics that 
at T = 0°K the heat capacities C, and Cy, and the coefficient of 
thermal expansion a, (see 10.7.3) for any body become zero. 
This law also leads to the conclusion that it is impossible to 
accomplish a process as a result of which the temperature of a 
body is reduced to T = 0°K (principle of unattainability of 
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absolute zero or the unattainability statement of the third law of 
thermodynamics). 

The Nernst postulate was further developed by Planck who 
suggested that S, = 0, i.e. the entropy of a system vanishes at 
absolute zero temperature. The physical interpretation of Planck’s 
formulation of the Nernst postulate is given in statistical physics 
(see 12.8.8 and 12.9.8). 

The condition that S, = 0 at 7 = 0°K follows from the quantum 
nature of processes occurring in any system at low temperatures 
and is complied with only for systems that are in a state of stable, 
and not metastable, equilibrium (see 10.9.9) at T = 0°K. On the 
basis of Planck’s hypothesis it is possible to determine the abso- 
lute value of the entropy of a system in an arbitrary equilibrium 
state. For example, in a homogeneous system of constant compo- 
sition 


in which integration is carried out under the assumption that 
p = const. 
From the condition that S, = 0, it follows that 


lim, (Sz), = Jim, (Sr), = 0 


CHAPTER 11 
Kinetic Theory of Gases 


11.1. Basic Equation of the Kinetic Theory 
of Gases 


11.1.1. The kinetic theory of gases is based on the statistical method 
of investigation (see 7.1.2.). 
The basic equation of the kinetic theory of gases is 


pV= <E, 


where p = pressure of the gas 
V = its volume 


Li = maul = total kinetic energy of translatory motion of 
f=1 ~*~ 
n molecules of the gas occupying the 
volume V 
m,; = mass of the i-th molecule 
u; = its velocity. 


11.1.2. 1f the root-mean-square velocity c (see 11.2.3.) of transla- 
tory motion of the gas molecules is introduced, then 





For a homogeneous gas (mm; = m): 
E, = 1b nme? 
f4 iy 2 
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and 
pv= i nme? = 4 Mc 


where M = nm is the mass of the gas. 
Another form of the basic equation is 


2 1 1 
P = 3 Exo = | Nome’ = = ec? 


n 


where n= j; = number of gas molecules in unit volume 
Ex 
Exo = Vv 


@ = nym = density of the gas. 


11.2. Maxwell's Velocity Distribution Law 


11.2.1. Mazwell’s law of the distribution of molecular velocities 
describes the steady-state velocity distribution of molecules of a 
homogeneous monatomic ideal gas under the conditions of thermo- 
dynamic equilibrium and the absence of an external force field. 
The Maxwellian distribution is the result of mutual collisions of 
the molecules in their chaotic thermal motion. 


11.2.2. Use is made of the following forms of Maxwell’s distribu- 
tion law. Distribution of the molecular speeds (magnitudes of 
the velocities) takes the form 

3 mu® 


dn, =n (er) Fe eu? du 


where u = Vu2+u3+u? = speed of a molecule 
m = its mass 
k = Boltzmann’s constant 
T = absolute temperature 
dn,, = number of molecules (of the total number n) whose 
speeds are within the range from u to u+du. 


Another form of the Maxwellian distribution is 


a _mut 
2 ~ oer 
dn=n ( oa) e du, du, du, 





where u,, u, and u, are Lhe projections of the molecular velocities 
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on the coordinate axes. This may also be written as 
dn = n f(u,) f(4,) f(u,) du, du, du, 
2m 

where f(u;) = (o7gr) e *T (i=2, y, 2) is a function of the distri- 
bution of the projections of the velocities. 
Since all directions of motion of the molecules in space are equally 
probable, molecular velocity distribution is isotropic and f(u,) is 
of the same form for i = a, y, z. 
Still another form of the Maxwellian y, gy 
speed distribution is 7 ae: 

w\2 
= e ( ) u? du 
Virus 
where u, is the most probable velo- 
city (see 11.2.3.). 
Figure 11.1 shows the curve of the v7) 
law of molecular velocity distribu- 
tion. The fraction of the molecules 
of a gas having velocities within the 
interval from u to w+du is nume- 
rically equal to the hatched area dS under the curve. Thus 


ds = (5% #) du _ dn 


NNAAAANY, 


ae 


Nn 
SIR 
is 
Rit 
SiR 


FieA4d 


n du/ up” n 
ih f(u) du 
1 = hn (—™.) eg 8F yi elees 
where f(u) = 42 Tay) © u? is the function of molecular veloc: 


ity distribution that indicates the fraction an of molecules with 
velocities within the unit interval du near the value u. 
The condition for normalization of the distribution function is 


°° 


j f(u) du =1 


0 


since the velocities of all the molecules are within the range 
from 0 to o. 

With an increase in the temperature of the gas, the maximum of 
the distribution curve shifts toward the higher velocities and 
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its magnitude is decreased. Curves of molecular velocity distri- 
bution at three temperatures, T,<T,<T73, are shown in 
‘ig. 14.2. 

11.2.8. Distinction is made 
between the following veloci- an, 
ties that characterize a gas 
at a given temperature: 

(a) the most probable velocity 
Ump, Which corresponds to the 
maximum of function f(u)-: 


eRT 
Unp = Vy? « ee 0 


AT 





ta 1 






Fie.A1.2 


= |) we 2 1A 
m 


(b) the arithmetic mean velocity % of molecular motion: 


where n is the total number of molecules in the gas, thus 


8RT =) BF x ~ 1.60 


ni 


(c) the root-mean-square velocity ¢ of molecular motion: 


Be £2, 
i 2 
c= = us 
ney! 


thus 


where B specific gas constant is 8.1.3) 


T = absolute temperature 

R = universal gas constant (see 8.1.3.) 
jy. = molecular weight of the gas 

k = Boltzmann’s constant 


mass of the gas molecule. 
41.2.4. The energy distribution of the molecules is 


ne 


3a _¥e 


dinge= i (kT) 7e '? Vig dE, 
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mu 
where E, = “9 


= energy of translatory motion of the molecules 
of a monatomic gas 
ane — f(E,) dE, 

f(£;) = energy distribution function of the molecules. 


Example 1. The average kinetic energy of a molecule of a mon- 
atomic ideal gas is 


Ex 
8 2 ~ sr Ve 3 
E, | E,f(£x) dE, = oe Eye *” VE, dE, = 5 kT 
0 0 


The absolute temperature (see 7.1.8.) is a measure of the average 
kinetic energy of translatory motion of the molecules of an 
ideal gas. This is valid for regions in which the temperature is 
not too low and is far from the degeneracy temperature (see 12.8.4.). 
Example 2. The number of molecules having an energy greater 
than the given energy Ey, >> kT is 


2 be Fe: 
Na> By, ye kT) Ze © VR, dE, 
LTys 
i 5 Ez Kop 
ax nV Ee | ef dE, = VE oar 
Va(hT)? VakT 
Fox 


11.2.5. Let us consider Maxwell’s distribution of the relative 
velocities of the molecules. The relative motion of two molecules 
can be described as the motion of a single particle of reduced 


_m 
mass (see 5.2.4. ina = a ae Fora homogeneous gas, m, = mz = 


= mand Mea = 3 . The distribution of the relative velocities of 
the molecules is 
a murel 
m 2 AT 
dn, rel = nar) e ARE 4nuz, du,e 
where u,,,; = relative velocity of two molecules 
as 
wat rel = f(Urer) dityey 
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3 Mey 
(Ure) = an( caer)? e *? y2,= relative velocity distribution 


function of the molecules. 
Example. The average relative velocity of the molecules is 





Es 5 1f srr = 
Tras = [traf lta) deg = V2 VEE = Vu 
0 


where wu is the arithmetic mean velocity of the molecules. 


11.3. Mean Free Path of Molecules 


11.8.1. The collision of two particles is characterized by th 
mutual, or effective, collision cross section a. In the collision of 
molecules having a diameter d~10-§ cm, the effective gas- 
kinetic cross section is equal to the area of a circle of radius d 
(effective diameter of the molecule). Thus 
Oo = nd? 

The effective cross section depends upon the energy of the collid- 
ing particles and the nature of the process that occurs upon 
collision (see 44.4.20., 44.4.21. and 44.4.22.). 

11.3.2. Between two successive collisions, a molecule travels in a 
straight line at uniform velocity. On an_ average it travels a 
definite distance called the mean free path 4. The law of free path 
distribution establishes the probability dw(x) that the molecule will 
travel the distance x without a collision and will collide with 
another molecule in the next infinitesimal length of path dz. 

us 
dw(x) = e-"°*n, o dx 


where n» = number of molecules in 1 cm? of the gas 

o = mutual collision cross section. 
11.3.3. The average distance % travelled by the molecule without 
collision (mean free path) is 


() 


#=A= f x dw(x) = f ze-"*no dx = — 
0 0 


Noo 





Taking into account the relative velocity distribution of the 
colliding molecules 





ae 
V2noo 
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in which @ is considered independent of u,,,. For a given gas the 
mean free path is inversely proportional to the pressure p of the 
gas (at T = const): 


Px’, = Pode 
in which subscripts 1 and 2 refer to two states of the gas. 


11.4. Transport Phenomena in Gases 


11.4.1. The velocities (energies) of the particles of a gas vary 
continuously as a result of the chaotic motion of its molecules 
and the collisions that occur between them. If a spatial nonuni- 
formity exists in the density or temperature of the gas, or in the 
velocities of ordered motion of certain of its layers, then an order- 
ed motion, superimposed on the thermal motion of the molecule, 
equalizes these nonuniformities. The various types of motion 
that may occur in such cases are called transport phenomena. 
11.4.2. Transport phenomena (thermal conduction, internal fric- 
tion and diffusion) consist in the occurrence of a directional mass 
transport (diffusion), momentum transport (internal friction) and 
internal energy transport (thermal conduction) in gases and liquids. 
In gases these phenomena violate the Maxwellian molecular 
velocity distribution. In the simplest case, transport phenomena 
are one-dimensional so that the physical quantities that govern 
them depend only on a single Cartesian coordinate. 

11.4.3. Thermal conduction occurs when a temperature gradient 
exists. In the one-dimensional steady-state case, when T = T(z), 
itis described by the Fourier law of heat conduction (for the general 
case, see 15.3.1.): 


dQ =-K 4" as at 
where dQ. = amount of heat passing during the time dt across 


an area dS in the direction of the normal 2 to 
an this area and toward the reduction in temperature 


a = temperature gradient 


K == thermal conductivity which is numerically equal 
to the amount of heat passing across unit area 
per unit time and per unit temperature-gradient. 


According to elementary kinetic theory 


K = + Uocy 
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where « = average velocity of thermal motion of the molecules 
A = mean free path 
o = density of the gas 
Cy = specific heat of the gas at constant volume. 


11.4.4. Internal friction (viscosity) is associated with the occurrence 
of friction forces between two layers of the gas or liquid which 
flow parallel to each other at different speeds. The cause of inter- 
nal friction, or viscosity, is the transport of momentum by the 
molecules from one layer to the other. NMewton’s equation for 
viscosity in the one-dimensional problem, when v = v(2), is 


dF =—9@ ds 
where dF = force of internal friction acting on an area dS of 
P the surface of the layer 
vv 


—— = velocity gradient of the motion of the layers in 


dx 
direction « which is perpendicular to the surface 
of the layer 
n = coefficient of internal friction (or of viscosity) or, 
for short, the viscosity, which is numerically equal 
to the friction force between two layers of unit area 
at a unit velocity gradient. 


According to clementary kinetic theory 
1. 
n= -5 oa 


where wu = average velocity of thermal motion of the molecules 
A = mean free path 
oe = density of the gas. 


In more precise theory, the multiplier + is replaced by a factor 


y which depends upon the nature of the interaction between the 
molecules. For molecules that collide in the manner of smooth 
hard spheres, g = 0.499. In more precise models of the forces 
of interaction, » becomes an increasing function of the tempera- 
ure. 

11.4.5. The thermal conductivity K and viscosity 7 do not de- 
pend upon the density of the gas because the product oA does not 
depend upon oe. The viscosity of gases increases with temperature 


proportionally to VT. 
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11.4.6. Diffusion is the process of attaining an equilibrium dis- 
tribution of the concentration (see 8.2.1.) within the phases (see 
7.1.5.). A result of diffusion at constant temperture is the equaliza- 
tion of the chemical potentials (see 10.9:3.). In a single-phase 
system at constant temperature and in the absence of external 
forces, diffusion equalizes the concentration of a component of the 
phase throughout the system. If external forces act on the system, 
or a temperature gradient is maintained, then diffusion leads 
to the establishment of concentration gradients of the various 
components (thermal diffusion, electrodiffusion and other processes). 
Diffusion in a one-dimensional case, where ep = o(x), and in a 
two-component system is described by Fick’s first law: 


ie 
dM =-D® ds a 


where dM = mass of the first component transferred during 

the time dt through an element of area dS in the 
direction of the normal z to the area being consid- 
ered and toward the reduction in density of the 
first component 

dy : : 

aa density gradient 

D = coefficient of diffusion. 


If, in a single-component system, a group of molecules is thought 
of as being singled out, the equalizing of the concentration of the 
singled-out particles in the volume of the vessel is called self- 
diffusion. Self-diffusion is also described by one of Fick’s laws in 
which D is the coefficient of self-diffusion. 

In the simplest case of self-diffusion, the concentration of a chem- 
ically homogeneous substance is equalized at T = const and 
in the absence of external forces. This equalization is accomplished 
by the superposition of ordered motion of the molecules or atoms 
on their thermal motion. Brownian motion (see 12.14.1) is due 
to the diffusion of large particles suspended in a liquid or gas. 
11.4.7. The diffusion flow density j is the number of particles of 
substance of a given kind that pass by diffusion through a unit 
surface per unit time. Under the condition of the existence of a 
pressure gradient vp, caused by certain external forces, and a 
temperature gradient vT, the diffusion flow density is 


Rhy oa, hp 
j= - Dn ve+ aS VT+ vp) 
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where 1 = ja 
k = Boltzmann’s constant 
D = coefficient of diffusion, numerically equal to the 


diffusion flow density when there is only a concentra- 
tion gradient vec, equal to 1/n). 
The quantity kpyD is called the coefficient of thermal diffusion. 
It is numerically equal to the duineion How. density under the 
conditions that ve = vp = 0 and % way ine . The dimensionless 


quantity k, is the thermal diffusion ratio. “The quantity 4,D is 
called the coefficient of pressure diffusion. It is numerically equal 
to the diffusion flow density under the conditions that ve = 
= vT = 0 and vP ae 

11.4.8. In the case of ‘Three! dimensional diffusion, the change 
in the concentration in the course of time at constant tempera- 
ture and in the absence of external forces is described by the 
differential diffusion equation: 


oc =o oc t) 6c é 6c 
Ht = ty (Pe) + ay (Pay) t+ az (PS) 
where D = coefficient of diffusion 


t = time. 


lf D is independent of the concentration then this equation can 
be reduced to the form 


#e = DAc (Fick’s second law) 





where 4 is the fasten operator. 

ixample 1. The concentration distribution along a semi-infinite 
rod, on the end face of which a mass M (per unit area of the end 
face) is concentrated at the initial instant of time t = 0, is 


Mans 
’ t) = = 
c(z, t) Perit 
where x is the distance from the end face. 
Example 2. The concentration distribution of a substance of mass 
M, dissolved in a liquid and located at the origin of coordinates 
at the initial instant of time t = 0, is 





e(r, t) = eek 
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where o = density of the fluid 
r = distance from the origin of coordinates. 


11.4.9. According to elementary kinetic theory of gases 


where %&% = average velocity of thermal motion of the molecules 
o = mutual collision cross section of the molecules 

(see 11.3.1) 

number of molecules in 1 cm? 


mean free path. 


No 


A 


The coefficient of self-diffusion is inversely proportional to the 
gas pressure. Upon a change in temperature, D varies proportion- 
ally to Tt at constant volume and to 7? (practically from 
T'’ to T?) at constant pressure. 

11.4.10. In a nonequilibrium steady-state mixture of two gases, 
diffusion of the molecules of one gas into the other gas is observ- 
ed. As a first approximation, the coefficient of diffusion D for 
the mixture is calculated by the formula of 11.4.9. with 


v= Vial ee 


ll 


where d, and d, are the diameters of the molecules of the two 


gases. 
A more precise equation for the coefficient of diffusion is 


syRT y “tes 
et a a 
32 V2AN ayer ts) 


molecular weights of the two gascs 
their concentrations in moles per cm* 
Avogadro’s number. 


where 2, and ft, 
c, and Cc, 
4 


The quantity y depends upon the nature of the force interaction 
between the molecules. If the molecules are elastic spheres 


_ (dyt+de)? 
\ ne 1 


Hoi tl 


where d, and d, are the diameters of the molecules of the two 
gases. 
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11.4.11. In accordance with the kinetic theory of gases, the follow- 
ing relations exist between the transport coefficients: 


Bs ie Soe 
n= oD and ser 1 


where cy, is the specific heat at constant volume. 
In practice, the following, more precise relationship is made use of: 
K 


aecy 


where a is a factor depending upon the number of degrees of 
freedom of the molecules of the gas: a = 2.5 for a monatomic 
gas, a = 1.9 for a diatomic gas, and a = 1.75 to 1.5 for a tri- 
atomic gas. 

If one transport coefficient is found by experiment and @ and cy 
are known, the other transport coefficients can be determined by 
calculations. The formulas for finding the transport coefficients 
agree only approximately with experiment, the accuracy being 
of one order of magnitude. The effective diameters of the mole- 
cules can be calculated from the values of the transport coefficients. 
The table below lists the transport equations (for one-dimensional 
problems) and formulas for finding the transport coefficients for 
gases. 


Transport Phenomena in Gases 











Physical 
: F Formula of trans- 
Phenomenon fanned Transport equation | port coefficient 
: F de ao t> oe 
Diffusion Mass aM =—-D-—-dSdt D = -;- UA 
dx 3 
Internal dv 1 _- 
friction Momentum dF =-—n-5— dS n = -3- UAg 
(viscosity) dx 3 
Thermal Internal =x aT - i 
conduction energy Be || Res ae eA gey 


11.5. Properties of Dilute Gases 
11.5.1. Dilute gases are ones in a state at which their pressure is 


less than the atmospheric. Such a state of a gas is also called a 
vacuum. The degree of vacuum of a gas depends upon the relation 
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between the mean free path A, corresponding with intermolecular 
collisions in the gas, and the linear dimensions d of the vessel 
in which the gas is confined. The degrees of vacuum are classified as 
ultrahigh (4 >> d), high (4 > d), medium (4 < d) and low (4 « d). 
The differences between the propertics of dilute gases and the 
gases treated previously are manifested in the first three of the 
above-mentioned degrees of vacuum. 


Certain Characteristics of Various Degrees of Vacuum 








Vacuum 
Characteristic | 
| Low Medium High Ultrahigh 
Pressures, ty p- 
ical of the given 
degree of va- 
cuum, nm Hg 760 to 1 1 to 10-4 10-3 to 10-7] 10-8 and 
less 
Number of mole- 
cules per m3 1025 to 1022 | 1022 40 1019 | 1029 to 1023 | 1028 and 
less 
Dependence of None Pressure de-| Directly _Both phe- 
thermal] con- pendence proportion-| nomena are 
ductivity and is deter- al to press- | practic- 
viscosity on mined by ure ally ab- 
the pressure the para- sent 
‘ meter 
a 
d 





11.5.2. In the following, dilute gases are understood to be gases 
in a state of high vacuum. The free path of the molecules in a 
dilute gas is determined by the size of the vessel. Hence, a reduc- 
tion in the density of a dilute gas does not influence the quantity 
A = d, but only decreases the number of molccules participat- 
ing in the transport of momentum or internal energy. The visco- 
sity and thermal conductivity ofa dilute gas are directly proportion- 
al to its density. 

11.5.3. In dilute gases, only external friction exists between the 
moving gas and the walls of the vessel. This friction depends 
upon the change in momentum of the molecules as they collide 
with the walls. As a first approximation, the magnitude of fric- 
tion force acting on unit area of the wall is proportional to the 
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velocity of motion of the gas and its density. The thermal con- 
duction of dilute gases is less than that of ordinary gases and is 
accomplished by the transport of internal energy by molecules 
travelling between the walls of the vessel which have the differ- 
ent temperatures 7, and 7T,. The amount of heat received (or 
given off) by unit area of the wall in unit time is directly proportion- 
al to the temperature difference 7,—7, and the density of the 


gas. 
11.5.4. Knudsen’s law for the flow of a dilute gas through a circu- 
lar capillary of radius r and length J is 


= 3 33/74. pimps 
Q= 3° VoRr i 


where Q = mass of gas flowing through the cruss section of the 
capillary in 1 sec 
# = molecular weight of the gas 
R = universal gas constant (see 8.1.3.) 
T = absolute temperature 
p,and p, = pressures of the gas at the ends of the capillary. 
11.5.5. Upon connecting two vessels at the different temperatures 


T, and 7, by a narrow tube, the steady state of a dilute gas 
complies with the condition 


Nyy = Nglly 


where n,andn, = number of molecules per cm® in each of 
the two vessels 
u, and u, = their average velocities. 


This condition implies an equality of the counterflow of mole- 
cules passing from the first vessel to the second and back again. 
Since no -F. and uc YT, then 


Pus YT (the Knudsen effect) 
Pe T: 

11.5.6. The principles of many instruments for obtaining a 
vacuuin (diffusion pumps etc.), for its measurement (vacuum 
gauges), and for providing thermal insulation (Dewar flasks) are 
based on the special properties of dilute gases, 


CHAPTER 12 


Elements of Statistical Physics 


12.1. Introduction 


12.1.1. Statistical physics (statistical mechanics) is a branch of 
theoretical physics in which the macroscopic properties of a 
system are studied on the basis of molecular-kinetic concepts 
and the methods of mathematical statistics. 

Statistical physics deals with systems that are in an equilibrium 
state (see 7.1.6.) or near to one. The aim of statistical physics is 
to investigate the behaviour and properties of such systems on 
the basis of definite concepts of their atomic structure. 

12.1.2. In statistical physics, the properties and laws of motion 
of individual atoms, molecules and elementary particles, studied 
by quantum mechanics, are assumed to be known. In many 
cases, the state of an arbitrary system of n particles with s 
degrees of freedom can be described by classical mechanics by 
specifying ns generalized coordinates and ns generalized momenta 
(see 5.1.6.), i. e. by specifying 2ns indepertdent variables. 
12.1.3. The behaviour of a system consisting of a large number 
of particles is governed by statistical laws which differ from the 
laws obeyed by each of the particles making up the macroscopic 
system. The behaviour of a single particle (for instance, its path, 
the sequence of its changes of state, etc.) turns out to be insignifi- 
cant in a statistical description. Hence, the study of the properties 
of a system is reduced to a determination of average values of 
the physical quantities that characterize the state of the system 
as a whole. An essential difference between systems that obey 
statistical laws and those which can be described sufficiently 
well by means of the laws of mechanics is that the behaviour 
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and properties of the former do not depend to any significant 
degree upon their initial state. 

12.1.4. The relationship between the laws that describe the motion 
of individual particles (dynamical laws) and the statistical laws is 
manifested in the fact that the properties of a macroscopic 
system, studied by the methods of statistical physics, can substan- 
tially change in accordance with the laws of motion of individual 
particles in the system. 


12.2. The Probability of the State of a System. 
Average Values of Physical Quantities 


12.2.1. Various states of a system can be attained with one or 
another probability. The probability w, of attaining the i-th 
state is the limit of the ratio of the time ¢;, during which the 
system is in the given state, to the total time T of investigation 
of the system, as T approaches infinity. Thus 


P ty 
w,= lim = 
L + 0o T 


If a certain physical quantity M is a unique state function (see 
7.1.12.) and takes the value M,, this means that the system is in 
the i-th state. 

12.2.2. The probability of the i-th state of a system coincides 
with the probability that the physical quantity M will take 
the value M,. If N is the total number of measurements made of 
M, and JN, is the number of measurements in which it was 
found that M has the value ™,, then 


: N, 
w= lim —. 
N— oo N 


12.2.3. If the slate of a system is continuously changing, it is 
necessary to deal, not with the value M;, but with the range of 
values of this quantity. The probability dw(M) that the quantity 
M has a value within the range from M to M+dM is 


dw(M) = lim SH 
T—- oo 


where dt, is the length of time during which the system is in 
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states corresponding to values of A/ within the range from AZ 
to A1+dM. The values dt, and div(M) are proportional to the 
range dM. Thus 


dw(M) = o(M) dM 


where e(M) is the probability density, or probability distribution 
function. 

12.2.4. The condition for normalization of the probabilities of a 
state is as follows: 

for discrete states 


Y WwW, = 1 
a 
for continuously changing states 
J dw(at) = f o(M) am = 1 


12.2.5. The statistical average vaule of quantity 47, denoted by 
M, is defined as 7 
M= > Mi; 


if the quantity M varies discretely. The summation is carried out 
over all the states of the system. If quantity M varies continuously, 
then 


M = | M dw(M) = f Mo(M) dM 


in which integration is carried out over all possible states of the 
system. Examples of the calculation of average values are given 
in 14.2.3., 11.2.4. and 11.2.5. 


12.3. Gibbs Distribution 


12.3.1. Gibbs microcanonical distribution is the distribution of 
the probabilities of various states of a closed macroscopic system, 
i.e. asystem which does not interact with surrounding bodies and 
possesses constant energy. In actuality, such a system cannot be 
realized and is an idealized one. Its states are degenerate, i.e. 
each energy value may correspond to different states. The degene- 
ration multiplicity Q(E) of a given state is the number of states 
possessing the energy £. 

12.3.2. The microcanonical distribution is based on the assumption 
of equal probabilities of states having the same energy. If the 
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states of a system are represented in phase space (sce 5.3.3.), 
each state corresponds to a cell, their totality with the given 
energy constituting a certain surface E = const; this is called 
an ergodic surface. 

12.3.8. Macroscopic systems which are capable of remaining for 
a sufficiently long time in any state with a given energy are 
said to be ergodic. The assumption on which the microcanonical 
distribution is based (see 12.3.2) means that the representative 
point in phase space may be located with equal probability in 
any cell of phase space on the ergodic surface. 

12.3.4. The following statement is valid for ergodic systems whose 
states with the given energy & are equally probable: if a micro- 
scopic system is ina given state with the energy H# at a certain 
instant of time, then in the course of time it will spontaneously 
pass over to any other states with the same energy and will 
remain in each state for the same length of time (on an average). 
The probability of the state of a system w(£,) is expressed by 
Gibbs’ microcanonical distribution as 


w(E,) = CQ(E;) 


The coefficient of proportionality C is determined from the condi- 
tion of normalization (see 12.2.4): 


Gibbs’ microcanonical distribution forms the basis for the Gibbs 
canonical distribution. 

12.3.5. The Gibbs canonical distribution is the probability distri- 
bution of the various possible states of a certain quasi-closed 
subsystem, i.e. a certain portion of a closed macroscopic system 
(see 7.1.4.). A subsystem is said to be quasi-closed if its intrinsic 
energy is great, on an average, in comparison with the energy 
of its interaction with the other portions of the closed system 
(called the thermostat). 

For example, each molecule of an ideal gas is a quasi-closed 
subsystem if the temperature is not too low. On an average, its 
intrinsic kinetic energy is much greater than the energy of its 
interaction with other molecules of the gas (with the thermostat). 
12.3.6. The interaction of a subsystem with the thermostat leads 
to a change in its state. It can go over to a state with the initial 
energy, as well as to another state with a different energy value. 
In the latter case, the subsystem interchanges energy with the 
thermostat, either increasing or decreasing its own energy. 
12.3.7. The probability of a state of the subsystem depends only 
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upon its energy. According to the Gibbs quantum canonical distri- 
bution 


Pet i 2s 
8 e 
w(E;) ee: ee e Q(E;) 
Ze © QE) 


where w(£E,) = probability of a quasi-closed subsystem remain- 
ing in a state with the energy F; 


Q(E,) = degeneration multiplicity (see 12.3.1.) 


© = modulus of canonical distribution, or statistic 
temperature. 


The quantity © is the temperature expressed in energy units. 
It converts the inexact differential 6Q into the total differential 


of the quantity (3), in which F is the Helmholtz free energy of 
the system (see 10.6.3.). Thus 


90S = d(56), 


The quantity © has the same value in two different systems 
which are in a state of thermodynamical equilibrium when they 
are in thermal contact with each other. The universal coefficient 
of proportionality that converts the statistic temperature © 
from ergs (energy units) into degrees (temperature units) is the 
Boltzmann constant (see 8.1.4.): 


O=kT>0 
ies F; 
The quantity Z = )e © Q(E)) is called the sum over states, or 
€ 
state sum, (it has also been called the partition function). 
12.3.8. For systems, the energy of whose state varies quasi- 
continuously, i. e. in which the distance between the energy levels 


is small in comparison with © = kT, the Gibbs quantum distri- 
bution goes over to the classical canonical distribution: 
Ez 


8 
dw(F) = -“=— dQ(F) 
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where dQ(E) = Q(E) dE = number of different states comply- 
ing wan the energy range from E to 
+ 


4 
Z= ( 8 Q(E) dE = state integral or phase integral. 


For a system of N identical particles 


E 
1 ~oO 
Z= ale ar 


element of volume in phase space (see 5.5.3.) 
Planck’s constant 
s = number of degrees of freedom of the system. 


Integration is carried out over the whole phase space of the given 
system. The state integral and the state sum are related to the 
Helmholtz free energy F (see 10.6.3.) of the system as follows 


where al 


Wola 


F 


Z=e ° and F=—@ln 


12.3.9. Gibbs’ canonical disribution has an acute maximum in 
the case of subsystems with a great number of particles. Most of 
the time such subsystems will be in the most probable state 
with the corresponding energy. If the subsystem is a single 
molecule of an ideal gas, the Gibbs canonical distribution leads 
to the Boltzmann distribution law (see 12.5.1.). 

Gibbs’ canonical distribution is employed to find the average 
value M of a physical quantity 4, which characterizes the state 
of the system and depends on its energy (see 12.2.5). Thus 


M = » M(E;) w(E,) 


With states continuously changing 
M = [ M(B) dw(E) 


12.3.10. By calculating Z it is possible to determine the thermody- 
namic functions and the equation of state of a given system. 

The table below presents a summary of formulas that express 
the thermodynamic functions, heat capacity and equation of 
state through the state sum (or integral) of the system. 
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Quantity | Symbol | Formula 

















Tlelmholtz 

free energy K KF =-kTInZ 

Gibbs function G G=kT [( at), a nz] 
Internal energy U = u =ar(55 il ™), 
Entropy Ss = S = hfin Z+ +7(28. =) 

: 7 alnZ amZ 
Enthalpy u H= atl(Sie r at sin 7) yl 

Y, 2 

Lleat capacity Cy Cy = ar[2(*3n) + (2 ae é] 
Equation or (on Z 

of state p --(7), p=h Hoy | 





12.4. Principle of the Equipartition of Energy 


12.4.1. In a classical statistic system, whose state is character- 
ized by thermodynamic equilibrium (see 7.1.6), each degree of 
freedom of a separate particle corresponds to an equal amount of 


energy, equal to + kT, where k is Boltzmann’s constant and T is 


the absolute temperature. 

All degrees of freedom, described by classical mechanics, are 
equally justified with respect to their energy. This, in fact, is 
the essence of the principle of equipartition of energy. This prin- 
ciple has a limited field of application and ceases to be valid in 
a quantum description of the system (see 12.7.1). 


12.5. Maxwell-Boltzmann Distribution 


12.5.1. The Mazwell-Boltzmann law, or distribution, establishes 
the distribution of the coordinates and velocities of the molecules 
hs Wy gas subject to the action of an arbitrary potential force 
fhe 
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The most common formulas of this distribution are: 


mag (we h) 
(a) dn, = - Ane e “mp "wt du 
mUmp 

where u,,, = most probable molecular velocity (see 11.2.3) 
dn, = number of molecules in unit volume of the gas 
near the point (z, y, 2) whose velocities are 

within the range from u to u+du 
E,(x, y, 3) = potential energy of a molecule at the point of 


the external force field being considered 
n, = number of molecules in a unit volume of the 
gas at the point where EF, = 0. 


Pit Ph PE 








(b) dw = constx es 1° 7 dp, ap, ap, 
(2amkT) 
Ep(z, y, 2) 
na 
xe dx dy dz 
where dw = probability that the coordinates and projections 


of the momentum of a molecule are within an elc- 
ment of phase volume df’ = dx dy dz dp, dp, dp,, 
near phase point (x, y, 2, Pz, Py: Pz 

L,(z, y, 3) = potential energy of a molecule in the external 
force field. 


In this form, the Maxwell-Boltzmann distribution can be regarded 
as a distribution function constituting the product of the proba- 
bilities of two independent events — the probability of the given 
momentum value of the molecule and of its given position in 
space. The first probability, 


PEt Ppt Pi 


dp) =——'-z-e ™? dp, dp, dp. 


(2amkT)"!? 


is the Maxwell distribution (see 11.2.1). he second probability, 


__Fplt v2) 
KT 


dw(x, y, 3) = const Xe dx dy dz 


is called the Boltzmann distribution. 
Example. Consider the Boltzmann distribution in a gravitational 
field. The potential energy of a molecule of mass m in a gravitatio- 
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nal field is E, = mgz, where z is the altitude and g is the accelera- 
tion of gravity. At each altitude there is a Maxwellian velocity 
distribution governed by temperature. The integration of the 
Maxwell distribution over all the momenta yields the number of 
molecules in the volume dz dy dz. Thus 


nse 
dn(x, y, 2) = constxe *? dex dy dz 


Hence, it follows that the gas density 9 = 2%" m decreases 


dx dy dz 
with increasing altitude according to the exponential law 
msz 
RT 


e = const Xe 


The constant in this equation is determined from the condition 
that @ = eg, = constatz = 0. Thus 


msgz 
o = oe "7 (barometric height formula) 


The density of the gas is reduced to 4“ of its initial value at a 
height h = st This is sometimes called the characteristic 


length of the Boltzmann distribution in a gravitational field. 


12.6. Quantum Statistics 


12.6.1. Quantum statistics is a theory of systems which consist 
‘e an extremely large number of particles that obey quantum 
aws. 

The state of an arbitrary quantum-mechanical system having s 
degrees of freedom can be dealt with in the so-called quasi-classic- 
al approximation, similar to the way in which it is done in classic- 
al mechanics. In this case, the following restriction is imposed 
on the possible states of the system: each quantum state of a 
system with s degrees of freedom corresponds to a cell in its 
yhase space with the volume h‘. This complies with the Heisen- 
hors indeterminacy relation (see 44.3.2). 

Only discrete changes can take place in the state of the system, 
the system can pass from certain cells of phase volume to other 
ones by making a “jump”. In the quasi-classical approximation, 
transfer to a neighbouring quantum cell corresponds to very 
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minute changes in the properties of the system. It can be assumed. 
that the properties vary continuously. The distribution of the 
particles in the cells of six-dimensional phase space (z, y, 2, 
Px Py, Pz) characterizes a definite microstate of the system. ‘ 
12.6.2. The object of quantum statistics is to find the distribution 
function of a system of particles in phase space. An essential 
distinction of quantum statistics from classical statistics is the 
consistent application of the principle of indistinguishability of 
identical particles. In quantum statistics, when solving the prob- 
lem of distributing identical particles in phase space, it is mean- 
ingless to pose the question as to which particle is in the given 
cell of the phase space. Only the question of the number of parti- 
cles in the given cell is raised. The microstate of the system is not 
changed when the particles are rearranged within a given cell of 
the phase space or interchanged between the cells. 


12.7. Bose-Einstein and Fermi- Dirac 
Quantum Distributions 


12.7.1. Systems described by symmetrical wave functions (see 
45.2.6) comply with Bose-Einstein statistics. This refers to systems 
of particles having integral spin (see 45.6.1) — bosons (for instance, 
photons and certain nuclei) — on which no restriction is imposed as 
to the number of particles that may occupy a given cell of six- 
dimensional phase space. 

12.7.2. To find the distribution function in Bose-Einstein statis- 
tics, the whole phase volume is divided into small elements 
AI, each containing Ag, states having an energy from EF; to 
E,4+ AE,. If the given element. of phase volume AI; contains 
AN, particles, they may be distributed in all possible ways 
among the Ag; states having an energy E;. The number of states 
is Ag; = =e The thermodynamic probability (see 12.10.2} 
of the distribution of the particles among .the states in phase 
space enables the most probable distribution to be found for 
the condition that the total number of particles NV and the total 
energy E of the system are conserved. Thus 


¥ AN, = N and ¥ AN,E, = E 
¢ ‘ 


Instead of the number of particles AN,(£,) in the energy range 
AE,, usually the average “population” of the state with the 
given energy is determined, i. e..the average number of particles 
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n; in one state, which is called the Bose-Einstein distribution 
function. Thus 


where ys = chemical potential (see 10.9.3) referred to one 
particle 
k = Boltzmann’s constant.: 


The subscript ¢ is sometimes omitted inasmuch as this distribution 
function is valid for any element of the phase volume. 
12.7.3. Systems of particles described by antisymmetrical wave 
functions (see 45.2.6) comply with the Fermi-Dirac distribution 
(Fermi-Dirac statistics). These statistics describe the behaviour 
of fermions (clectrons, protons, neutrons, etc.) — particles which 
obey the Pauli exclusion principle (see 45.6.2) and have half- 
integral spin (see 45.6.1.). In such systems of particles, no more 
than one particle can be in one quantum state. The solution of 
the problem of the most probable distribution of particles among 
the states, for the condition that the total energy of the system 
and the total number of its particles are conserved, leads to the 
Fermi-Dirac distribution function. Thus 

— _ ANCE) _ 4 

m= 402~C*«S Sk 

eT +4 








in which the notation is the same.as for the Bose-Einstein distri- 
bution. 

12.7.4. The distribution functions 7 
both in classical and quantum sta- 
listics can be expressed by a single 
formula: 


Mazwell—Boltzmann 
distribution 
Bose-Einstein 
distribution 
Fermi-Dirae 
\ distribution 








a a 1 
.=- 


Ey-h 
e kT 48 1 








lor the Maxwell-Boltzmann distri- ¢% 
bution, 6= 0 and uw = 0; for the 
Bose-Einstein distribution 6 = —1; FIG.A2.4 

and for the Fermi-Dirac distribution, 

i oe rises of these three distribution functions are shown in 
fig. 12.4. 

Kxample. Consider the volumetric radiation density and thermo- 
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dynamic functions of a photon gas enclosed in a volume V at 
T = const and in a state of thermodynamic equilibrium. 
The number of states dg; of radiation in an element of phase 
volume is . 
d 

dg, = 2A5P* Che dy ce 
The factor 2 is due to the availability of two possible directions 
in which light can be polarized (see 34.1.8). 
The total number of states in volume V is 


8np*dpV _ 8nE* dE V 
na =~ Reet 


dg = 





The momentum p of a photon and its energy EF (see 42.1.1.) are 
p= me and E = hp 


where » = frequency 
c = velocity of light in a vacuum. 


The number of photons with an energy from F to E+dE in 
the volume V is 
dg 8av?V dv 
sili ae! arama ae 
eT _4 let a) 


The volumetric density of the radiant energy in the frequency 
range from » to »+ dr is 
wl», T) dv = SNE he _ id ae ts 
: ek? _4 





which is Planck’s radiation formula for determining the volu- 
metric energy density of black-body radiation. 
The state integral Z for the radiation is 





Zz 
gole TRE e(E) dE = 4 162(k T)3 


c3 
0 
The state equation for the radiation is 
_ 8a8(kT)é 
PV = “Free 
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The radiation pressure is 
_ 8a5(k 7)! 
~ Abhace 


The Helmholtz free energy is 
Vi 8x8kT)* 


t= ——— 


he = 45c3 





The radiant energy is 


' V 828(kT)8 
U(T) = ts Tee 





(the Stefan-Bolizmann law, see 41.2.1.). 


The pressure of isotropic radiation is 


where u(7) is the volumetric energy density of radiation. The 
entropy of the radiation is 
Vi 32xsh 


we aber (AT)? 


S = 
12.8. Degeneracy in Gases Obeying 
Quantum Statistics 


12.8.1. Degeneracy in ideal gases is the departure of their properties 
from those of ordinary gases, this departure being due to the 
quantum properties of the systems of particles. The degeneracy 
of gases becomes significant at very low temperatures and high 
densities. 

At e #7 >> 1 (see 12.7.2 and 12.7.3), the Bose-Einstein and 
Fermi-Dirac distribution functions lead to the classical distri- 
bution function (slight degeneracy). In this case, the following 
condition is complied with 


A = - tt <i 
(2amkT) 
where m) = number of molecules in 1 cm? of the gas 
m = mass of a molecule 
T = absolute temperature 


k = Boltzmann’s constant 
h = Planck’s constant. 


The quantity A is called the degenerucy parameter. 
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12.8.2. The state equation for one mole of an ideal Bose-Hinstein 
gas is of the form 


= Ngh® = _ 
pV RT(! aaah) RT(1— A) 
This differs from the Mendeleev-Clapeyron equation (sce 8.1.3) 
in that it has the term — RTA. This term can be ignored at ordi- 
nary values of n, and T (i.e. at A «1). 
12.8.3. The thermodynamic functions of a degenerate Bose- 
Einstein gas, enclosed in volume JV, are: 


Helmholtz free energy F = — 1.844 }y (2am)? (k7)* 
entropy S=3. 352-4 (2am) ?k(kT)* 
internal energy U = 2. 011 55 ia (220m)* (kT)# 
heat capacity Cy = 5.027-> V_ (2am)? k(kT)? 
12.8.4. The temperature criterion of degeneration in gases is 


nend 
T =< T1,, where T, = =~ ak is the degeneracy temperature. 


As h- 0, the degeneracy temperature T, > 0, which indicates 
that gas degeneration is of a quantum nature. At T > T, gas 
is not degenerate and obeys classical statistics. For example, 
for a proton gas with a mass of the particles m = 2x107*4 g 
at a density n) ~ 107? cm-’, T, = 1°K. A photon gas is always 
degenerate, since T, =o in this case (the rest mass of the photon 
m, = 0, see 32.6.2). For hydrogen under standard conditions 
(J = 300°K and ny = 3X10!® cm73), the parameter A = 3X 
Pe - 1. This corresponds to a degeneracy temperature 
9 & 1°K. 

The value A is even less for gases heavier than hydrogen and 
therefore gases at standard pressures and temperatures are 
never degenerate. Degeneracy, due to the quantum properties 
of gases, is manifested to a substantially lesser degree than the 
departure of gases from ideality associated with the van der 
Waals forces of interaction between the molecules (see 13.2.1). 
12.8.5. For the electrons in metals, my ~ 107? to 108 cm7’, so 
that Ty = (16 to 20) x 103 °K. Consequently, the electron gas in 
metals (see 21.2.1) is always degenerate (as a result of the small 
mass of the electron, m = 10-?’g, and the high density of the 
particles). 
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12.8.6. If u +E, as 7’ +0, then, according to the Fermi-Dirac 
distribution (see 12.7.3), AN(E,) = Oat E> E, and AN(E;) = 

= Ag, at E < Ey. This means that all the lower states of the 
electrons, down to a state with the energy E, are filled, and all 
the states with an energy greater than FE; are 


empty. Thus, u(0) in the Fermi-Dirac distri- 7 
bution formula signifies the boundary energy , 
Ey of the occupied states at the tempera- 


ture of absolute zero. The quantity HE, is 

called the Fermi energy. The distribution func- 27 Erp E 
tion for an electron gas as T --0 is shown in. FIG.12.2 

Fig. 12.2. 

12.8.7. In the model of an electron gas in metals, as T > 0, the 
electrons uniformly fill all aM cells of the phase space within 
a sphere having a volume of + 3 "Dr V, where py is the maximum 
momentum of an electron at °T =.0. The number of states in 
this sphere, taking into account the Pauli exclusion principle 
and the two possible orientations of electron spin (see 28.1.1), is 
equal to the number of electrons. Thus 


24+ 4 apy = N 
from which 


where ny = 2 is the number of electrons in 4 cm*. The maximum 
energy of the electron at T = 0 is 


or 
Ey, = 5.771072? né ergs = 3.63X10-¥ ni’ eV. 
At a free electron density of ny = 1022 cm~? in metals, the Fermi 


energy Ey corresponds to the temperature 7' of a classical gas, 
which equals 


Tx ae = 104°K 
The average energy of an electron in a metal as T + 0 is equal to 


B= Er= itm (Gs) 





i.e. it has the order of magnitude of Ey. 
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The pressure of an electron gas as T + 0 is 
ang? aid at 
P= $MEr = 5 5 (ax) 


and equals tens of thousands of atmospheres. 
The isothermal i aaa of an electron gas as T — 0 is 


av 3 

6=-+(e)e=eP 
12.8.8. The distribution function shown in Fig. 12.2 is the most 
probable distribution. The thermodynamic probability of such 
a distribution equals unity. Consequently, the entropy of an 
electron gas at 7 = 0 is equal to zero in accordance with the 
Nernst postulate (see 10.11.2.). 
12.8.9. At T # 0 the Fermi distribution function is as shown 
in Fig. 12.4. It differs from a rectangle (at T = 0) in a region 
near to « and having a width of the order of 2k7. 
The chemical potential » of an electron gas is 


p= E,(t- aes 





where Ey is the Fermi energy. 
The entropy S of a gare electron gas is 


f= 32 a V_ (2m) ky(kT) 
where V = volume of the gas 
k = Boltzmann’s constant. 
AsT>0, S>0. 
12.8.10. The internal energy U of an electron gas equals 


ned, 5 a(aT? 
U=3 NE,|1 +75 a, | 





where WN is the total number of electrons in the volume V. 
The gram-atomic heat capacity C,y of an electron gas at constant 
volume is F 
oU rn’ 
Cav = “OT = ay Nak Ee 

A comparison with the classical expression for the heat capacity 
C,. of a monatomic gas (see 12.9.1.) gives 

Coy _ mt RT 


Coe =F Ey = 0.08 
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since ut = 0.01 at all temperatures at which the electron gas is 


still degenerate. The heat capacity of an electron gas in metals 
is negligible. This is associated with the fact that only an insig- 
nificant number of electrons participate in the change in inter- 
nal energy that takes place in heating. They are in the states 
corresponding to the “drop-down region” of the Fermi-Dirac 
distribution function at T # 0 (Fig. 12.1). 

12.8.11 The energy of gases, as described by quantum statistics, 
is not a linear function of the temperature, and hence the simple 
physical interpretation of the absolute temperature (see 11.2.4.) 
is inapplicable in the region of low teinperatures. 


12.9. Heat Capacity of Monatomic and Diatomic 
Gases 


12.9.1. For a monatomic gas whose molecules have three degrees 
of freedom of translatory motion, the principle of equipartition 
of energy (see 12.4.) leads to the following value of the internal 
energy of one mole of gas: 


U => Na kT 


where Nk = R is the universal gas constant (see 8.1.3.) 

The energy does not depend upon the volume and is proportional 
to the temperature. The molar heat capacity C,y (see 9.3.4.) 
of such a gas is equal to 


6U 


3 eels cal 
Cw = (57), = yNak= The 


mole: deg 


I 


12.9.2. A diatomic molecule is a stable compound of two like or 
different atoms. The nature of the forces that lead to the forma- 
tion of a molecule from isolated atoms is treated in quantum 
mechanics (see 46.1.1). The energy of the molecule is made up 
of the translatory kinetic energy of its centre of mass F,, energy of 
the motion of the electrons in the molecule E,, energy of vibra- 
tion of the nuclei £Z,, and rotational kinetic energy of the 
molecules £,. Thus 


E=E,+E,+E,+E, 
12.9.3. The translatory motion of a diatomic molecule is not 


quantized and differs in no manner from the same motion of a 
monatomic molecule. All the other kinds of internal motion of 


237 


Thermodynamics and Molecular Physics II. 


the molecule are quantized: the energies E,, FE, and FE, assume a 
discrete series of values. 

12.9.4. As a first approximation it may be assumed that the three 
kinds of internal motion of a molecule are independent of onc 
another. At small amplitudes of vibration of the nuclei, the influ- 
ence of vibrational motion on rotation can be neglected, i.e. 
the changes in the moments of inertia of the molecules due to 
vibration are not taken into consideration. 

12.9.5. In dealing with the heat capacity of monatomic and di- 
atomic gases, even at the highest temperatures, the change in 
energy AE, of motion of the electrons can be ignored because the 
adjacent energy levels of the electrons in the molecules are 
arranged at distances of the order of several eV. This corresponds 
to a temperature of tens of thousands of degrees. 

12.9.6. The vibrational motion of the nuclei in a molecule about 


their equilibrium position can be described as the vibration of a 
single particle of reduced mass . = aa . Asa first approxima- 


tion, it can be assumed that such a particle vibrates as a har- 
monic oscillator (see 6.1.10. and 44.4.2.) with an energy 


E, = ho(n ++) 





in which the quantum number n takes integral values (n = 0, 
1,2, ...) and vis the natural frequency of vibrations. The energy 


si (zero-point energy of the oscillator) is conserved as T — 0. 


The change in n obeys the selection rule dn = 0, +1. The differ- 
ence in energy AE, between adjacent levels of vibratory motion is 


AE, = hv 


and does not depend upon the quantum number. 

12.9.7. The rotational motion of a diatomic molecule can be 
regarded, as a first approximation, as the motion of a rigid rota- 
tor (see 44.4.8.) rotating about the centre of mass and having a 
moment of inertia 

MM: r2 
m+m, © 





where m, and m, = masses of the atoms 
rm = distance between the atoms in the molecule. 


The energy of the rotator is 
h2 
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where J = quantum number taking the integral values J = 
= 0, 1, 2, 
B= — = rotational constant of the molecule. 
Upon a change in the rotational quantum states, the selection 
rule for J is: AJ = +1. The distance between adjacent rotational 


energy levels is 
AE, = 2hB(J +1) 


The value 4E, is only 1/1000 or 1/800 of the value 4E,. From 
the energy spectrum of vibrational and rotational states it is 
possible to determine the state sums (partition functions) of 
vibrational and rotational motions of the molecule, Z, and Z,. 
This enables the contribution of vibration and rotation to the 
internal energy U of one mole and to the molar heat capacity 
Cyy to be assessed. 

12.9.8. The contribution of the vibrational motion of diatomic 
molecules to the internal energy and heat capacity per mole is 








SANs, ehh 
Nahy e%F 4¢ 2k? Nghy hy Nahy T. 
Pog DUAN on ee ea = AV G 
Uy= 2 hy he 2 th (s47) 2 th (35) 
etl _» wT 
C _ Nak (4 )’ 1 _ Nak [T.\? 1 
uve “4 NRT) yp hy) 4 (+) ren ne 
sinh? (se) ee (gH) 
where k = Boltzmann’s constant a 


Nu = Avogadro’s number 


h ae . 3 
T, = *. = characteristic temperature of vibrations. 


At high temperatures (T >> T,) 
U, = NgkT = RT 
Curve = Nak =R 


i.e. the formulas coincide with those of classical theory which 
follow from the principle of equipartition of energy. Under these 
conditions, 4E,«<kT and the energy of the oscillator can be 
regarded as varying continuously. 

At low temperatures (T « T,) 


U, = Mahle +N RTC ae 
1% 
Cure = Naka) e * 
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i.e. U, and C,y, are complex functions of the temperature and 
natural frequency. As T + 0 


U-> NahTe _ Nahe 





2 


The quantity Male is called the zero-point vibrational energy of 
the system (see 44.4.3). As T + 0, Cuy, > 0 in accordance with 
the Nernst postulate (see 10.11.2.). The dependence of the vibra- 
tional heat capacity of diatomic 
gases on temperature is shown 
in Fig. 12.3. 

12.9.9. The contribution of rota- 
tional motion of diatomic mole- 
cules to the internal energy and 
heat capacity per mole is 





Cy 





U, = NakT? X 


TIS +1) 





0 a J 7 
FIG.12.3 XSF In Dad + ae 
where T( = soar is the characteristic temperature of rotation. 
At T>T; 
, he 
U, = NakT(1~ gam) 
Cur, = Nak 


i.e. the rotational heat capacity at high temperatures coincides 
with the classical value. 


At T«T; 


a hn? 
U, = Ng kT? 35 In (142 wont) ae BRENA Qo ante? 


An2] 
h? 
1 Rh? )? Na o> gatnar 
Cure © 3( iT) RT? © 





i.e. as T + 0, Cyy, > 0. 
The general shape of the heat capacity vs temperature curve, 
associated with rotation of the molecule, is the same as for the 
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vibrational heat capacity (Fig. 12.3.). Nevertheless, the values 
of T, and 7% differ substantially. 

Characteristic temperatures of vibration (7,) and rotation (7%) 
of certain molecules are tabulated below: 

















Molecule T,, °K Tr, °K Molecule Te, °K To, °K 
H. 6000 85.4 HCl 4140 15.4 
Nz 3340 2.85 HI 3200 9.0 
O: 2230 2.07 








12.10. Statistical Meaning of the Second 
Law of Thermodynamics 


12.10.1. The second law of thermodynamics is equivalent to the 
statement that entropy can never decrease in an isolated system 
(see 10.5.2.). This law can be interpreted statistically by means of 
Boltzmann’s relation: 

S = kiln P+const 


where S = entropy of the system 
k = Boltzmann’s constant 
P = thermodynamic probability of a state. 


(2.10.2. The thermodynamic probability of a state is defined as 
the number of microstates of the system that correspond to the 
given macrostate (see 12.3.3). For a chemically homogeneous 
system, the quantity P indicates in how many different ways 
the given quantitative distribution of particles among the cells 
of phase space can be accomplished irrespective of which cell 
any concrete particle is in. From the definition of P it follows 
that P21. According to Boltzmann’s relation, the thermo- 
dynamic probability of a state of an isolated system can never 
decrease, whatever the processes that occur in it. Thus 


AP = P,-P,>=0 


where P, and P, are the thermodynamic probabilities of two 
consecutive states of the system. In the case of a reversible 
process (see 10.1.1.), AP = 0 and P = const. If the process is 
irreversible (see 10.1.2.), AP > 0 and P increases. An irreversible 
process is one which transfers the system from a less probable 
state to a more probable one. 
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12.10.3. Being a statistical law, the second law of thermodynamics 
expresses the relationships for the chaotic motion of a great 
number of particles making up an isolated system. In systems, 
or portions of them, containing a relatively small number of 
particles, substantial fluctuations (see 12.11.41.) are observed. 
These fluctuations are deviations from the second law of thermo- 
dynamics. 

The second law of thermodynamics is likewise inapplicable to 
systems consisting of an infinite number of particles since all 
states are equally probable in such systems. 


12.11. Fluctuations 


12.11.1. Fluctuations of a physical quantity L, which character- 
izes a system, are the deviations of the true value of quantity L 


from its average value Z, and are due to the chatoic thermal 
motion of the particles of the system. A measure of fluctuation is 


the mean square of the difference AL =L~L, called the square 
fluctuation Ce ict dente ns 
(AL)* = (L-L)’ 
By definition 
(AL)? = L?—2LL—(L)* = L?-2LL+(L)* = -(L)?=0 
If the fluctuations of quantity Z are small, then large deviations 
of L from L are of low probability. The smallness of (AL)? indi- 


cates that the value L is near to L. 
The square fluctuation of the sum of NW independent quantities 
Ly is equal to the sum of the square fluctuations of these 


quantities. Thus 
ay ne ee p 
[Ea - Same 


k=1 





In the case of two independent quantities L; and L, 
(AL,) (AL;) = 0 


12.11.2. The relative error, introduced by substituting the average 
value L for L, can be assessed by the relative fluctuation: 


V(aL)? 
21a, 
# i 
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If the system consists of N independent portions, the relative 
fluctuation of any additive function L of the state of the system 
is inversely proportional to the square root of the number of 


portions. Thus 
6, a 
YN 
12.11.38. If the state of a macroscopic system is characterized by a 
certain variable A, the probability of small fluctuations, as a 
result of which variable 4 may vary in the range from 4 to A+dA, 
is expressed by the Gaussian distribution: 








where 4, = equilibrium value of 4 
A? = (AA)? = (A—A,)? = square fluctuation of A. 


The probability of the given fluctuation is reduced exponentially 
with an increase in its magnitude, as well as with a reduction 
in A?, 

12.11.4. A quantitative measure of the probability of small fluctua- 
tions AA of quantity 4 in a macroscopic system is the work 4A 
which must be done on the system to change quantity 4 by the 
amount 4A. Fluctuations are possible, however, in the absence 
of any real external work (for instance, in a closed system). 
The quantity 4A can be regarded as the change in the potential 
energy of the system as it travels in a certain imaginary (and 
sometimes real) force field. 

Example 1. Consider isothermal fluctuations of the volume V 
and density @. The square fluctuation of the volume is 


(AV)? = (V—V,2? AT _ 
(AV)? = (V—V,) (2), 


where T is the temperature of the system. 
The probability of isothermal fluctuations of the volume is 


_(- Ft 
dw = —e 4” ay 
V2n( av)? 
Thescale and probability of the fluctuations in the volume increase 
with temperature, and also with the isothermal compressibility 


p= -= (), , where v, is the specific volume. The isothermal 
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compressibility should be positive. Otherwise, the probability 
of the fluctuations in volume would increase with its scale. As a 
result, the fluctuations in the volume of a system would either 
increase indefinitely or be reduced to zero. 

The stability condition of the states of a homogeneous substance, 
subject to fluctuations in volume, is 


In particular, for an ideal gas 








(Vp = Bh = Si =e 
(an 


The square fluctuation of the density 0 = + = + (m being the 
mass enclosed in volume JV) is 


The relative fluctuation of the density in volume V is 
59 = ate 

The square fluctuation of the number of particles V contained in 
the given volume V is 
TAA: N°RT 1 
2— - —_———_—__—_. 
(4) ~ ye |(22) | 

| OV /r 





In particular, for an ideal gas 
(AN)? = N 


The molecular scattering of light due to flu¢tuations in density 
is dealt with in 40.4.6. 
Example 2. Consider small isochoric fluctuations in temperature. 
The square fluctuation of temperature is 

hanes 13 

(47 = (T= = 4 


where 7, = equilibrium value of the temperature 
Cy = heat capacity of the system at constant volume. 
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The probability that the temperature will be subject to fluctuation 
is 
_ (2-78 
dw = te #47) aT 


V 2a(4T)? 


Here Cy > 0, since the probability of fluctuations in temperature 
decreases with an increase in their magnitude. This condition 
follows, not only from the theory of fluctuations, but from general 
considerations of thermodynamics as well: if Cy < 0, it would be 
possible to heat a body by removing heat from it. This would 
contradict the second law of thermodynamics. 





12.12. Influence of Fluctuations 
on the Sensitivity of Measuring Instruments 


12.12.1. Modern highly sensitive instruments measure magnitudes 
of the same order as fluctuations due to the thermal motion of 
the molecules in the instrument and the surrounding medium. 
In a single measurement of a certain physical quantity whose 
value is less than the random deviations in the readings of the 
instrument caused by fluctuations, the instrument will give 
incorrect results of measurement. In this case, the instrument 
registers the background, which is a result of thermal motion, and 
not the quantity to be measured. This governs the limit of sensi- 
tivity of the given design of instrument in a single measurement. 
12.12.2. Turning mirror method of making readings (a tiny mirror 
suspended from a thin quartz thread). The limit of sensitivity is 
determined by the fact that the minimum angle of turn of the 
thread that can be measured must be greater than the angle 
of rotation » associated with random oscillations of the mirror 
caused by thermal motion of the molecules in the surrounding 
medium. The mean square angle of deflection, characterizing the 
limit of sensitivity for a thread of radius r and length J, is: 


yee PT 


a 
2G 





where a= 
G = shear modulus of the thread material. 


At T = 300°K, Vor = 210-4 radian for a very thin quartz 
thread (a = 10-® erg). 
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12.12.3. Spring balance. The mass m can be weighed on a spring 
balance if the resulting extension of the spring 4z is greater than 


the fluctuation in the length of the spring V (Ae)? caused hy 
fluctuations in the pressure of the surrounding air anid the ther- 


mal motion. Here 
Vida - V2 


where a is the coefficient of elasticity of the spring. 
The minimum mass m that can be determined in a single meas- 
urement is 


VkTa 
g 





m= 


where g is the acceleration due to gravity. 

12.12.4. A gas thermometer, filled with an ideal gas, enables temper- 
atures to be measured with an accuracy not greater than the 
fluctuations of temperature in the gas. Small changes in the 
temperature of an ideal gas (see 8.1.1.) equal 


Small changes in volume due to fluctuations equal 





Tae kT Vv 
AV = Var? = Cay i 
OV /r 


The fluctuational variations in temperature are 
AT = VV (AT)? = — 
any in 
A gas thermometer does not permit temperatures to be measured 


with an accuracy greater than AT. If the thermometer contains 
one mole of gas (V = N, = 6.02 X10*4), then 


AT = ie 
VNa 
The changes in temperature actually measured in practice 
considerably exceed this value. 
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12.18. Electrical Fluctuations 
in Radio Equipment 


12.18.1. Independent fluctuation effects, observed in radio receiv- 
ers when there is no external statics, produce a noise background 
which limits the sensitivity of the radio equipment. The strength 
of the signal being received should be greater than that of the 
noise background in the receiver. 

12.13.2. The shot effect is the fluctuation in the value of the anode 
current of an electronic tube due to fluctuations in the number 
of electrons emitted by the cathode. A measure of the shot effect 
is the square fluctuation of the current: 


Tans: el, 
(AI)? = a 
where e = charge of an electron 


I, = average current over the time ¢ during which the 
current is measured. 


Il 


According to the conditions under which the formula was derived, 
t is considerably longer than the time 7, required for the passage 
of the electron in the tube. Fluctuations of anode current in the 
tube, which is connected into an oscillatory circuit, cause fluc- 
tuations in the current and voltage of the circuit. The square 
fluctuation of the voltage in the circuit is 


Nao = fe 


where ow = frequency of natural oscillations in the circuit (see 





29.1.1) 
Q= + yz = factor of merit (Q factor) of the circuit 
(see 29.2.9.) 


R = ohmic resistance of the circuit 

L = inductance of the circuit 

C = capacitance of the circuit. 
(2.3.3. The thermal motion of the electrons within the conductors 
is accompanied by transfer of a charge and the occurrence in the 
circuit of a fluctuation electromotive force and a fluctuation current 
which vary randomly in both magnitude and direction. The 
lluctuation emf is determined by the Nyquist formula: 


6%») = 4kTR(») 
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where 6&(v) = fluctuation emf referred to an elementary fre- 
quency band 
R(v) = corresponding resistance. 


As arule, the shot effect leads to greater current fluctuations than 
those due to the thermal motion of electrons. If, however, the 
shot effect is reduced, the current fluctuations associated with 
the thermal motion of electrons become the major factor and 
limit the sensitivity of radio receivers (thermal noise). 


12.14. The Brownian Motion 


12.14.1. The Brownian motion is the continuous haphazard zigzag 
motion of small particles suspended in a liquid or gas. Brownian 
motion continues indefinitely without any apparent changes. 
The intensivity of motion of the Brownian particles depends 
on their size, but not on their nature; it increases with the tempera- 
ture and with a reduction of the viscosity of the fluid in which 
they are suspended. Though not essentially a molecular motion, 
the Brownian motion serves as a direct proof of the existence of 
molecules and the chaotic character of their thermal motion. 
12.14.2. The Brownian motion is caused by the fluctuations in 
pressure applied to the surface of minute particles by the molecules 
of the surrounding medium. The forces constituting this pressure 
vary in magnitude and direction, thereby producing the random 
motion of the particles. 

12.14.3. The probability w(r,t) dr that a Brownian particle, 
located at the initial instant of time ¢ = 0 in an isotropic medium 
at the origin of the coordinates, will be at a distance between r and 
r+dr at the instant of time ¢ is 

= U ~“aDt 2 . 
w(r, t) dr arte r? dr 





The mean square distance r?, over which the particle is displaced 
during the time ¢, is expressed by Hinstein’s equation: 


r? = 6Dt 


where D is the diffusion coefficient of the particle. 
For a spherical particle of radius a 

Bue 

Onna 


te 
- 
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where JT = temperature of the medium 
n = viscosity of the medium. 


The following relationship exists between the diffusion coefficient 
D of a Brownian particle and its mobility uv = +, where fis the 


constant external force acting on the particle and yv is the veloc- 
ity of the particle: 
D=kTu 


12.14.4. In addition to Brownian translatory motion, there is also 
Brownian rotary motion. For a spherical particle, the displa- 
cement is characterized by the angle of rotation 6 (Euler’s angle, 
see 1.4.6.) during the time ¢. The mean square of sin 6 is expressed 
by the relation 


sin? @ = | (1—e-%) 


T 


where D = gay is the coefficient of rotational diffusion. For 


short intervals of time, the mean square of 0 is expressed by a 
formula that resembles the Einstein equation for translatory 
motion: 

>= 4Dt 


For long interval of time 
sin? 6 = z 


This corresponds to equal probability of all orientations of the 
sphere. 


CHAPTER 13 


Real Gases and Vapours. 


13.1. Equations of State of Real Gases 


13.1.1. A real gas is one between whose molecules appreciable 
forces of interaction exist (see 13.2.1.). A vapour is a real gas in 
states near to those in which it condenses into a liquid. Various 
equations of state, differing from the Mendeleev-Clapeyron equa- 
tion (see 8.1.3.), are used to describe the properties of real gases. 
13.1.2. The van der Waals equation of state for a real gas is 


(P+-yz) (Po-B) = RT 


where V, = V, = volume of one mole of the gas 
a = internal pressure due to the forces of attraction 
° between molecules 
b = correction for the intrinsic volume of the molecules, 
which takes into account the repulsive forces be- 
tween the molecules and equals four times the volume 
of the molecules in one mole of the gas. 


b= N,4 nd? 


where N, = Avogadro’s number 
d = diameter of the molecule. 


The quantity a equals 
a = —2nN3, f E,(r)r? dr 
a 
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where £,(r) is the potential energy of attraction of two molecules 
(BE, < 0). 

Quantities a and b are related to the variables of the critical state 
of the gas, p., Vo, and T, (see 13.4.4.), as follows: 


1 9 
b= 3 Vos @= ez RT 0.5 





a 8a 

Vo. = 3b; Pe = O7b2 > T, = 2Q7Rb 

13.1.3. Making use of the dimensionless variables 
BENS pp oF =f, 

Te DS and T= oF 


called reduced state variables, the van der Waals equation can be 
rewritten in the form of the reduced equation of state: 


(x+y) (8p-1) = 87 


which contains no constants peculiar to any one substance. 

Two substances whose states are represented by the same values 
of two reduced variables are said to be in corresponding states 
(theorem of corresponding states). 

13.1.4. The Berthelot equation of state is 


(p+ py) (Vo?) = RT 


in which the constants a and b are related to the variables of the 
critical state, p., Vo, and T, (see 13.4.4.) as follows: 


27 T3 1 
= 2¢ and b= V 
a 64 R De rn Oc 


13.1.5. The Vukalovich-Novikov equation of state is 
BT) , BAT) 
Vy = RT14 -- 4-2 + .. 

Pro [ ees Pe 
where B,, B,, etc. are so-called virial coefficients of very complex 
furm. Taken into account in their calculation are the molecular 
associations which are the joining of molecules of the gas into 
groups (complexes) under the influence of the van der Waals 
forces of attraction (see 13.2.1.). 
13.1.6. Mayer’s equation of state is 


pV, = RT|t- 5 oo 


msim+1 Vo 
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where 


Bu = sive If Rien f YI fig Ut dt, «6. dty41 


m4+1let>jel 


_ Heit, 
fy=e 4 
dz, = dq --- ddim 


‘pj = Mutual potential energy of the i-th and j-th 
molecules which interact according to the law 
of central forces so that E,,, depends upon the 
distance between these molecules 

qu, -++> Im = generalized coordinates of the /-th molecule which 
has n degrees of freedom. 

The integrand in the formula for 8, contains the sum of the 

products f,, for all possible combinations of interactions in a 

group of m+41 molecules. All products containing at least two 

like functions f,; are summed up. 


13.2. Intermolecular Forces in Gases 


13.2.1. Forces of intermolecular attraction and repulsion, which 
are of an electromagnetic and quantum nature, exist between the 
molecules of any gas. Attractive forces, manifested at distances 
r between the centres of the molecules of the order of 10-7 cm, 
are called van der Waals forces. They are the reason for the 
correction of the internal pressure in van der Waals’ equation of 


state (see 13.1.2.), and decrease with distance: f ~ 4 . This com- 
plies with the potential energy which varies according to the law 
E, ~ 4 . Distinction is made between three types of van der 


Waals’ forces. 
(a) Orientational forces between two molecules having constant 
ipole moments p, (see 20.2.7.) tend to arrange the molecules in 
order so that the dipole moment vectors are oriented along a single 
straight line. This is opposed by the thermal motion of the mole- 
cules. At high temperatures the potential energy Ep of orientation- 
al interaction is 
5 Ds 1 ‘ a 
Eo = QintaRT (in SI units) 
where k = Boltzinann’s constant 
T = absolute temperature 
permittivity of free space (see. 20.1.3.). 


7) 
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(b) Induction forces develop between molecules having high polar- 
izability. If the molecules are packed sufficiently close to each 
other, then, under the action of the electric field of one of them, 
an induced dipole moment p, = #,aE is developed in the other 
molecule. Here, a is the polarizability of the molecule and E is 
the electric field of the first molecule. The potential energy E, of 
inductive interaction is independent of temperature. Thus 


ap? 1 
Bx'ez r® 


E, = (in SI units) 


(c) Dispersion forces develop as a result of the excitation of vibra- 
tion of the electrons in the molecule (or atom) under the influence 
of the vibration of the electrons in another molecule (or atom). 
The electrons in adjacent molecules vibrate in phase with one 
another and this leads to attraction between the two molecules 
(or atoms). The magnitude of the dispersion forces is determined 
by the zero-point energy (see 12.9.6.) of the molecules (or atoms), 
if their vibrations can be regarded as the vibrations of linear 
harmonic oscillators (see 6.1.10.). With this assumption, the 
potential energy EZ, of dispersion interaction is 





7 —_ _ethro 1 Pare) Area 
Ey = Beata? 48 (in SI units) 
where h = Planck’s constant 
_e = charge of the electron 
Ny = ~ y= = frequency of vibration of the atom regarded as 
an oscillator 
a = coefficient of elasticity (see 5.3.3.). 


The total potential energy E, of the van der Waals forces is 
E, = Eo + E, + Ep 


The orientational forces of attraction are of major importance for 
polar molecules (see 20.7.2.); the dispersion forces are the more 
prominent for all other molecules. The energy of van der Waals 
attraction comes to about 0.1 to 1 kcal per mole. In most cases, 
the van der Waals forces of attraction are exceeded by the sub- 
stantially greater chemical valence forces of attraction having 
energies in the order of 10 to 100 kcal per mole. 

According to a simplified model of the van der Waals forces, the 
molecules of the gas—absolutely clastic spheres —are attracted 
with the forces that reach their maximum value when the spheres 
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come into contact. Repulsive forces, manifested at shorter dis- 
tances, are replaced by an infinitely large elastic force which. is 
developed upon contact of the spheres. In this model, the inter- 
nal pressure in the gas reaches its maximum value at a distance 
r between the molecules equal to their diameter. 

13.2.2. Molecular interaction at small distances cannot be ex- 
pressed by a power law and is of a complex nature. At distances 
between the centres of the molecules r =< 10-® cm, a quantum 
exchange interaction develops between 
neutral atoms. This leads either to strong 
attraction (chemical bonds, see 46.1.1.) or 
to the development of considerable repul- 
sive forces. 

13.2.3. The repulsive forces decrease with 
an increase in the distance between the 
centres of the molecules according to the 


1 : 
law frp & a where n = 9, i. e. at a con- 


siderably higher rate than the forces of 
attraction. The curves in Fig. 13.1 show 
the dependence of the various forces on 
rig.13.4 the intermolecular distance r. Curve J rep- 
resents the forces of attraction; curve 2, 
the repulsive forces and curve 3, the resultant forces of interac- 
tion. The region of space in which the forces of interaction bet- 
ween a given molecule and other particles are essentially mani- 
fested is called its sphere of molecular action. 





¢ 
, 

nN 

an 1 


13.3. Throttling of Gases. The Joule-Thomson Effect 


13.3.1. The throttling of a gas is a reduction of its pressure as it 
passes adiabatically through a narrow opening or a porous plug. 
The throttling process is irreversible; it is accompanied by an 
increase of entropy (see 10.5.1.). The enthalpy (see 9.1.6.) of the 
gas is the same in its initial and final states in throttling. ‘ 
13.3.2. The change in the temperature of the gas in throttling is 
known as the Joule-Thomson effect. The differential Joule- 
Thomson effect is described by the equation 


aT 4 av 
Gre = @& I,-71 
and is observed when there is a sufficiently small drop (differential) 
in pressure from p to p+dp. Distinction is made betwecn: 
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the negative Joule-Thomson effect 


T($r),-V< 0 and dT > 0; 


and the positive Joule-Thomson effect 


T(Sr)-V>0 and dT <0 


If 7(3¥) —~V = 0, then dT = 0, i. e. the Joule-Thomson cffect 


is absent. This effect is never observed in an ideal gas. 
The temperature at which the sign of the Joule-Thomson effect. 
changes for a given gas is called the inversion temperature Tiny. 
It is determined by the equation 
oT 

Piny = VG) 
13.3.3. The integral Joule-Thomson effect is observed with a 
finite pressure drop in the throttle. Its equation is 


Ep A(pV) 


where AE, is the change in the 
potential energy of interaction 
between the molecules of the gas. 


13.4. Isotherms of Real 
Gases. Vapours. Critical 
State of Substances 


13.4.1. An isotherm of a real gas 
is a curve showing the depen- 
dence of its molar volume on the 
pressure in an isothermal process. 
Shown in Fig. 13.2 are experi- 
mental isotherms of gaseous car- 
bon dioxide (7,< T < T,< FIG.13.2 

<T, < T;~< 7,). 

13.4.2. At T < T, any isotherm is a curve representing a contin- 
uous transition of the substance from the gaseous to the liquid 
state. At T >.T,, the substance is in the gaseous state. Point 
S represents superheated vapour. Compression brings this vapour 
to point D—the state of dry saturated vapour — which is in thermo- 
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dynamical equilibrium (see 10.9.8.) with the liquid. The pressure 
Ps of the dry saturated vapour depends only upon the tempera- 
ture and the chemical nature of the vapour, increasing with tem- 
perature. The temperature of superheated vapour is higher than 
that of saturated vapour at the same pressure. The difference in 
temperatures of these vapours is called the superheat of the vapour. 
Compression of dry saturated vapour changes it into wet saturated 
vapour, a two-phase state of the substance, being a mixture of 
boiling liquid and dry saturated vapour. The quantity of dry 
saturated vapour per kilogram of wet saturated vapour is called 
the dryness of the vapour. The quantity of liquid per kilogram of 
wet saturated vapour is called the moisture content of the vapour. 
Compression of wet saturated vapour brings it into the liquid 
state. Point B represents the state of a boiling liquid. 

18.4.3. The transition of a substance from the gaseous to the 
liquid state is called condensation of the vapour. The amount of 
vapour that condenses in one second on 1 cm? of the liquid surface 
equals 


M = 4.374X1075 p Vz (in g-cm~?-sec™}) 


p = vapour pressure in dynes per cm? 
# = molecular weight of the substance 
T = absolute temperature. 


In the case of pure vapours, having no contact with either the 
liquid phase or absorption-active substances (see 15.6.2.), a 
condition for the condensation of even super-saturated vapour 
(of a pressure p > py) is the presence of condensation centres 
(gas ions, dust particles, etc.). If no condensation centres are 
available, vapour condensation begins at spots of higher density 
in the substance. These spots are like fluctuations in density 
(see 12.11.4.). 

18.4.4. At the critical temperature (T = T,), the difference in 
the molar volumes of the dry saturated vapour and the liquid 
becomes equal to zero. The horizontal portion of the isotherm 
becomes the inflection point C (critical point), at which 


(sr )ra2, = 0 and (eee ms 


The values of pressure p,, molar volume Vp», and temperature 
T, at the critical point are called the critical variables of the gas. 
As T + T,, the difference between the liquid and gaseous phases 
of the substance disappears, the specific heat of vaporization 
becomes zero, as does the surface tension. Near the critical point, 
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critical opalescence is observed. This is extensive scattering of 
light in a substance due to its optical inhomogeneity resulting 
from fluctuations in density and an increase in compressibility 
(see also 40.4.6.). 
18.4.5. The isotherms of real gases, A 
plotted according to the van der ? 
Waals equation (see 13.1.2.), exhibit 
a minimum and a maximum in the 
region of wet saturated vapour with 
a rising segment between them (por- 
tion BDE FG in Fig. 13.3). This por- 
tion of the isotherm is cut by a ho- 
rizontal straight line BG, corres- 
ponding to the normal process of 
phase transition, into two hatched 
surfaces of equal area (Mazwell’s 
equal area rule). The metastable states 
of the substance (see 10.9.9.), repre- 
sented by points on segment BD of 0 % Vo 
the curve, are known as the super- FIG.13.3 
heated liquid. The segment GF of the 
isotherm corresponds to supersaturated vapour. It is practically 
ips to obtain states corresponding to points on segment 
ED. 





13.5. Gas Liquefaction 


13.5.1. The liquefaction of gases, i.e. their conversion into the 
liquid state, is accomplished by cooling them below the boiling 
point (see 14.4.3.) ata given pressure. This can be done by reducing 
their volume only if the gas temperature is below the critical 
value. Gases with a critical temperature over 223°K (chlorine, 
ammonia, etc.) are liquefied by compressing them in a compressor 
followed by condensation in a heat exchanger. 

13.5.2. In cascade liquefaction, ammonia (T, = 405.5°K) is 
liquefied by isothermal compression and boils as the pressure is 
reduced. The boiling heat is removed from another gas which 
complies with the condition: 


405.5°K > T, > T’ 


where 7” = boiling point of ammonia 
T, = critical temperature of the second gas. 


This cools the second gas to a temperature below its T, and it is 
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then liquefied by isothermal compression. In the third and follow- 
ing cascades, oxygen, nitrogen, hydrogen (fifth cascade) and 
helium (sixth cascade). can be liquefied by this method. 

13.5.3. The commercial method of gas liquefaction is based on the 
application of the positive Joule-Thomson effect (see 13.3.2.). 
The process consists in cooling a highly compressed gas to room 
temperature. Then it is throttled adiabatically several times and 
cooled until liquefaction begins. , 

13.5.4. The most advanced and efficient refrigerating machines 
are expanders, or expansion engines, of the reciprocating or 
turbine types. In these devices a compressed gas expands adia- 
batically either in a cylinder with a piston or in a turbine. The 
gas is cooled and liquefied by the work done in expansion. 


CHAPTER 14 
Liquids 


14.1. General Properties and Structure 
of Liquids 


14.1.1. Liquids are bodies which have a definite volume but do 
not have clasticily of form (absence of a shear modulus, see 15.7.12.). 
paquids are distinguished for their strong molecular interaction 
and, as a consequence, low compressibility. The low compressi- 
bility of liquids is explained by the fact that a small reduction in 
the already small intermolecular distances leads to the appearance 
of large intermolecular forces of repulsion. The compressibility 
(see 10.7.3.) of liquids varies in a range from 2X10-® to 2x 
10-4 atmo). 

(4.1.2. Ordinary liquids are isotropic. Exceptions are liquid 
crystals whose anisotropy in respect to certain physical properties 
is associated with the predominance of definitely oriented mole- 
cules in various microvolumes of the crystals. 

(4.1.3. Short-range order is observed in liquids. This is the ordered 
relative arrangement (or mutual orientation in liquid beer 
of neighbouring particles of the liquid within small volumes. 
The structure of a liquid and its physical properties are described 
hy aset of distribution functions concerning groups of its particles. 
Of greatest significance is the radial distribution function G(r). 
The number of particles in a spherical layer of thickness dr and 
at a distance r from the arbitrarily chosen (central) particle is 


aN = 4nn,G(r)r? dr 


N. : : 
where ay = “y is the average concentration of the particles. 
The radial distribution function is determined from the data 
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obtained in X-ray structure analysis, and in electron and neutron 
diffraction studies (see 37.5.6.). 

With the assumption that the interaction between molecules is 
of a pairwise nature and is accomplished by central forces having 
a potential U(r), the following equation of state may be derived 
for simple liquids consisting of spherical symmetric molecules: 


7 ayy 
iT = 1-8 fe G(r)? dr 


where p = pressure 
v = average volume per particle of liquid 
k = Boltzmann’s constant 
T = absolute temperature. 


The average energy E per particle is 
B= SaT+% f U(r) Giryrtar 


The explicit form of thefunction p = p(v, T) is determined by 
the form of the functions U(r) and G(r) which may be found by a 
number of theoretical methods. 

14.1.4. The molecules of a liquid execute thermal vibrations 


about an equilibrium position with an average frequency +, 


near to the vibrational frequencies of atoms in crystals, and an 
amplitude determined by the “free volume” made available to 
the molecule by its nciehi ours, Upon the elapse of the time 
T >> T,, these positions of equilibrium are displaced by a distance 
of the ‘order of 10-® cm. The average time 7 (with respect to a 
large number of molecules) is called the relaxation time. It is a 
characteristic time and is related to the displacement of particles 
of the liquid at a distance 6 whose order of magnitude is equal 
to the average distance between adjacent molecules: 


3 — 3 —_——- 
= T F 
OR Vz a Nye 





where /¢ = molecular weight 
o = density of the liquid 
N44 = Avogadro’s number. 


For water 0 ~ 34107" cm. 
These displacements are not of a continuous nature, but in the 
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form of activated jumps that overcome a potential barrier of 
height E (activation energy). The energy EF results from the bonds 
between the molecule and the adjacent particles. The length of 
time 7, the “settled-life time” of the molecule in a temporary 
equilibrium position, is reduced with arise in temperature accord- 
ing to the law 


Zz 
tT oc eff 
where k is Boltzmann’s constant. 


The time 7 determines the average velocity v of thermal motion 
of molecules in aliquid. Thus 


sti] ool 


v= 


14.1.5. This concept of the character of the thermal motion of the 
molecules of a liquid (see 14.1.4.) explains the principal property 
of liquids—their fluidity. The action of a constant external force 
F on a liquid leads to a preferred direction of the jumps of the 
particles of liquid along the direction of this action. The result is 
a stream of particles flowing in the direction of force action, i. e. 


fluidity. A measure of the fluidity of a liquid is — where 7 is the 


viscosity. If the external force F is variable, but its period T > 7, 
a flow of particles is initiated and fluidity of the liquid is manifested 
as before. If, however, T « z, the mechanism of fluidity does not 
have the chance to manifest itself and the liquid is subject to 
elastic deformation, not only of the tension-compression type, 
hut also shear deformation (see 15.7.12.). The latter is due to the 
tangential stresses in the liquid. 

(4.1.6. Many facts are witness to the resemblance between liquids 
and solids. X-ray structure analysis (see 37.5.6.) indicates that 
the arrangement of particles in liquids at temperatures near to 
the crystallization point is not chaotic. X-ray photographs of 
liquids at low temperatures resemble those of polycrystalline 
solid bodies. A liquid can be regarded as a body consisting of a 
very large number of nonoriented crystalline particles of sub- 
microscopic size (cybotaxic regions). Within the limits of each of 
such regions, a sufficiently regular relative arrangement of the 
particles is maintained. 

(4.1.7. Many physical properties of liquids differ only slightly 
from those of solids. Thus, crystalline bodies have a slight fluidity 
which is manifested in their plastic deformation. In melting solid 
lhodies, the relative increase in volume is quite small (~10 per cent). 
Hence, the distances hetween the particles of the liquid that is 
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obtained are almost the same as those in the solid, and the arran- 
gement of particles in the liquid retains some resemblance to that 
in the solid. A comparison of the heats of fusion and vaporization 
shows that the latter is from 30 to 40 times the former. This is 
also evidence of the small change in the distance between the 
particles of the substance in its transition from the crystalline to 
the liquid state. The heat capacity of bodies remains almost 
unchanged when they are melted. 

14.1.8. Liquids are divided into two classes: nonassociated and 
associated. The former have low values of the relative electric 
permittivity K, (see 20.1.5.), independent of the temperature, and 
the dipole moments of their molecules (see 20.7.4.) equal zero 
(hexane, benzol, etc.). Associated liquids have stronger polarity, 
their molecules have p, # 0 and K, depends on the tempcrature 
(water, alcohols, etc.). In associated liquids, complexes consisting 
of a considerable number of molecules are formed. The value of 
K, for liquids varies from 2 (nonpolar hydrocarbons) to 81 (water). 
14.1.9. In cases when the spatial hoinogeneity of density, tempera- 
ture or velocity of ordered motion is impaired in liquids, trans- 
port phenomena (see 11.4.2.) occur. These phenomena obey the 
same differential equations as the corresponding phenomena in 
gases. The expressions for the transport coefficients of gases are, 
however, not applicable to liquids. 

At high temperatures, near to the critical value (see 13.4.4.), 
the occurrence of internal friction in liquids is associated with 
the transport of momenta by the molecules. At temperatures near 
to the fusion point (solidification point), the momentum of a 
single molecule varies in accordance with the vibrations of the 
particles about their temporary position of equilibrium. At low 
temperatures, the viscosity of liquids varies according to the law 


& 
n © Te? 


where E is the activation energy (see 14.1.4.). 
The viscosity 7 decreases rapidly with an increase of 7; for gases, 


on the contrary, 7 increases proportionally to /7. At high press- 
ures, the viscosity of liquids increases rapidly with the pressure, 
which is associated with an increase in the activation energy and 
the corresponding increase in the relaxation time (see 14.1.4.). 
14.1.10. In a chemically homogeneous liquid, the coefficient of 
diffusion D grows sharply with the temperature according to the 
aw 
Do “em 
o bi e 
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where d = average distance between the molecules in the liquid 


Z) = average period of vibration of the molecules about 
the equilibrium position. 


The increase of D with T can be explained, in the main, by the 
sharp increase in relaxation time 7 and a certain increase in d. 
At temperatures near to the critical value, the coefficients of 
diffusion in liquids take values close to those for gases (see 11.4.10. 
and 11.4.11.). 


14.2, Properties of the Surface Layer 
of Liquids 


14.2.1. Owing to various interactions between molecules at the 
interface of two contacting phases (a liquid and its saturated 
vapour, two incompletely miscible liquids, a liquid and a solid, 
etc.), a resultant force, applied to 1 cm? of the surface layer, is 
observed, directed inwardly in one of the phases. In particular, at a 
liquid-vapour interface, this force is directed into the liquid. 
14.2.2. To transfer molecules from the bulk of the phase into the 
surface layer, it is necessary to do work which increases the 
surface energy. This creates surplus energy of the particles in the 
surface layer in comparison with their energy within the remain- 
ing volume of the phase. 
In order to increase the surface layer of a liquid isothermally at 
the expense of the molecules in its interior, it is necessary to 
frentorm work that increases the free surface energy of the liquid. 
‘hus 
A = (Fs—Fy)N 

where Fy— Fy = average difference between the free energy 

at the surface Fy and in the interior volume 

Fy, (per molecule) 

N = number of molecules in the surface layer of 
the liquid. 


14.2.3. The work done in the formation of 1 cm? of surface (speci- 
fic free surface energy) is called the surface tension o of the given 
liquid at the boundary with the other phase. Thus 

o= 4 = (Fs— Fy) = = (F,—Fy)n 
where ny = z is the number of molecules per cm? of the surface 
layer, 
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The surface tension can also be expressed by the formula 


where AF = change in the free surface energy 
AS = change in the area of the surface layer. 


At the boundary between a liquid and its vapour and at room 
temperatures, o varies in a range from 15 ergs per cm? (hydro- 
carbons) to 2000 ergs per cm? (molten metals). As the temperature 
increases and nears the critical value (see 13.4.4.) the difference 
between the liquid and its saturated vapour vanishes. Near the 
critical temperature, as T + T., 0 > 0. Farther away from T,, 
the value of o decreases linearly with an increase in temperature. 
The surface tension can be reduced by adding surface-active 
substances (soaps and fatty acids) which are adsorbed on the 
interfaces and reduce the free surface energy (see 15.6.2.). 
14.2.4. If the surface of a liquid is confined by a wetted perimeter 
(see 14.3.1.), the value of o equals the force acting on unit length 
of aie perimeter and directed tangent to the free surface of the 
iquid. 

14.2.5. A condition of stable equilibrium for a liquid is its minimum 
free surface energy. In the absence of external forces, a liquid has 
the minimum possible surface area (for the given volume) and 
assumes the form of a sphere. 


14.3. Wetting. Capillary Phenomena 


14.3.1. At the boundary of contact between three phases (J— 
liquid, 2—gas and 3—solid), a phenomenon called wetting is 
observed (Fig. 14.1). The free sur- 
face of the liquid near the solid 
surface is curved and is called the 
meniscus. The line along which 
the meniscus contacts the solid 
body is called the wetted perime- 
ter. The phenomenon of wetting 
is characterized by the wetting, or 
contact, angle 6 between the wet- 
ted surface of the solid and the 
meniscus at their point of contact 
(wetted perimeter). 

14.3.2. A measure of wetting is 
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cos 6, determined from the equation 


O23 913 
O11 


cos 6 = 


where go, are the surface tension values at the three interfaces. 


If d23 > O33, then 6 < > , i.e. the liquid has a concave meniscus 
and wets the solid (Fig. 14.1a). In this case, the surface of the 
solid is said to be hydrophilic (carbonates, silicates, sulphates, 
quartz, etc.). 


If 045 < 043, then 0 > + , the liquid has a convex meniscus and 


does not wet the solid (Fig. 14.1b). The surface of the solid, in 
this case, is said to be hydrophobic (pure metals, sulphides, gra- 
phite, etc.). If o,;—0,3 > O12, then 6 — 0, i.e. the meniscus is 
tangent to the surface of the solid (ideal wetting). The intermolec- 
ular forces, acting in this case on a particle of the surface layer, 
are fully compensated and the free surface energy of this layer 


has its minimum value. If, finally, 7,3 ~ 03, then 0 > = and the 
liquid has a flat free surface. This case is known as the absence of 
wetting and nonwetting. 
14.3.3. The curved shape of the surface layer leads to the devel- 
opment of additional pressure on the liquid. This pressure depends 
upon the surface tension o and the curvature of the surface. 
According to Laplace’s law, for an average curvature of 
171i, 
H=s(ete) 
determined by the principal radii of curvature R, and R,, the 
pressure under the curved surface of the liquid equals 


Pu = Po. +o(3-+z) 


where pox is the pressure when the surface of the liquid is flat. 
The additional pressure, which depends upon the curvature, is 
4,4 
Pru = (n+p) = 20H 


If the meniscus is convex, pry > 0; if it is concave, pry < 0. 
If the meniscus is of cylindrical form, then R, = R, R, =o 
and 


ye 
Pru = R 
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In the case of a spherical surface, R, = R, = R, and 


eee 
Pru = R 


The additional pressure within a bubble of radius R is due to the 
two surfaces of the spherical film. Thus 


ho 
Pau = 


14.3.4. In narrow cylindrical vessels (capillary tubes) of radius r, 
the level of a wetting (nonwetting) liquid is higher (lower) than 
the level in a larger vessel, into which the capillary tube is placed 
vertically, by the amount 
—_ 20 COB 8 
Tee 
where o = density of the liquid 
g = acceleration due to gravity 
0 = wetting, or contact, angle. 


(Jurin’s rule) 


If the liquid is in a narrow slit of constant width 5 between two 
parallel plates, the meniscus of the liquid will be a cylindrical 


surface of radius + and the level in the slit will be above (for a 


wetting liquid) or below (for a nonwetting liquid) the general 
level of the vessel, in which the plates are immersed, by the 
amount 
20 cos @ 
h= aa 
og 





14.3.5. The pressure of the saturated vapour (see 13.4.2.) above 
the curved surface of a liquid depends upon the form of the 
meniscus. In the case of a concave (convex) surface, it is less 
(greater) than above a flat surface by the amount 


where vg = density of the saturated vapour 
0, = density of the liquid 
Pru = additional pressure due to the curved surface. 


14.4. Vaporization and Boiling of Liquids 
14.4.1. Vaporization, or evaporation, is the process of vapour 
formation at the free surface of a liquid. It takes place at any 
temperature and increases as the temperature is raised. Vapor- 
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ization, from the molecular standpoint, means the flying off of 
molecules from the surface layer of the liquid. The molecules 
possessing the highest velocities and kinetic energy are the first 
to fly off, hence the remaining liquid is cooled as a result of vapor- 
ization. The rate of vaporization u,i.e.the amount of liquid trans- 
formed into vapour per second, depends upon the external pressure 
and the motion of the gaseous phase above the free surface of the 
liquid. Thus 


a EE 
tle?) 


where C = constant 
S = area of the free surface of the liquid 
Pp, = pressure of saturated vapour 


pressure of the vapour above the free surface of the 
liquid being vaporized 

Po = external barometric pressure. 
14.4.2. Boiling is the process of intense vaporization of a liquid, 
not only from its free surface, but throughout the whole volume 
of the liquid within the bubbles of vapour that are produced in 
the process. The pressure p within a bubble of vapour is found 
by the formula 
P = Pot egh+ Pra 


where py = external pressure 


egh = hydrostatic pressure of the overlying layers of 
the liquid 

Peu = te = additional pressure associated with the cur- 
vature 


r = radius of the bubble of vapour 

h = distance from the centre of the bubble to- the 
surface 

o = density of the liquid 

o = surface tension of the liquid. 


14.4.3. The boiling of a liquid begins at a temperature at which 


Py = Pot ogh + 22. 


where p, is the pressure of saturated vapour within the bubble and 
the other quantities have the same notation as in the preceding 
paragraph 

At small radii r, the pressure p, is quite high and the liquid boils 
at. comparatively high temperatures. If the liquid contains centres 
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of vaporization (dust particles, bubbles of dissolved gases and 
vapour, etc.), then paw « po, as a rule, and boiling starts at lower 
temperatures. If ogh « py, then the approximate condition for 
boiling is 
Po = Po 

The temperature of a liquid at which the pressure of its saturated 
vapour is equal to the external pressure is called the boiling point. 
14.4.4. If a liquid boils at a constant pressure po, its temperature 
remains constant. Heat transferred to the liquid is expended only 
in vaporization. The heat r,, required to vaporize a unit mass of 
liquid heated to its boiling point, is called the heat of vaporization 
(latent heat of boiling). 
The change in the internal energy of a liquid, as a unit of its 
mass is transformed into vapour at the boiling point, is called 
the internal heat of vaporization. ,The heat of vaporization de- 
creases as the boiling point is raised and becomes zero at the crit- 
ical temperature (see 13.4.4.). 
14.4.5. The boiling of liquids and the condensation of vapours are 
examples of first-order phase transitions (see 10.9.11.). The heats 
of phase transitions for the vaporization and fusion processes (see 
15.5.4.) are determined by the Clapeyron-Clausius equation (see 

10.9.13.). For the boiling of liquids it takes 
C the form 






dp 

ry = (v, -v,)T > 

Liguid / Vapour Re ae 
where v, and v, are the specific volumes of 
the liquid and vapour at the boiling point 
T. The dependence of the boiling point on 


e the pressure is expressed by the equation 
FIG.14.2 aT _ WU p 





Since v, > v, and r, > 0, then = > 0. A phase equilibrium curve 


of the vaporization process is shown in Fig. 14.2. It ends at the 
critical point C. The boiling point increases with pressure. 


14.5. Properties of Dilute Solutions 
14.5.1. A dilute solution is a mixture of several substances in which 
one is predominant and the others are small admixtures. The 


principal substance is called the solvent and the others, solutes. 
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A solution may be solid (solid solutions), liquid (true aqueous and 
nonaqueous solutions), or gaseous (gaseous mixtures). 

If the solute can be divided into separate molecules (molecularly 
dispersed substance), a true molecular solution is obtained. In a 
true ionic solution, the solute is dissociated into ions. There are 
also colloidal solutions which are particles of a substance suspended 
in a solvent. 

14.5.2. The amount of the solute is specified by its concentration 
(see 8.2.4.). * 

Solutions in which the molecules of the solute are completely 
dissociated into ions in strongly associated solvents are called 
solutions of strong electrolytes. The ions that are formed interact. 
with the molecules of the solvent (hydration phenomena). 
14.5.3. Chaotic motion of the solute molecules, similar to that of 
gas molecules, is observed in dilute solutions. Nevertheless, 
neither Maxwell’s law of the distribution of molecular velocities 
(sce 11.2.1.) nor the law of free path distribution (see 11.3.2.) 
nor other gas kinetic laws are valid for the solute molecules. 
14.5.4. The experimental method of studying the properties of 
true solutions consists in observing osmotic phenomena — the 
penetration of the solvent into the solution through a porous 
partition (membrane) which is impermeable to the solute and 
separates the solution from the pure liquid. Exchange of the 
molecules of the solvent on the two sides of the membrane takes 
place through it. As a result of predominant motion of the solvent 
molecules toward the solution, equilibrium in the solvent- 
membrane-solution system is maintained by osmotic pressure 
developed by the solute in the solution. The osmotic pressure 
Pom is calculated by the van’t Hoff law: 


Posm = > RT 


where n= number of moles of the solute in volume V of the 
solution 
R = universal gas constant 
T = absolute temperature. 


Because of the similarity between the van’t Hoff and Clapeyron- 
Mendeleev equations (see 8.1.3.) the osmotic pressure is sometimes 
erroneously interpreted as the result of the impacts of molecules 
of the solution on the walls of the vessel. 

14.5.5. The equilibrium concentration of the dilute solution, 
obtained in dissolving a gas in a liquid or solid, is proportional 
to the gas pressure and independent of the nature of the gas and 
of the condensed phase (Henry’s vapour pressure law). This 
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statement is valid only in the absence of chemisorption (chemical 
adsorption)—chemical interaction between the gas and the solid 
solvent (see 15.6.2.). 

14.5.6. The pressure of a saturated vapour above a dilute solution 
is less than that above a pure liquid. The relative reduction in 
vapour pressure is proportional to the concentration of the solution 
and does not depend upon the chemical nature of the solute 
(Raoult’s law). 

14.5.7. The introduction of molecules of the solute in the solvent 
raises the boiling point and reduces the solidification point of the 
solution by an amount proportional to the concentration of the 
solution and independent of the chemical nature of the solute 
(Raoult’s law). 

The crystallization of solutions is dealt with in 15.5.9. 


14.6. Superfluidity of Helium 


14.6.1. A complex of special properties are observed in helium 
at extremely low temperatures: 

(a) there is no triple point (see 15.5.11.); 

(b) at pressures p < 24 atm, helium will not crystallize even 
when it is cooled to however low temperatures ; 

(c) the isotope He (see 47.1.3.) has the following critical variables 
(see 13.4.4.): T, = 5.19°K and p, = 2.26 atm. At standard 
pressure, Hef is liquefied at T = 4.2°K and the density of the 
liquid helium is anomalously low. 

14.6.2. As the temperature is lowered to 7 = 2.2°K and at 
standard pressure, a A-transition, which is a second-order phase 
transition (see 10.9.11.), occurs in He?: liquid He J undergoes a 
transition to He IJ. As the pressure is increased, the A-transition 
temperature is reduced. 

14.6.3. Superfluidity, a phenomenon observed in liquid He II, 
is the practically complete absence of viscosity (see 11.4.4.) as 
it flows through very narrow capillary tubes (of a radius r =~ 1075 
cm). The coefficient of viscosity in this case will be less than 
10-" poise. 

14.6.4. According to the two-fluid theory, liquid helium of mass m 
at T < 2.2°K is a mixture of two components which are com- 
pletely interpenetrating without friction: the normal modification 
(of mass ‘m,) and the superfluid modification (of mass m, = 
= m-—m,). This corresponds to the two types of motions that 
exist simultaneously in He II. The first of these motions 
corresponds to the flow of a liquid in which thermal motion has 
been excited. This motion is regarded as the totality of “infini- 
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tesimal thermal excitations” with energies of h»,, where h is 
Planck’s constant and » is the frequency of the phonons (see 
15.3.7.) corresponding to these excitations. This flow is said to be 
normal; it is similar to the motion of an ordinary viscous liquid. 
The store of internal energy of He II and its internal friction 
(viscosity) is associated with this first type of motion. The second 
type of motion corresponds to the flow of a liquid in which there 
is no thermal excitation, store of internal energy nor viscosity. 
From a detailed investigation of the mechanism for the develop- 
ment of “infinitesimal thermal excitations” in He II, based on the 
laws of the conservation of energy and momentun,, it follows that 
states of He II can exist in which no infinitesimal excitations are 
developed. In these states, the particles of He II form an aggre- 
gate (condensate) of strongly interacting particles. This state 
corresponds to the superfluid part of He II. 

At T = 0, there are no “infinitesimal excitations” and all of the 
IIe II is superfluid. The percentage of the normal part of He II 
increases with a rise in the temperature 7. At T = 2.2°K, there 
is a continuous transition of He II to He I (first-order transition, 
see 10.9.11.). 

14.6.5. An anomalously high thermal conductivity is observed 
in He II. It is hundreds of times higher than that of metals at 
room temperatures. For this reason, no apparent temperature 
drop is found in He IJ; it cannot boil, but only evaporates from 
the free surface. The high thermal conductivity of He II is due 
to the intensive convection currents which are generated in 
nonuniformly heated liquid helium when the percentage of its 
normal component increases near to the heater. At a steady-state 
thermal conduction (see 15.3.2.), two motions in opposite direc- 
tions exist simultaneously in He II. The normal motion is from 
the heater to the refrigerator; the superfluid motion is from the 
refrigerator to the heater. Energy is transported in the form of 
heat by the normal motion. The superfluid motion from the 
refrigerator to the heater delivers new portions of liquid capable 
of taking part in the normal motion. There is no macroscopic mass 
transfer in these motions since they compensate each other. 
14.6.6. As He II flows through a narrow capillary tube between 
two vessels, the temperature of the vessel from which (to which) 
it flows rises (drops). This phenomenon, called the mechanocaloric 
effect, is due to the fact that the superfluidic component of He II 
flowing out of the vessel possesses no internal energy and, conse- 
quently, carries none away. For this reason, the specific internal 
energy and the corresponding temperature of the liquid remain- 
ing in the vessel are raised, 


CHAPTER 15 





Crystalline Solids 


15.1. General Properties and Structure 
of Solids 


15.1.1. A solid body, or simply solid, is one distinguished for its 
constancy of form and volume. Solids are classed as crystalline 
and amorphous. 

15.1.2. Crystals are solids which have a regular periodic arrange- 
ment in their component particles (long-range order and a crystal 
lattice). Crystals are bounded by flat faces, orderly arranged in 
reference to one another, which converge at the edges and ver- 
tices. At temperatures below that of crystallization (see 15.5.5.), 
the crystalline state is the stable one for all solids. 

Monocrystals (single crystals) are regular polyhedrons whivsec 
shape depends upon their chemical composition. Most solids are 
polycrystals and have a finely crystalline structure, i.c. they are 
made up of a great number of small, chaotically arranged crystals 
(crystal grains, or crystallites) that have grown together. 

15.1.3. Crystals possess symmetry in that any given direction in 
the crystal corresponds to one or more directions which arc 
exactly the same with respect to the properties being considered. 
The symmetry of crystals is investigated by means of symmetry 
operations, as a result of which the crystal coincides with itself 
in various positions. The simplest of such operations (rotation, 
reflection and translation—parallel displacement) are associated 
with the elements of symmetry. The simplest elements of symmetry 
are the axes and planes of symmetry. A group of symmetry opera- 
tions, consisting commonly of a combination of rotations, reflec- 
tions and rotations with reflection, is called a symmetry class. 
15.1.4. Distinction is made between scalar, vector and tensor 
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physical propertics of crystals. Scalar properties (density, heat 
capacity, etc.) are uniquely determined by specifying the magni- 
tudes of the physical quantities that govern these properties. 
Vector properties (thermal conduction, electric resistance, etc.) are 
determined by specifying the quantities that characterize them 
in three directions which are characteristic for the crystal (along 
the principal coordinate axes of the crystal). Tensor properties are 
determined by specifying their magnitudes in more than three 
directions in the crystal (relative electric permittivity, elastic 
properties, etc.). 

15.1.5. In accordance with the nature of the forces of interaction, 
the type of bonds and the kind of particles located at the crystal 
lattice points, distinction is made between the following types of 
solids: 

(a) Metals (Na, Fe, etc.). When atoms of the elements arranged 
at the beginning of each period of Mendeleev’s Periodic Table 
(see 45.6.4.) come close together, the valence electrons leave their 
atoms and become collectivized, thereby forming an electron gas 
in metals (see 21.2.1.). This provides a uniform distribution of 
electron density throughout the lattice. The electron density is 
somewhat higher only in the vicinity of the lattice points due 
to the inner-shell electrons of the atoms. Metallic bonds are devel- 
oped in the lattice between the positive ions and the electron gas. 
These are a specific type of chemical bond, since the conditions 
for forming an ionic (heteropolar) (see 46.1.8.) or atomic (homo- 
polar) bond (see 46.2.8.) are not complied with in atoms of metals. 
The collective electrons of metals “constrict” the positive ions, 
mainly by means of the electrostatic forces, thereby compen- 
sating for the repulsion between the ions. As the distance between 
the atoms decreases in the lattice, the electron density increases, 
as do the forces which constrict the ions and the repulsion forces 
between them. At definite distances (lattice constant), these forces 
counterbalance one another and a stable metallic crystal lattice 
is obtained. The potential energy of interaction of metallic bonds 
constitutes dozens of kcal per mole (for instance, 26 kcal per mole 
for Na and 94 kcal per mole for Fe). Metals are distinguished for 
their high thermal and electrical conductivity. 

(b) Ionic crystals (NaCl, LiF, metal oxides, sulphides, carbides, 
selenides, etc.) are characterized by their ionic (heteropolar) 
bonds (see 46.1.8.) between regularly alternating positive and 
negative ions at the lattice points. The potential energy of the 
bond constitutes hundreds of kcal per mole (for instance, 180 kcal 
per mole for NaCl and 240 kcal per mole for LiF) or 10° joules 
per mole. Characteristic features of ionic crystals are their high 
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melting points and great heats of sublimation, strong absorption 
in the infrared regions, and low electrical and thermal conductiv- 
ities at low temperatures. Considerable ionic conductivity is 
observed at high temperatures. 

(c) Valence (atomic) crystals (C, Ge, Te, etc.) are characteristic 
for the crystal lattices of semiconductors (see 23.1.1.) and of many 
organic solids. Such crystals are also found in certain metals and 
intermetallic compounds. The chemical bond between the neutral 
atoms—a homopolar bond (see 46.2.8.)—is due to quantum- 
mechanical interaction. The potential energy of the bond con- 
stitutes hundreds of kcal per mole (for example, the bond energy 
of diamonds is 170 kcal per mole). The principal properties of 
valence crystals are: high melting point and great heat of subli- 
mation, high mechanical strength (hardness), and low electrical 
conductivity in pure specimens. 

(d) Molecular crystals (Ar, CH,, paraffin, and many solid organic 
compounds). The molecules are located at the crystal lattice 
points and the bonds between them are developed by van der 
Waals’ forces, chiefly dispersion forces (see 13.2.1.). The potential 
energy of this bond constitutes several kcal per mole (for example, 
1.8. kcal per mole for Ar and 2.4 kcal per mole for CH,). Their 
principal properties are: low melting and boiling points and close 
packing in the molecular crystals. When inert gases are solidified, 
they acquire a cubic close-packed structure. 

(e) Hydrogen-bonded crystals (ice, HF, etc.). An atom of hydrogen, 
having a single covalent (atomic) bond (see 46.2.8.), is, in some 
cases, bonded to two atoms, forming a hydrogen bond with the 
potential bonding energy of ~ 5 kcal per mole. To form this bond, 
the atom of hydrogen gives up its electron to one of the atoms of 
the molecule. The hydrogen ion (proton) that is obtained forms 
the hydrogen bond mainly as a result of ionic interaction. The 
atoms are very close together and the proton cannot provide a 
bond for more than two atoms. Such a bond acts between mole- 
cules of water and, in conjunction with the attraction of the dipole 
moments of the H,O molecules, provides for the special properties 
of water and ice near 4°C. A hydrogen bond is observed between 
protein molecules. It provides for their specific geometry and 
plays a leading role in the polymerization process—the formation 
of groups of identical molecules (see 17.1.1.). 

15.1.6. The relationships that exist between the crystalline struc- 
ture of solids and their chemical composition are investigated in 
crystal chemistry. All chemically individual substances are charac- 
terized by definite clements of symmetry of their crystals. The 
most important principles of crystal chemistry are: (a) the simi- 
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larity of the form of crystals in substances having similar chemical 
compositions (isomorphism) and (b) the existence of several crys- 
talline forms of solids of the same chemical composition, each form 
being stable under different conditions (polymorphism). A signif- 
icant role is played by X-ray structure analysis (see 37.5.6.) in 
the development of crystal chemistry and the general study of 
crystalline solids. By the aid of such analysis it has been established 
that each structural element of the crystal (atom or ion) has a 
practically impervious “sphere of action” and that the interatomic 
distances in crystals are the sums of the radii of their spheres of 
action. Thus, the structure of ionic crystals depends essentially 
upon the relations of the ionic radii. 

15.1.7. The thermal motion of the bonded particles of solids 
consists of vibrations of the particles in reference to the points of 
the crystal lattice. As a result of the combined action of the forces 
of attraction and repulsion between the particles, as well as the 
lack of complete uniformity in the lattice spacing of real crystals, 
these vibrations are not harmonic (anharmonic vibrations). 
Harmonic vibrations correspond to the square-law variation of 
the potential energy of interaction E,(q) of the particles with 
respect to the deviation of q particles from the equilibrium position 
(see 6.2.2.). The anharmonicity of the vibrations is taken into ac- 
count by the terms following the quadratic one in the expansion of 
E,(q) according to the powers of q. As a first approximation, the 
anharmonicity is taken into consideration by retaining the cubic 
term in the expansion for the potential energy of interaction of 
the particles according to the powers of g. Thus 


2 bq? 
E,(q) = E+ Bo -- a 
where E, 9 = value of E, when g = 0 
By = coefficient of quasi-elastic force (sec 6.2.3.). 


15.2. Thermal Expansion of Solids 


15.2.1. Solids expand as the temperature is raised. This is called 
thermal expansion. Distinction is made between linear and volume 
thermal expansions which are characterized by the average coeffici- 
ents of linear a, and volume ap expansion for the given temperature 
range. 

15.2.2. If J, is the initial length of a body and Al the elongation of 
the body upon heing heated At degrees, then a, in this temperature 
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range is determined by the formula 


The quantity a, characterizes the elongation per unit length 
4! that occurs when the body is healed one degree. The length of 


the heated body is 
l= 1,(1+4, At) 


The value of a, depends upon the material and, for most bodies, 
has an order of magnitude of 10~5 to 10~® deg—". A slight depen- 
dence of a, on temperature is also observed. 

15.2.3. The volume V of a solid increases in heating. As a first 
approximation, this increase is proportional to the first power of 
the temperature increment. Thus 


V = Vyo(t+ay At) 
initial volume of the body 


average coefficient of volume expansion in the 
temperature range At. 


The value of ay characterizes the volume increase per unit volume 
A ‘ 
a that occurs when the body is heated one degrce: 


a 4 AV 
all Vo At 


where V, 
ay 


il 


As a first approximation, the relation of coefficients a, and a, 
is of the form 
a= 3a; 


6.2.4. The thermal expansion of solids is associated with the 
anharmonicity of the thermal vibrations (see 15.1.7.) of the par- 
ticles of their crystal lattices. The force acting on a particle is 


dE ,(q) 
Hays Sahat 


The average value of the force F is zero for the equilibrium state 
of the crystal. Hence, for strictly harmonic vibrations (F = 


= —6gq), G= -5 =0 and no thermal expansion can occur. 
Actually 

gia oe 

q Bo 2 
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But, according to the law of equipartition of energy (see 12.4.1.), 
et 
Bo = kT 

where k = Boltzmann’s constant 


T = absolute temperature. 
Consequently, 


Owing to the anharmonicity of thermal vibrations, the equilibrium 
distance r, between adjacent particles of a solid increases with 
temperature. The coefficient of linear expansion is related as 
follows to the coefficient of anharmonicity b: 


yt NT Sain ORE 
! rT 83 ry 





15.38. Thermal Conduction in Solids 


15.8.1. The phenomenon of thermal conduction of solids consists 
in the transfer of energy in the form of heat in a nonuniformly 
heated solid body (without thermal radiation). In the general 
case, the temperature T at various points of a body may vary in 
the course of time: T = f(z, y, 2, t), where z,-y, and z are the 
coordinates of the point and t is the time. The kind of function f 
is established by solving Fourier’s differential equation of heat 
condugHon, which, for a homogeneous isotropic body, is of the 
orm 


oT dy 
oe = 2 aT + 
where qy = amount of heat evolved by internal sources of the 
body in unit volume per unit time 
ce = specific heat of the body 


e@ = density of the body 
4 = differential Laplacian. 


The quantity a, which characterizes the rate of temperature 
equalization in a nonuniformly heated body, is called the thermo- 
metric conductivity. In meaning, a is the reduced thermal conduc- 
tivity K (see 11.4.3.) and they are related by the equation 


K 
aera (for gases, c=c,) 
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15.3.2. In the case of steady-state thermal conduction (+ = 0) 


aAT+ 2% = 0 
ce 
In the absence of internal sources of heat (qy = 0) 
AT = 0 


Data required for a practical solution of thermal conductivity 
equations are: (a) initial conditions T = f(z, y, z, 0) and (b) 
boundary conditions (heat exchange conditions at the boundary 
of the body). 

15.3.3. In the case of a flat wall of infinite extent separating two 
media 7 and 2 that have the constant temperatures T,, and 7,2 
(7.1 > T.2), the thermal flux* through the wall is 


K 
qe a= (Ts1— Toe) 
or 
q= Ter— Tee — Ta-Tes 
4 d 1 R 
+ 


aq K ag 





where 7;, and 7,. = temperatures of the external surfaces of 
the wall 
d = thickness of the wall 
K = thermal conductivity of the wall material 
(see 11.4.3.) 
a, and a, = heat transfer coefficients (see 19.4.5.) from 
the first medium to the wall and from the 
wall to the second medium. 


The quantity 


is called the thermal resistance and its reciprocal - , the coefficient 


of overall heat transfer. 
The temperatures at the external surfaces are 


4 
Ty = Ta and Ty. = Te.+- 





* The thermal flux is the amount of heat transferred in unit time across unit 
area at constant temperature in a direction normal to the area. 
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The temperature of a single-layer wall at a distance / from surface 
lis 
T= T,-75™ 1 


These formulas are also applicable for walls of finite size under 
the condition that Z >> d, where L arc the linear dimensions of 
the side surfaces of the wall. 

15.3.4. For walls in the form of a long hollow cylinder having media 
with the constant temperatures T., and T,, (TJ. > T.2) inside 
and outside the cylinder, the thermal flow through unit length of 
the cylinder in unit time is 

i= 2aK( To — To2) 

In 2. 


or 
a Ter— Tez) 
et Ae 
ad; 2K" dy * agds 








where 7, and T,, = temperatures of the internal and external 
surfaces of the cylinder 


d, and d, = inside and outside diameters of the cylinder 

K = thermal conductivity. of the cylinder wall 
material 

a, and a, = heat transfer coefficients at the internal 


and external surfaces of the cylinder. 


The temperatures at the internal and external surfaces of the 
walls are 
q 1 q 1 
Ty = Ta = re and Ty. = T.2+ = Cade (*) 

The temperature of a single-layer wall at a distance of r from the 
axis of the cylinder is 

en un 

P= Tu — ong in 
15.3.5. In the case of a spherical wall of internal diameter d, and 
external diameter d,, separating two media with the constant 
temperatures 7,, and T.2 (T.1 > T,.), the thermal flow Q through 
the wall in unit time is 


Q = KH (TT) 
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where d is the wall thickness, or 





y_ m™ Tey — Ten) 
scree Gs oy el awe 
adj 2K \dy dy] agd§ 


where the notation is the same as in 15.3.4. The temperatures of 
the walls are calculated by formulas similar to equation (+). 
The temperature of a spherical wall at a distance r from the centre 
of the sphere is 


a ane es 


15.3.6. Metals are distinguished for their high thermal conductivity 
which is accomplished mainly as the transport of energy by the 
free electrons. The electron thermal conductivity of metals is 

K = ines k2ngA(E p) 


3) mu(E p) 





where k = Boltzmann’s constant 
ny = number of electrons in 1 cm? of the metal 
m ="mass of the electron. 


ME) and u(Ep) = Pr are the free path and average velocity 
of thermal motion of the electrons corresponding to the Fermi 
energy Ey of electrons at the temperature T = 0 (sec 12.8.6.). 
In the classical approximation of an ideal electron gas 


K= 4 kn ght 


where 4 and &@ are the mean free path and average velocity of 
thermal motion of the electrons. i 

Thermal conduction in metals accomplished by the crystal lattice 
(lattice heat conduction) is substantially less than the electron 
conduction. 

15.3.7. In metallic crystals, the thermal conduction mechanism 
comprises the transfer of energy by the conduction electrons 
(see 24.2.1.). The main rolein crystalline dielectrics is played by the 
transfer of energy by means of the coupled vibrations of the lattice 
points. As a first approximation, this process can be conceived as 
the distribution of a set of harmonic elastic waves, having the differ- 
ent frequencies »; throughout the crystal. In quantum theory, 
these waves are correlated with quasi-particles—phonons—having 
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energies hy, and momenta ds , where vis the velocity of the elastic 


waves (velocity of sound). 

Lattice heat conduction can be regarded as the motion of phonons 
in the crystal. The mean free path 4 of the phonons is a kinetic 
characteristic, analogous to the mean free path of molecules (see 
11.3.2.). The lattice heat conductivity of crystals is 


1 = 
K, = -z vA 

where c = heat capacity of unit volume 

v = velocity of sound 

A = mean free path of the phonons. 
For example, for the NaCl lattice ee t= 0°C and the values 

ca. a 

c= 0.45 cal percm’ and K=0.17 paderee A = 23X10-8 cm. It 


is four times the distance d = 5.63X10-8 cm between adjacent 
ions in the face-centred cubic lattice of NaCl. The mean free path 
A of the phonons is determined by their geometrical scattering 
(scattering by the crystal boundaries, lattice defects and amor- 
phous structures) and their scattering by anharmonic vibrations 
of the lattice points (scattering of phonons by phonons). The last 
process does not occur with harmonic vibrations. At high tem- 
peratures, T > ©, where @ is the Debye characteristic temperature 
of the crystal (see 15.4.3.), the scattering of phonons by phonons 


leads to the relationship 1 ~ + ;at T<O 
O) 
Awe 8 
Geometrical scattering is significant at large values of 2, compara- 


ble to the linear dimensions d of the specimen. In this case, one 
observed at low temperatures, a sharp reduction in the thermal 


conductivity of pure crystals occurs and the relation K = end 
becomes valid. At not too low temperatures, K ~ + in accordance 
with the relationship 4 ~ 4. At low temperatures, K ~ 7? 


since ec ~ T? (see 15.4.5.). 
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15.4. Heat Capacity of Solids 


15.4.1. No distinction is made for solids between the heat capac- 
ities C, and Cy (see 9.4.4.). The specific and atomic (or molar) heat 
capacities, as well as the heat capacity per unit volume are used 
(see 9.3.3. and 9.3.4.). In nonmetallic solids, the largest contri- 
bution to heat capacity is made by the energy of thermal vibra- 
tions of the particles at the crystal lattice points. In addition, 
the small heat capacity of the degenerate electron gas (see 12.8.10.) 
should be taken into account in metals. 

15.4.2. The coupled vibrations of particles in a crystal containing 
N atoms can be regarded, as a first approximation, as those gen- 
erated by a system of 3N independent linear oscillators (corre- 
sponding to the 3N degrees of freedom) with frequencies from 0 


tO Maz. Then 
Nua C N viv? ) 
maz Van Vi Qvi+v3 





where v, and v, are the velocities of longitudinal and transverse 
clastic waves in a crystal of volume JV. 
15.4.3. The energy U of one gram atom of a solid and its atomic 
heat capacity C, are calculated by means of the state integral 
Z (see 12.3.8.) using the formulas listed in the table in 12.3.10. 
The theory of the heat capacity of solids, based on the concept 
of elastic waves in the crystal, leads to the equation 

e 


-9N, (zy f a? In (1 —e-*) dx 


9N49 


InZ=- aT 


where T = temperature of the crystal 
O= Wess = Debye characteristic temperature of the crystal 


k = Boltzmann’s constant 
h = Planck’s constant 
N, = Avogadro’s number. 


15.4.4. In the region of high temperatures (T >> 0) 


8 9 8 
InZ =—-3N,In=-= Nu atNa 
U = kT? oinZ x= 3N,kT 
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from which 
ae (37), = 3N,k = 3R = 5.97 cat 


grain atom-deg 

The same result can be obtained from the principle of equiparti- 

tion of energy (see 12.4.) and it coincides with the experimentally 

established Dulong and Petit law: the atomic heat capacity of all 

chemically simple crystalline solids is approximately equal to 
cal 


gram atom-deg ~ 
15.4.5. In the region of low temperatures (JT « @) 


= —9N49, atNa (TY? 
InZ = — “yee +F4 (6) 
u = Kp PB? = 2 yo 4 tS 





The first term in the right-hand side of the ae for U is the 
energy of the crystal as T-0. 

The heat capacity of a crys- ¢, 
tal at low temperatures is pro- ¢ 
portional to T* (Debye’s T® « 
law). Thus 


15.4.6. In the intermediate 
region (7 =@), the energy and 
heat capacity of a crystal are 
complex functions of tempe- 
rature depending upon the 16.154 

results of the integration of 

In Z (see 15.4.3.). The general shape of the curve showing the de- 
pendence of the atomic heat capacity on the tempcrature is illus- 
trated in Fig. 15.1. 





So NW %&% & 


Z 2 


15.5. Phase Transitions in Solids 


(5.5.1. In heating a solid, the heat delivered to it is expended 
mainly in increasing the internal energy of the crystal (kinetic 
energy of thermal vibrations and potential energy of interaction 
of the particles at the crystal lattice points). Intense heating may 
lead to the transition of the substance from the crystalline to the 
liquid phase (melting or fusion) or to the gaseous phase (sublima- 
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tion). This occurs at a temperature at which the deviation of the 
particles from the equilibrium position is commensurate with the 
equilibrium distances between the particles in the lattice. 

15.5.2. A solid, upon being heated, begins to melt at a definite 
temperature T,, called the fusion temperature, or melting point. 
The process of fusion of a single-component crystal (see 7.1.5.) 
takes place at a temperature 7, which is constant for the given 
pressure. 

15.5.3. The amount of heat that it is necessary to deliver to unit 
mass of a solid at constant temperature 7, in order to melt it is 
called the heat of fusion ry: 


ry = W—U,t+ p(v,—v,) 


where u; and u, = internal energies per unit mass of the liquid 
and solid phases 

specific volumes of the liquid and solid phases 
constant pressure of the first-order phase 
transition (see 10.9.11.). 

15.5.4. The relationship between the fusion temperature and the 
oo is expressed by the Clapeyron-Clausius equation (see 
10.9.13.): 


v, and v, 


aT; = T(vj—5) 
dp =e Ty 
As a rule, v, > v, and, since r,> 0, then au > 0. In most 


substances, the fusion temperature increases with pressure. In 
certain substances (e. g. water, gallium or bismuth), the density 
of the liquid phase is higher 


Uy > Vs , Y<vs than that of the solid phase. 

P : f Thus v, —v,<0 and ay < 0. 
Solid Liguid The fusion temperature of 
Solid such substances decreases 


with an increase in pressure. 
The solid-liquid equilibrium 
curves of a two-phase system 
are shown in Fig. 15.2. The 
fusion process is associated 
with an increase in the en- 
¥IG.15.2 tropy of the system (see 

10.5.1.) as it is a transition 

from a more ordered crystalline state bo a less ordered liquid state. 
15.5.5. In cooling liquids tv a certain temperature, called the 
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temperature of crystallization (solidification) T,,, the transforma- 
tion of the substance from the liquid to the solid crystalline state 
(crystallization) begins. Crystallization proceeds with the evolu- 
tion of an amount of heat, equal to the heat of fusion. Chemically 
pure liquids crystallize at a constant temperature, and T,, coin- 
cides with the melting point T,. 

15.5.6. In the process of crystallization, the motion of the particles 
of liquid becomes more ordered, and the time of their “settled” 
existence (relaxation time, see 14.1.4.) is lengthened. Gradually, 
the motion of the particles is transformed into coupled vibrations 
spon certain middle positions which are the points of the crystal 
attice. 

15.5.7. To initiate crystallization, the liquid must contain centres 
of crystallization (impurities, dust particles, gas bubbles, clusters 
of higher density in the liquid, etc.). Proper arrangement of the 
particles is originated primarily at these places in the liquid, and 
the formation of the solid phase begins. 

15.5.8. If there are no centres of crystallization in the liquid, and 
heat is removed sufficiently slowly and uniformly, the liquid may 
be cooled to a lower temperature than that of crystallization 
(supercooled liquid). This state of the liquid is metastable (compare 
with supersaturated vapour, see 13.4.3.) and can be easily dis- 
turbed (shaking, for example, is suffi- 
cient to initiate crystallization in a 
supercooled liquid). 

15.5.9. The crystallization tempera- 
ture of a solution (see 7.1.5. and 
14.5.1.) depends upon its composi- 
tion. Points A and B in Fig. 15.3 
represent the crystallization tempe- 
ratures (or melting points) of the pure 
substances A and B. An addition of 
one of the substances to the other 
lowers the crystallization tempera- 
ture of the solution (or the melting point of the alloy that is 
formed). At a certain concentration c, of substance B (point E), the 
lowest crystallization (fusion) temperature is reached. A solution 
(alloy) of such a composition is called the eutectic and the fusion 
tomperature of the eutectic is called the eutectic point. 

(5.5.10. The vaporization of solids (sublimation), occurring at 
any temperature, is accompanied by the absorption of the heat 
of vaporization which is expended to overcome the bonding 
forces belween the particles of the solid and to “tear away” the 
particles from the surface of the solid. The difference between the 
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heats of vaporization of solids and liquids at the fusion tempera- 
ture is equal to the heat of fusion. 
15.5.11. The solid-vapour equilibrium curve in a p-T diagram is 
called the sublimation curve. The solid-vapour, solid-liquid and 
liquid-vapour equilibrium curves of a cer- 
tain substance are shown in Fig. 15.4. 
They intersect at the triple point Tr where 
the substance is simultaneously in the solid, 
liquid, and vapour phases which coexist 
in equilibrium. 


15.6. Adsorption 


15.6.1. Adsorption is the concentration (con- 
densation) of one of the substances (compo- 
nents) that occurs in the boundary layer 
at the interface between two phases. For instance, substances 
from a gas or solution may concentrate on the surface of a solid 
or liquid. The concept of sorption includes both the surface 
adsorption of asubstance by asolid or liquid and the volume absorp- 
tion of a substance. The substance being adsorbed is called the 
adsorbate; the body which constitutes the adsorbing surface is 
called the adsorbent. Desorption is the reverse process in which 
a previously adsorbed substance is given up by the surface that 
adsorbed it. 

The adsorbed particles are retained on the surface for a certain 
length of time which depends upon the nature of the adsorbent 
and adsorbate, the temperature and the pressure. As the adsorp- 
tion process proceeds, its intensity falls and the role of the 
desorption process grows. Adsorption equilibrium is reached when 
equal rates of adsorption and desorption are established. 

15.6.2. Physical adsorption is the phenomenon in which the 
particles of adsorbate retain their individual properties. In chem- 
ical adsorption (chemisorption), the molecules of the adsorbate 
form a chemical compound with the adsorbent. The forces in 
physical adsorption are of the same nature as the intermolecular 
forces in gases, liquids and solids (see 13.2.4.). Physical adsorption 
proceeds at a very high rate if it is not complicated by secondary 
processes. Chemisorption proceeds slowly at low temperatures 
and its rate increases with temperature in the same way as the 
rate of chemical reactions (activated adsorption). 

The adsorption process is accompanied by the evolution of heat. 
The heat of physical adsorption is of the order of magnitude of 
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condensation heat and ranges from 1 to 5 kcal per mole for simple 
molecules and from 10 to 20 kcal per mole for complex molecules. 
The heat of chemisorption is comparable to the heat of chemical 
reactions (10 to 100 kcal per mole). 
Adsorption is a process accompanied by a reduction in free energy 
of the surface layer of the adsorbent (sce 14.2.2.). The adsorbate 
should make a smaller contribution to the surface energy of the 
adsorbent, i.e. it should have a lower surface tension than the 
adsorbent (see 14.2.3.). 
15.6.3. A quantitative measure of adsorption is the adsorption 
value I" which is the mass of the given component in moles 
per cm of the surface layer in excess of the amount that would be 
contained in the same volume of the contacting phases. According 
to Gibbs’ equation : 
oO 

sean 77 
where o = surface tension 
j = chemical potential (see 10.9.3.) of the given compo- 

nent upon equilibrium between the phases. 


If the component is adsorbed from a medium in which its concen- 
tration c is low, the Gibbs equation can be transformed to 


where ee = Gis the surface activity of the adsorbate and charac- 


terizes its capacity for reducing the surface energy of the adsorb- 
ent during adsorption. 


15.7. Elastic Properties of Solids 


15.7.1. Deformation of a solid is a change in its dimensions and 
volume accompanied, in most cases, by a change in its shape as 
well. In certain cases (triaxial compression or tension), no change 
in shape occurs. Deformation may be caused by a change in 
temperature (see 15.2.1.) or by external forces. In deformation, 
the particles at the crystal lattice points of solids are displaced 
from their initial equilibrium positions to new ones. This is 
opposed by the forces of interaction between the particles. As a 
result, internal elastic forces are developed in the deformed body. 
rhe forces counterbalance the external forces applied to the 
vody. 
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15.7.2. Deformation is said to be elastic if it disappears as soon as 
the forces causing it cease, the particles being displaced “rever- 
sibly” from their new equilibrium positions in the lattice to their 
previous ones. Nonelastic deformations of a solid, accompanied 
by an irreversible rearrangement of its crystal lattice, are said 
to be plastic. 

15.7.3. The stress o is a physical quantity equal in magnitude to 
an elastic force F,, per unit area S of the cross section of the body. 

us 
dFa 


dS 





The stress is said to be normal if force dF,, is normal to the surface 
dS and tangential, or shearing, if the force is tangential to this 
surface. 

15.7.4. A measure of the deformation is the unit deformation 


= which equals the ratio of the absolute deformation Az to the 


initial value x, characterizing the dimensions or shape of the body. 
It is often called the unit strain. 

15.7.5. Hooke’s law states that the stress o in the elastic defor- 
mation of a body is proportional to the unit strain. Thus 


oe ed 
x 


where K is the modulus of elasticity, equal in magnitude to the 
stress which is developed upon unit deformation equal to unity. 


The quantity a = z is called the deformability. Hooke’s law is 


valid only within definite limits of deformation. The stress at 
which the deformation is no longer proportional to the stress is 
called the limit of proportionality. 

15.7.6. Longitudinal, or uniaxial, extension (compression) consists 
in elongating (shortening) a body by the action of tensile (com- 
pressive) force F. Elastic extension (compression) ceases when 
F., = F, where F,; is the elastic force. A measure of deformation 


e 


is the elongation (compressive strain) + . In this case, K = E and 
is called Young’s modulus. 


Then & = + . According to Hooke’s law 
Fl 
al = Fs 
where I = initial length of the body 
Al = change in length when load F is applied. 
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At Al = 1, Young’s modulus £ = z = 0, i.e. it is equal in magni- 
tude to the stress developed in a specimen when its length is 
doubled (shortened by one half), all other conditions being con- 
stant. 

15.7.7. Longitudinal elongation (compressive strain) is accom- 


panied by lateral contraction (expansion) as where d is the trans- 
verse dimension of the specimen. Poisson’s ratio wu is the ratio 
of the lateral contraction (expansion) a to the elongation (com- 


. - 9) Al 
pressive strain) 7 


et SAD ge GAL 
a | 


15.7.8. Beyond the limit of proportionality (see 15.7.5.), denoted | 
by point A in the tensile stress-strain diagram (Fig. 15.5), elon- 
gation increases faster than the stress. The 

elastic limit (point A’) isthe maximum stress 7 RC D 
that a body can withstand without ex- a’ 

hibiting a permanent deformation (one that A 

remains in the body upon a complete rele- 

use of the stress). The yield point (point 4 
R) characterizes the state of the deformed TT 
body beyond which elongation increases 

without any increase in the acting force 2 

(horizontal portion BC). The ultimate r1g.15.5 
strength is the maximum stress that a body 

can withstand before rupture. It is called the tensile strength if the 
body is in tension. 

15.7.9. Upon repeated deformations beyond the elastic limit, the 
elasticity and the proportionality limit of the body will increase 
when it is completely freed from the deforming forces. This 
phenomenon is known as cold, or strain, hardening. 

15.7.10. The volume density w, of the potential energy of a body 
subjected to tension (compression) is determined by the work A,, 
done in overcoming the elastic forces, per unit volume of the 
body. Thus, for the range of stresses in which Hooke’s law holds 
o 


QE 


~ 


Wg = Ag = 
where o = stress 
E = Young’s modulus. 


(6.7.11. Deformation of dilatation (uniform compression) consti- 
lutes the increase (decrease) in the volume of a body without 
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changing its shape due to the Jacting of tensile (compressive) 
forces which are uniformly distributed over the whole surface of 
the body. According to Hooke’s law 


_ yp av 
a= Kk 


AV. = ° : ° ~- 
where + is the_relative increase (decrease) in the volume_of a 


body due to the action of the stress 0. The value X is the bulk 
modulus (modulus of volume elasticity) equal to the stress at 
which the relative increase (decrease) in volume is unity. Thus 
E 
K = Sq-m 
where E£ = Young’s modulus 
“# = Poisson’s ratio. 


15.7.12. Shear is the type of deformation in which all flat layers 
of a solid, parallel to a certain plane 
(shear plane), are displaced parallel 
to one another without distortion or 
any changes in size (Fig. 15.6). Shear 
results from the action of force F, 
applied tangentially to face BC 
which is parallel to the shear plane. 
Face AD is fixed. A measure of the 


”y14.45.6 unit deformation = (see 15.7.4.) is 


the angle of shear 9 (unit shear 
strain), expressed in radians. For small deformations 


Ax 
x 





0s tan@ = 


where Ax = CC’ is the absolute shear. 
According to Hooke’s law, the unit shear strain is proportional 
to the tangential (shearing) stress. Thus 


a, == = GO 


where G is the shear modulus, equal in magnitude to the tangen- 
tial, or shear, stress that produces a unit shear strain equal to 
unity. Itis related to Young’s modulus E£ (see 15.7.6.) and Poisson’s 
ratio 4 (see 15.7.7.) as follows 


E - 
=a (tt+e)" 
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15.7.13. The potential energy per unit volume of a deformed body 
in shear is 
o 

we = 3G 
15.7.14. Torsion is the deformation of a specimen, fixed at one 
end, under the action of a couple applied in a plane perpendic- 
ular to the axis of the specimen. The moment M™, of this couple 
is called the torsional moment. Torsion consists in the relative 
twist of cross sections, parallel to one another and perpendicular 
to the axis of the specimen. If a circular cylindrical body is in 
torsion, the cross sections, perpendicular to its axis, rotate about 
this axis, retaining their shape and remaining parallel to one an- 
other. If gis the angle of rotation and z is the distance measured 
along the axis of the specimen from the fixed end, then the differ- 
ence between the angles of rotation of two infinitesimally near 
cross sections (at a distance dz from each other) equals 


dp = “2 dz = 6 ds 


where 6’ = “ is the relative angle of torsion which is a measure 
of the deformation. The total angle of rotation of a given cross 
section is proportional to its distance from the origin of coordi- 
nates: 


gp = 0% 

15.7.15. Hooke’s law for torsion is 
ya Me 
Oe GJ 


where M, = torsional moment 
= shear modulus 
J = polar moment of inertia of the cross section. 


The polar moment of inertia of a circular cross section of radius 
Ris J = 7, 
The angle of rotation between the extreme sections of a specimen 
of length L is 


The moment required to twist a homogeneous circular rod of 
length Z and radius R through an angle 9 is 
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15.7.16. The specific potential energy (per unit volume) of a 
deformed (twisted) circular cylinder is 
_ Mjr’ 
= 9G5F 
where r is the distance from the axis of the cylinder. 
15.7.17. If a body attached to the lower end of a fixed cylindrical 
wire has a moment of inertia J with respect to the axis of the 
wire, the differential equation of torsional oscillations (see 6.2.5.), 
produced by torsion, is of the form 





The solution of this equation enables the period of torsional 
oscillations to be calculated. 


CHAPTER 16 





Amorphous Substances* 


16.1. General Properties and Structure 
of Amorphous Substances 


16.1.1. Amorphous substances are ones which do not have crystal- 
line structure in the condensed state, but, in contrast to liquids, 
possess elasticity of form (their shear modulus, see 15.7.12., 
is not equal to zero). 

Ordinary glass, sulphur, selenium, glycerine and most of the 
high polymers (see 17.1.1.) can exist in the amorphous state. 
16.1.2. Under definite conditions, amorphous substances are 
vitrified, i.e. their properties and the laws they obey are trans- 
formed from those of the liquid state to those of the solid 
state. 

16.1.3. The transition of an amorphous substance from a liquid 
to a solid state upon a change in temperature or pressure is called 
structural vitrification. Changed in such a transition are the volume, 
enthalpy (see 9.1.6.), as well as the mechanical, electrical and 
other properties of the substance. 

16.1.4. In a liquid, each given temperature corresponds to its 
equilibrium molecular structure. As the temperature is changed, 
the structure of the liquid becomes rearranged and tends to the 
equilibrium structure for the new temperature. The rate of this 
rearrangement is determined by the relaxation time 7 (see 14.1.4.). 
At high temperatures, z is short and the structure of the liquid 
does not differ practically from the equilibrium structure. The 
change in the properties (for instance, the volume) is related to 


* ‘his chapter was written by T. N. Khazanovich, Cand. Se. (Eng.). 
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the changes in the relative arrangement of the particles and the 
average distance between them (portion AA’ in Fig. 16.4). 
Upon cooling the substance at a certain finite rate, 7 in- 
creases, the change in structure begins to lag behind the tem- 
perature change, and thestructure is no longer the equilibrium one. 
Temperature T, (in Fig. 16.1) is the 
V upper boundary of the vitrification re- 
gion. Below a certain temperature, the 
relaxation time becomes so long that 
there is no further change whatsoever 
in the structure. This temperature T, 
is the lower boundary of vitrification. 
Below T,, the substance is in the solid 
state (C’B in Fig. 16.1). Amorphous 
substances in the solid state are called 
vitrified substances or, more simply, glas- 
ses. 
16.1.5. Vitrification and softening (tran- 
7, 7y72 T sition from the solid to the liquid state 
16.16.41 upon increasing the temperature) take 
place in a fairly wide temperature 
range—up to several dozens of degrees. Conditionally, however, 
the transitions are characterized by a single temperature, 
which is called the vitrification temperature T, or softening 
temperature T;, and is arbitrarily selected from the transi- 
tion interval. In investigating volume changes, these tempe- 
ratures are usually determined by the intersection of the 
straight portions (BD and CA in Fig. 16.1); in investigating 
changes in heat capacity, the inflection point of the C,-T curve 
is used, etc. 
16.1.6. In cooling an amorphous substance, its properties depend 
only on the temperature and the cooling rate. The cooling rate w 
determines the position of the vitrification region on the tempera- 
ture scale (the greater w, the higher 7, will be). 
16.1.7. In heating an amorphous substance, the character of the 
changes in its properties in the softening region depends upon 
its thermal prehistory (thermal treatment influences the properties 
of the specimen to some extent in the solid state, but is mainly 
manifested in the softening region). Upon being heated, the 
properties of the specimen depend, not only upon the heating 
rate, but on the structure fixed in the specimen, i. e. on the previ- 
ous cooling rate, since this determines the congealed structure. 
The more the fixed structure differs from the equilibrium one 
(at the given temperature), the greater the “anomalous” change 
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in the properties in the softening region. If the heating rate is 
greater than the rate of previous cooling of the substance, the 
softening region will be higher than the vitrification region. 
In the softening region, the specimen has a denser structure 
than the equilibrium one for the given temperature. Relaxation 
of the structure leads to more loosely 

packed particles, i.e. to asharp increase ¥ 
in volume in softening (Fig. 16.2). 
16.1.8. If a substance is held in a none- 
quilibrium state at sufficiently high 
temperatures, in the course of time its 
structure will approach the equilibrium 
(relaxation). The rate of this process is 
sharply increased with temperature. 
For structures corresponding to tem- 
peratures higher than that of anneal- 
ing, the rate at which they approach 
equilibrium is greater than for structu- 
res corresponding to temperatures lower T 
than that of annealing. FIG.16.2 

16.1.9. The coefficients of thermal ex- 

pansion and the heat capacity change sharply in vitrification (or 
softening) ; this makes vitrification resemble a second-order phase 
transition. In principle, however, structural vitrification differs 
from a phase transition in the following: 

(a) In a phase transition, the substance goes over from a less 
ordered structure to a more ordered one; the transformation of a 
liquid to a glass is not associated with a change in the degree of 
order of the structure. 

(b) In a phase transition, the substance goes over from one ther- 
modynamically equilibrium structure to another equilibrium 
structure. In vitrification, the transformation is from an equilib- 
rium structure (liquid) to a nonequilibrium one (glass). 

(c) At high cooling rates, the temperature at which the phase 
transition begins may depend upon the rate (supercooling may 
occur). Moreover, at a higher rate, the degree of supercooling is 
increased and the temperature at which the transition begins is 
lowered. The vitrification temperature, on the contrary, increases 
with the cooling rate. This indicates that vitrification is of a 
kinetic, rather than thermodynamical nature. 

16.1.10. The curve ace’c’ in Fig. 16.3 schematically represents 
the change in the volume of a liquid in crystallization. At tempera- 
tures below T,,, the minimum free energy (see 10.6.3.) is possessed 
by the crystal. A crystalline structure is in thermodynamic 
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equilibrium (see 10.9.8.) at T < 7,,. If the liquid can be super- 
cooled, then at 7 =< 7,,, the substance will be in a state of me- 

tastable equilibrium (see 10.9.9) 
V (section ca’). It is possible to super- 
cool a liquid only in a comparati- 
vely narrow temperature interval 
(section cd), since very slow cooling 
is required to preserve metastable 
equilibrium. Below this interval, the 
substance is in a nonequilibrium 
vitreous state (section dd’). It is evi- 
dent that a supercooled liquid and 
a glass are not the same thing. The 
state of a supercooled liquid is the 
limiting “equilibrium” state for a 
glass. 





F1G.46.8 


16.2. Viscoelastic Properties of Amorphous 
Substances 


16.2.1. The viscoelastic properties of amorphous substances are 
especially pronounced in the vitrification region. These properties 
indicate that the substances simultaneously possess both a 
shear modulus G and a coefficient of internal friction (dynamic 
viscosity) 7 (see 11.4.4.). The quantitative relation between the 
tangential stress o, (see 15.7.12.) and the shear strain @ is describ- 
ed by Mazxwell’s equation: 
dc, G dé 


dt aa cs same Ga 





A similar equation can be written for uniaxial tension (see 15.7.6.) 
by changing the shear modulus to Young’s modulus. In general, 
Maxwell’s equation is inapplicable to high polymers. See 17.5.9. 
and 17.5.10. for the viscoelastic properties of polymers. 
16.2.2. The solution of Maxwell’s equation, under the condition 
that the body was not deformed up to the instant t = 0, has the 
form 
t u-t 


o,(t) = GO(2) -< fet Ou)du 
0 
where ty = is called Mazwell’s relaxation time. The meaning 
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of this name becomes clear if the change in o, is observed when 
the deformation remains constant after a certain instant of time 
wv. Thus 

tv 


o,(t) = 0,(t’)e “ (t=) 





Therefore, ty is the time that characterizes stress relaxation. 
16.2.8. If a periodic deformation 0 = 6, sin wt occurs, then 


o,(t) = —2e__ sin (wt + 6) 


Vi+2,02 
where the phase shift 6=arc cot wry. At high frequencies, such 


that w > 77, 
o,(t) = GO(t) 


Thus, Hooke’s law is valid at high frequencies. At low frequencies 
wo <«<T;3! 





¢C. a ce 
r dt 

which is Newton’s equation for viscosity (see 14.4.4.). In this 
way, viscoelastic bodies behave like solids at high frequencies 
and like ordinary viscous liquids at low frequencies. 

16.2.4. Internal friction leads to the dissipation of mechanical 
energy (see 3.6.3.). In the case of the periodic loading of a visco- 
clastic (Maxwell) body, the dissipation of energy per unit volu- 
me in one period equals 


ano 


147302, 


This quantity reaches its maximum value when w = ty!. Some- 
limes the temperature at which maximum dissipation (maximum 
mechanical ‘losses) is observed is also called the vitrification 
temperature. It should be noted, however, that vitrification with 
respect to variable external action differs from structural vitri- 
lication (see 16.1.3.) since the former is not associated with a 
change in the structure of the body. 


CHAPTER 17 





Polymers* 


17.1. General Properties and Structure of Polymers 


17.1.1. Polymers are substances whose molecules are composed 
of a great number of repeating groups, called monomer units 
(the groups at the ends of the molecule—end groups—differ to 
some extent in structure from the principal monomer units, or 
chain units). The number of monomer units in a molecule is 
called the degree of polymerization. 

17.1.2. Polymers are classified as linear and three-dimensional. 
Linear polymers are substances composed of linear molecules, 
i.e. molecules in which each monomer unit, with the exception 
of the end groups, is linked only to the two adjacent monomer 
units. 

Linear molecules are also called polymer chains. The structural 
formulas for the molecules of certain of the more important 


linear polymers are given below. 
Te Ty tele 
-. —C—C—C -- bob ... polyethylene (polythene) 


{ ft | 7 
; ~6-6-6-8-6-6- ... polytetrafluoroethylene (‘Tefion) 
F 


* This chapter was written by T. N. Khazanovich, Cand, Sc. (Eng.). 
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L tied | 
C—C ae ..» polyvinyl chloride 


| | 
ee ae ae '—C— ... polystyrene 


38 0) ee a ... polymethyl methacrylate (Plexiglas) 
k b=0 i =O 
O—CHs bon, 


HH HH 
si af hig he bees ... polyisoprene 
ue chy k cht (natural rubber, gutta-percha) 
CHs CHs 
caer ey ... polydimethyl siloxane 
CHs CHa 


17.1.8. There are practically no strictly linear polymer molecules. 
All are branched to some degree, i.e. monomer units are found 
in them to which three or more adjacent units (branching points) 
are linked. Branched molecules are made up of a main chain and 
side chains, or branches. 

17.1.4. Polymers composed of molecules linked together by 
chemical bonds (cross bonds), so that a three-dimensional space 
network is formed, are said to be three-dimensional. If the cross 
bonds are so few and far between that the lengths of linear 
polymer molecules contain a great number of molecular units, 
‘he three-dimensional polymers are additionally called crosslinked 
und the lengths are called network chains. 

17.1.5. Linear polymers are soluble, form true solutions (see 
14.5.1.) and can exist in the liquid state. Three-dimensional 
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polymers are infusible and insoluble; they can only swell in the 
solvent, absorbing a limited amount of it and retaining, in the 
main, the properties of solids. 

17.1.6. Polymers whose molecules consist of monomer units of 
different chemical nature (usually of two types) are called copo- 
zymers. Copolymers, in whose molecules long lengths (blocks), 
composed of monomer units of a single type, alternate with blocks 
of monomer units of another type, are called block copolymers. 
If in a branched polymer long side branches consist of monomer 
units of a type different from those of the main chain, the material 
is called a graft polymer. 

17.1.7. Polymers are also classified in accordance with the regu- 
larity with which the side groups are arranged with respect to 
the main chain. If the polymer chain is conceived to be stretched 
out in a straight line, the side gro gs will be arranged either on 
one side of the chain, or they will alternate regularly or they 
will alternate at random (isotactic, syndiotactic and atactic po- 
lymers, respectively). The structural formulas for isotactic, syndio- 
tactic and atactic polypropylene are shown below. 


uo H WH HH Wo H 
| | [> 4 
pee aee eae 
l 
Hi CH, H CH, H CHa H CHs H CHy 
H H HCH,H H HCH,H H 
| Ie 4] {| | ses | ior | 
eae ema. 
| 
li cH, WH Cco,H H HCH, 
H 
| 


H HUW i i pig H ear ae 
ie ctl act | 


-C ae aa C- an ak kok ane = 
| | | {oj | 
Hi CH, H CH; H HH CH,H H H H 


17.1.8. Unlike low-molecular substances, polymers do not have 
a definite molecular weight. They constitute a mixture of mole- 
cules of various weights or, in other words, of various degrees 
of polymerization. By fractionation, the substance can be divided 
into fractions containing molecules of approximately the same 
weight. Molecular weight distribution in the molecule is specified 
by the weight concentrations g, of the fractions or by values of 
N,—the number of molecules in the i-th fraction. 

17.1.9. There are several definitions of the average molecular 
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weight of polymers. ‘he most extensively used are 
the numerical average molecular weight: 


D Nw 


where yu; is the molecular weight of the i-th fraction and summation 
is carried out over all the fractions; 
the weight-average molecular weight: 

y >» Ny 

Kw = Sli = ae 

i x Nias 
and the viscosity-average molecular weight (see 17.3.3). The quan- 
tity “@, is always greater than fy. The difference between them 
characterizes the width of molecular weight distribution or, in 
other words, the polydispersity of the polymer. 
17.1.10. In polymer molecules that have simple valence bonds, 
for instance single C—C bonds, in their main chain, internal 
rotation occurs about these bonds. This rotation is retarded to a 
greater or lesser extent. As a result, a polymer molecule, having 
a great many such bonds, possesses a vast number of configura- 
tions (conformations). This is a manifesta- 


tion of the flexibility of a polymer chain peespekice 

containing single bonds. Rotation about .-~ \ ss 

double bonds is so strongly retarded that {77777 A ae 
2 


only small torsional oscillations are possible 
(see 6.2.5.). The lengths of the valence bonds 
between the atoms and the angles between 
the valence bonds—the valence angles—are 
also subject to small oscillations. In compari- 
son with the large amplitude of rotation 
about single bonds, these small oscillations 
are neglected, and the polymer chain is con- 
sidered to consist of rigid elements—links— 
which can rotate in reference to each other 
about the cones of the valence angles (Fig. riG.ATA 
17.1). For example, in polyethylene, the 

C—C bond is the link; the chain of polyisoprene consists of two 
alternating links: a C—C bond and the group C—C==C—C; etc. 
17.1.11. The conformations of a polymer chain are specified by a 
set of angles of internal rotation gy, (i being the number of the 
link) which determine the rotation relative to a certain reference 
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position. Commonly taken as this reference point is the trans- 
conformation in which links 1—2, i—1 and i lie in a single plane 
and the i-th link is parallel to the i—2 link (Fig. 17.1). 
17.1.12. Different values of g, correspond to different potential 
energies of internal rotation. The conformations which meet the 
requirement of minimum potential energy (stable conformations) 
are called rotational isomers. Among the many possible sets of 
rotational isomers, some are more stable energetically. They 
satisfy the requirements of the lowest minimums of potential 
energy. In the iso- or syndiotactic types of stereoregular polymers 
(see 17.1.7.), the most stable conformations are those in which 
the atoms of the main chain lie on a helix (helical conformation). 
A special .case of helical conformation is the planar zigzag 
chain (transconformation). 

17.1.13. The complexity of the molecular structure of polymers 
is responsible for the great variety of supermolecular structures 
in polymers: from a completely amorphous structure to a well- 
ordered, crystalline structure. For this reason, it is not always 
possible to affirm what state a polymer is in: liquid or solid, 
amorphous or crystalline. 

17.1.14. At temperatures above those of vitrification (see 16.1.5.) 
or fusion (see 17.4.4.) jumping occurs between the rotational 
isomers, as a result of which the conformations of the chain 
change continuously. The motion of portions of the chain suffici- 
ently distant from one another can be regarded independent. 
Such portions are called kinetic segments, or simply segments, 
and the thermal motion at which the conformations of the whole 
chain are changed is called the segmental motion. In addition 
to segmental motion, a variety of other small-scale motions occur 
in polymers. These are mainly torsional oscillations (see 6.2.5.) 
of the side groups or small sections of the main chain. These 
small-scale (group) motions can also occur at temperatures 
below that of vitrification or fusion. 


17.2. Conformation Statistics of Polymer Chains 


17.2.1. A polymer chain has a great number of degrees of freedom. 
Consequently, the values characterizing the molecule that are 
observed in experiments are statistically average ones (see 12.2.5.) 
for all possible conformations. These averages are calculated by 
the methods of conformation statistics of polymer chains. 

17.2.2. Intramolecular interaction is divided into two classes. 
The first class concerns interactions which lead to the retarda- 
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tion of internal rotation. These are interactions between neigh- 
bouring links and are called interactions of short-range order. 
The second class refers to the interaction between links that are 
considerable distances apart, on an average, but may accidentally 
approach one another in the process of thermal motion and 
interact. These are known as interactions of long-range order. 
The most significant feature of the latter is that the volume 
occupied by a link is inaccessible to other links. For this reason, 
poe of long-range order are sometimes called volume 
effects. 

17.2.8. Among the quantities calculated by conformation statis- 
tics are the mean square distance between the ends of the chain 


ee as vy _ 
h? and the mean square radius of gyration R? = Wd, r?, where 


r? is the mean square distance of the i-th link from the centre of 
mass of the molecule and N is the number of links in the molecule. 


The values h? and R? characterize the flexibility of a chain. In 
addition to the calculation of these average quantities, it may 
prove necessary to determine the distribution functions, for 
instance, the distribution function for the distances w(h) between 
the ends of the chain, i. e. the probability w(h) dh that the distance 
between the chain ends is within the range from h to h+dh. 
17.2.4. The influence of the solvent may be such that at a certain 
temperature, interactions of long-range order can be neglected 
(for more detail, see 17.2.7. through 17.2.13.). Under these condi- 
tions, only interactions of short-range order should be taken into 
consideration. 

17.2.5. As in other problems in statistical physics, the real poly- 
mer molecule is replaced by a model which represents the proper- 
ties of real molecules with more or less accuracy. The simplest 
and crudest model is the freely articulated segment model, accord- 
ing to which a polymer consists of z rigid segments of length a 
whose directions in space are entirely independent of one another. 
A segment is always larger than a link and its length characterizes 
the rigidity of the chain. In this model 


i = za? and R?= 


17.2.6. More exact models are specified as assumptions on the 
nature of the pornual energy of the chain E,(9,, 2, ..-, Py) 
where g, are the angles of internal rotation (see 17.1.10. ). Neglec- 
tion of the retardation of internal rotation means that E, = 0. 
Assuming for the sake of simplicity that all links are identical 
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and of length J, and that the valence angles between them equal 
n—a, under the conditions V > 1 and E, = 0, it is found that 


2 = np itoose 

1-—cosa 
17.2.7. When the retardation of internal rotation or, in other 
words, the interaction of short-range order, is taken into account, 
it will be necessary to introduce a multiplier o? > 1. Thus 

R= NU2 14808 4 ge 
1—cosa 

The factor o depends upon the structure of the definite given 
macromolecule. It can, in particular, be expressed by means of 
the difference in energies of the rotational isomers. 
17.2.8. The distribution of the distances between the chain 
ends (see 17.2.3.), taking into account only interaction of short- 
range order for highly kinked chains, i. e. chains in which h is 
much less than its maximum value which corresponds to a 
completely stretched chain (transconformation), complies with 
the Gaussian distribution. Thus 


1 76)? Bh? \, 
= —= (> — = )h? dh 
wh) dh aie (=) exp ( aa) dh 
A distribution that is valid for the whole range of variation of h 
has been derived only for freely articulated segment models. 
At z> 1, it is of the form 


w(h) sinh L~1(t) a 
In [PQ = [In rag WE 1(2)| 





where t = # = relative extension of the chain, L-'(t) = Lange- 


vin inverse function (see 20.7.10). Expansion into a series accord- 
ing to t gives the equation 
w(h) 3 2, 9 99 
In [ae] = Lg Ot gy tt gag ht oe] 

in which the first term corresponds to the Gaussian distribution. 
These formulas describe the distribution sufficiently well for a 
real polymer chain. 

17.2.9. Volume effects lead to the molecular coil expansion 
(“swelling”), i.e. to an increase in the average distances between 
the chain ends. Expansion is approximately described by para- 
meter a which indicates by how many fold the average linear 
dimensions of the coil have increased in comparison to the dimen- 
sions when the volume effects are not taken into consideration. 
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According to approximate thermodynamic theory 
a’—a? = 2C,¥,(1- 5) Vu 


where Y, = parameter characterizing the change in entropy 
ee mixing the chain segments and solvent mole- 
cules 
= Flory temperature which characterizes the interac- 
tion energy of the segments in comparison with 
the energy of interaction between the segments 
and the solvent 


“# = molecular weight of the chain. 


BRE (B)* 
e tnt Navi \ ue 


where v = specific volume of the polymer 
v, = molar volume of the solvent 
Na, = Avogadro’s number 
hg = mean square distance between the chain ends in 


the absence of interaction of long-range order. 
h2 
In this equation 18 is independent of wu. 
(7.2.10. At temperature © (the @-point), a = 1 and volume 
«ffects do not influence the size of the chain. In strong solvents, 
the Flory temperature @ is below the freezing point of the solvent. 
The O-point is only attainable in weak solvents. Temperature T,, 


ut which the polymer is precipitated, is related to the Flory 
temperature by the formula 


1 1 b 
Tae baa 
where 6 is a constant. Therefore, the @-point is the precipitation 
lumperature of a polymer having an infinitely large molecular 
weight. 
(7.2.11. The formula given in 17.2.9. is in poor agreement with 
«xperimental data owing to the crudeness of the assumptions 
made in its derivation. A more precise theory can be developed 
only for the region of very small volume effects. This theory is 
based on the pearl-string model in which the chain consists of 
freely articulated segments that interact with one another through 
ventral forces. To illustrate this model, the “pearl-string” chain 
can be conceived as consisting of beads strung on infinitely thin 
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tods which are freely jointed together. In theories based on the 
“pearl-string” model, series expansion according to a small 
parameter is employed. Thus 


= number of segments 
a = length of a segment (see 17.2.5.) 





= 
s 


(2 
4n 1-e +* } dr, = effectwe excluded volume 


0 
distance between the i-th and j-th segments of 
the chain 
E,(ry) = potential energy of interaction between the seg- 
ments which is in excess of the potential energy of 
interaction between the segments and the molecules 
of the solvent. 


i 


If the segments interact as rigid spheres, then E,(r,;) =0oo when 
ry<d, E,(ry) = 0 when ry > d, and vg = 3 xd8 is equal to the 
volume of one sphere. 

17.2.12. If the excluded volume is so small that 6<«1, then the 
following relationships are valid 


H? = WE (1+4 6-2.0867+ ...) 


Re = RR(1+Geé- ...) 


Here the “zero” subscript identifies the quantities that were 
calculated without taking volume effects into account. 

17.2.18. At short distances the segments repulse one another 
and E, > 0; at long distances repulsion is replaced by attraction 
and E, < 0. Accordingly, v, is broken down into two parts which 
depend differently on temperature. At a certain temperature 
these parts may compensate each other and then v, = 0. Thus, 
the 9-point corresponds to a temperature at which the volume 
effects are compensated (v, = 0). Therefore, the relationships of 
ae preceding paragraph are valid only in the vicinity of the 

-point. 
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17.3. Dilute Polymer Solutions 


17.3.1. The van’t Hoff law (see 14.5.4.) for polymer solutions is 
of the form 


where jiy is the numerical average molecular weight (see 17.1.9). 
A measurement of the osmotic pressure p at low concentrations 
g enables fy to be determined. 

17.3.2. The viscosity of polymer solutions is characterized by the 
following quantities: relative viscosity, or ratio of viscosities 
Neer = oe where 7 and » are the coefficients of viscosity (see 


11.4.4.), respectively, of the solution and the pure solvent; 
specific viscosity Np = Nra—1; viscosity index (viscosity number) 
Ning = e , where g is the concentration of the solution; logarith- 
mic viscosity number {n} = In 7,.,—Ing; and intrinsic viscosity 
(limiting viscosity index) [1] = aut Nina = ae {n} 


17.3.8. The intrinsic viscosity “oan be found by an empirical 
formula 


Ln] = kus 
where & and a = constants characterizing the sulvent-polymcr 
pair 
at 
is = [3 Neate 
b= p> cus | = ee 
Y Nig 


= viscosity average molecular weight (see 17.1.9.). 


‘The viscosity-average molecular weight “, does not differ from 
the weight-average molecular weight 4 by more than 20 per 
cent. Ata = 1, a, = fy. 

17.8.4. The intrinsic viscosity can be theoretically calculated on 
the basis of the pearl-string model (see 17.2.11). Of sufficient 
accuracy for long-chain molecules is the assumption that the 
solvent located inside the molecular coil is completely entrained 
by it. In this case, for a monodispersed polymer (see 17.1.9.) 


ray = 2 
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where @ is a constant equal to ~ 2.810? in the vicinity of the 
Q-point and decreasing to ~ 2.01078 in strong solvents. The 
value of ® is greater for branched macromolecules (see 17.1.3.) 
than for linear ones. 

17.3.5. The diffusion coefficient (see 11.4.6.) of polymer molecule s 
in dilute solutions can be calculated by means of Einstein’s 
equation (see 12.14.3.). The diffusion coefficient for a fully entrain- 
ed solvent is 


eis ee 
P(ia)* No 
where k = Boltzmann’s constant (see 8.1.4.) 
T = absolute temperature 
P = numerical factor that depends upon the chain 


structure. 


For flexible linear macromolecules at temperatures near the 
O-point (see 17.2.10.), P = 5.20. 

17.3.6. If the molecular weights are sufficiently great, the size 
of the polymer chain is comparable in its order of magnitude to 
the wavelength of light 4. In this case, the scattering of light 
(see 40.4.1.) by polymer solutions is asymmetrical. A measure 


of the asymmetry of scattering is the function P(0) = i 


where J(0) is the intensity of light scattered at the angle 6 to 
the direction of the incident beam. 
The following relation is valid for small angles 6 in dilute solutions 


Pd) = 4 -* 


< 
3 


where a = (#)’ R? sin? $ 
R? = mean square radius of gyration (see 17.2.3.) of 
the chain. 


It is possible to calculate R? from known values of P(6) for small 
angles 6. If the distribution of the distances between any two 
atoms of the chain is described by a Gaussian function, this 
being valid at the ©-point (see 17.2.10.) for sufficiently long and 
flexible chains, then 


(0) = 5 (e-*#~14-2) 
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17.4. Crystallinity of Polymers 


17.4.1. If the crystallization temperature 7',, (see 15.5.5.) for a 
polymer is higher than its vitrification temperature T, (see 16.1.5.), 
it can exist in the crystalline state. All other conditions being 
equal, T,, is higher for polymers that have a regular structure. 
Polymers, in which the side groups are of identical chemical 
composition or at least of the same size, crystallize readily, while 
copolymers (see 17.1.6.) crystallize poorly. The crystallization 
temperature T,, of iso- and syndiotactic polymers (see 17.1.7.) 
is usualy higher than that of the atactic type. Polymers with 
rigid links crystallize more readily than those with flexible links. 
17.4.2. There are three types of crystalline polymers: 

(a) Polycrystals having long-range order in the arrangement of 
the links. The size of the crystallites (see 15.1.2.) is usually of the 
order of 10? A, i.e. less than the size of the chains; they are not 
visible in a microscope. 

(b) Globular crystals having long-range order in the arrangement 
of the molecules. They have the shape of a compact coil, called a 
globule, in which the links are randomly arranged. Globular 
crystals are a particular case of molecular crystals (see 15.1.5). 
(c) Single crystals having long-range order in the arrangement of 
the links. Single polymer crystals are usually visible in a micro- 
scope. 

The overwhelming majority of crystalline polymers belong to 
the first type. 

17.4.3. The ordering of links belonging to different molecules is 
impeded by the linkage between the polymer chain links. Hence, 
polymer crystals have a great number of defects. X-ray photo- 
graphs of the polycrystalline polymers display the ring pattern 
and a washed-out halo. The former characterizes the crystalline 
state and the latter the amorphous state. This allows one to 
speak of the crystalline and amorphous “phases” in this type of 
polymers, and to introduce the degree of crystallinity 4 which, is 
defined as the ratio of the weight of the crystalline “phase” to 
(hat of the whole specimen. Actually, the quantity A indicates 
the extent of the defects in the crystals. 

The quantity 4 can be determined by X-ray diffraction, by measur- 
ing the density, the index of refraction, heat of fusion, and by 
several other methods. The arbitrariness in defining A leads to a 
lack of coincidence between the values of the degree of crystal- 
linity determined by different methods. 

17.4.4. The high viscosity of polymers is responsible for the 
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prolonged process of crystallization which, in some cases, takes 
many days. For this reason, polycrystalline polymers are in a 
thermodynamically nonequilibrium state (see 7.1.6.) in most 
cases. This lack of equilibrium is manifested, in particular, in 
that the fusion temperature 7, is practically always higher than 
T., and the melting process requires a certain temperature inter- 
val. The existence of a fusion temperature interval is due not 
only to the nonequilibrium condition, but also to the crystal 
defects. Crystallites of smaller sizes and the more defective ones 
melt at lower temperatures. Equilibrium fusion of polycrystalline 
polymers is a first-order phase transition (see 10.9.11.). 

The dependence of 7; on the molecular weight u is of the form 


where T° = fusion temperature of an ideal crystal formed by 
molecules having ~ =0o 
R = universal gas constant (see 8.1.3.) 
r, = heat of fusion. 


17.4.5. The crystallization temperature, and hence the capacity 
of polymers to crystallize, is raised when they are subjected to 
tension. Certain polymers can only crystallize in tension. Tension 
leads to the orientation of the Pome chains (see 17.1.2.), 
thereby facilitating the packing of the links. The crystallites of 
polymers that were crystallized in tension are oriented along the 
direction of this tension. 


17.5. Mechanical Properties of Polymers 


17.5.1. The value of polymer materials for various applications is 
due primarily to their extraordinary mechanical properties: 
their capacity to withstand large deformation and their high 
sensitivity to variations in temperature and in the frequency of 
external action. 

17.5.2. The deformation of polymers is a complex process that 
can be divided into three components: (a) elastic deformation 
similar to that of ordinary solids and associated with the changes 
in the interatomic and intermolecular distances; (b) high-elastic 
deformation associated with the displacement of the links (see 
17.1.10.) of the molecule without relative displacement of the 
molecule as a whole; this changes the shape of the molecule, for 
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instance, in tension molecular coils are uncoiled; (c) plastic 
deformation (flow) associated with the relative displacement of 
the molecule as a whole. 

High-elastic deformation is inherent in polymers only. In order 
to attain this type of deformation, it is necessary that the chains 
be of sufficient length. In contrast to elastic deformation which 
does not exceed a few per cent, in high-elastic deformation the 
dimensions of the body are changed by hundreds of per cent. 
Unlike plastic deformation, high-elastic deformation is reversible. 


17.5.3. Each of the three types of deformation of rubber has its 
own relaxation time. Elastic deformation follows practically 
instantly upon the application of force. The relaxation time de- 
pends to a high degree on temperature. The relaxation time for 
the high-elastic and plastic deformation of vitrified polymers 
(see 16.1.4.) is so long that no relaxation whatsoever is observed, 
and vitrified polymers are deformed like ordinary solids. The 
crystallinity of polymers also hinders the development of high- 
elastic and plastic deformation. 


17.5.4. In crosslinked polymers (see 17.1.4.), the molecules are 
interlaced; this interferes with plastic deformation. In principle, 
thermodynamically equilibrium (see 7.1.11.) high-elastic defor- 
mation of crosslinked polymers could be observed. This is very 
difficult, however, since the relaxation times may be extremely 
long. Moreover, failures of the cross interlacings and of the chains 
always occur. This leads to irreversible plastic deformation. 


17.5.5. The essential features of high-elasticity can be demonstrat- 
ed by an example of uniaxial extension (see 15.7.6.). When 
subjected to this kind of deformation, a cube with sides J, be- 
comes a parallelepiped with the length 1. 

One property of high-elastic materials is that their volume changes 
a negligibly small amount in deformations in which the tempera- 
ture and pressure do not change. This property is called “incom- 
pressibility”. It is similar to the corresponding property of liquids 
(see 14.1.1.). Consequently, with a fair degree of accuracy it 
may be assumed that the transverse dimensions of the parallele- 

3 

piped will be ) 2. 

Since the cross section is greatly changed in high-elastic defor- 
ination, it is necessary to distinguish between the actual stress 
uv (see 15.7.3.) which is equal in magnitude to the elastic force 
per unit cross-sectional area of the deformed body, and the condi- 
tional stress S per unit cross-sectional area of the undeformed 
body. In incompressible bodies, the actual and conditional 
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stresses are related as follows 


_ sl 
ema 

17.5.6. The change in internal energy U (see 9.1.1.) in uniaxial 
tension is determined by the equation 


(F),, ran Pa~ (52), Vv 


where F,, = elastic force 
($s), y = temperature derivative at constant / and V. 


This equation enables the change in the internal energy upon 
deformation to be determined experimentally. 

In soft rubbers with sufficiently flexible chains, the relative 
change in internal energy is much less than the relative change 
in entropy. Such rubbers resemble an ideal gas in which an iso- 
thermal change in volume is not accompanied by a change in the 
internal energy (see 9.1.5.). For rubbers which are ideal in this 
sense, the elastic force is proportional to the absolute temperature 
(analogous to the pressure of an ideal gas). 

In the deformation of crosslinked polymers with more rigid 
chains, for instance interlaced polyethylene, the relative change 
of internal energy is comparable to the relative change in entropy. 
17.5.7. The statistical theory of equilibrium high-elastic defor-. 
mation is based on the assumption that in calculating the free 
energy of deformation no account need be taken of the interaction 
between the chains. This theory is applicable to sufficiently 
widely-spaced networks, i.e. to those in which the chains are 
in tight coils in the undeformed state. 

In a range of deformation far from the limiting value (in which 
the chains are almost completely straightened out), the distri- 
bution of the distances between the ends of the chains in the 
network can be described by a Gaussian distribution (see 17.2.8.). 
The statistical theory of high-elasticity gives the following relation 
between the actual stress and the elongation: 





universal gas constant (see 8.1.3.) 

constant depending upon the number of crosslinks 
(interlaces) between the chains. (Q increases with 
the number of crosslinks) and upon the flexibility 
of the chains. 


where 


R 
Q 
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This formula gives a qualitatively true description of the stretch- 
ing of rubber in a range in which + varies not more than by 300 


or 400 per cent. At greater elongations, the stress grows substanti- 
ally faster than follows from the theoretical formula. 

This discrepancy is explained by the fact that in this region of 
elongation the molecular coils are severely stretched and the 
Gaussian approximation of the distribution function is no longer 
valid. This region is said to be non-Gaussian. 

These discrepancies are associated both with the insufficient 
equilibrium of the observed deformations and with the crudeness 
of the assumption on which the theory is based. The stretching 
of rubber in the Gaussian region is more exactly described by the 
empirical Mooney-Rivlin formula 


r= (GF) +c4h 8) 


where C, and C, are elastic constants. 
17.5.8. In the region of small elongations 

l-lp _ Al 

ap eae 1 
and the formula of the statistical theory of high-elasticity is 
converted to Hooke’s law (see 15.7.5.) 

= SRTQ AL 
a ly 

i. e. Young’s modulus for rubber is equal to 3RTQ. 
17.5.9. Maxwell’s equation (see 16.2.1.) is inapplicable to describe 
the viscoelastic pee of polymers, firstly because it leads to 
a linear relation between the stress and deformation, being thereby 
suitable only for the region of small deformations, and secondly 
because the complexity of the molecular and supermolecular 
structure of polymers leads to the necessity for describing their 
viscoelastic properties by an extensive set of relaxation times. 
The description of viscoelasticity for large deformations is a 
very difficult problem. The viscoelastic properties can be compa- 
ratively simply characterized in the region of small deformations— 
the region of linear viscoelasticity. 
(7.5.10. The relation between the stress o(t) and the deformation 
+(t) in the general case of a viscoelastic body is given by the 
equation 


a(t) = Beoe(t) — f K(u) e(t—u) du 


313 


Thermodynamics and Molecular Physics i. 


where FE. = instantaneous, or ultimate, modulus 
K(u) = relaxation function. 


i high frequencies, this relationship is converted into Hooke’s 
aw: 
a(t) = Boe(t) 


which reveals the meaning of Eu. 

17.5.11. If very rapid deformation occurs, up to the value &, 
which is then maintained constant, then the ensuing stress relaxa- 
tion is described by the formula 


o(t) = [E..— E(0)+ E(t) Jey 


where E()=f K(u) du is called the relaxation modulus. The differ- 


t 
ence E..— (0) is called the equilibrium modulus. 
17.56.12. For comparison with the stress relaxation in a Maxwellian 
body, the relaxation modulus can be written in the form 
t 


E(t) = f Hie = 


relaxation time 
relaxation time spectrum. 


where t 
H(r) 


The quantity H(t) d1nz indicates what contribution to the relax- 
ation is given by the relaxation times in the interval from 
Int to In¢+dint. The size of the region in which the function 
H(t) differs noticeably from zero is called the width of the spec- 
trum. The spectra of polymers become wider with an increase of 
the molecular weight. 

17.5.18. At temperatures above that of vitrification or fusion, 
the equilibrium modulus of linear polymers becomes zero and it 
is possible to observe true flow which can be described by Newton’s 
equation (see 11.4.4.), the coefficient of viscosity being 


n= J Glu)du= f H(z) dr 
0 oo 
where ab relaxation shear modulus 


H(t) = corresponding spectrum of relaxation times. 


17.56.14. The viscosity of polymers depends to a great extent 
upon the molecular weight and temperature. Each polymer has a 
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certain critical molecular weight. At molecular weights lower 
than this critical value, 7 is proportional to the molecular weight; 
at molecular weights above the critical value, 7 is proportional 
lo “34, where #, is the weight-average molecular weight (see 
17.1.9.). 

The oaiestake dependence of the viscosity of polymers is 
described by the Williams-Landel-Ferry relationship (WLF 
equation) : 

AT) _ _C(T-T,) 

(Tr) 7 C,+T-T, 


where 7(T) = viscosity at temperature T 
T, = a certain reduced temperature (7, is higher than 
the vitrification temperature T,) 
C, and C, = constants. 


If T, = T,, then C, = 17.78 and C, = 51.6°K for the majority 
of amorphous polymers. 

17.5.15. The WLF viscosity formula follows from a general law 
which is known as the principle of temperature-time invariance. 
According to this principle, when the temperature is raised, all 
the relaxation times are to be multiplied by the same factor which 
is described by the WLF viscosity equation. The principle of tem- 
perature-time invariance is applicable only to amorphous poly- 
mers. 


log 
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PART THREE 


The Fundamentals of Fluid 
Mechanics 





CHAPTER 18 





Fluid Statics 


18.1. Introduction 


18.1.1. Fluid mechanics is the branch of physics that deals with 
the laws of equilibrium and motion of liquids and gases, as well 
as the interaction of the moving liquids and gases (generally 
called fluids) with the solid bodies they flow along. Fluid mechan- 
ics digresses from the molecular structure of liquids and gases, 
regarding them as a continuous medium, or continuum, evenly di- 
stributed in space.* 

Fluid statics is the division of fluid mechanics that investigates 
the conditions and laws of the equilibrium of liquids and gases 
subjected to the action of applied forces. 

Fluid dynamics is the division of fluid mechanics concerned with 
the laws of motion of liquids and gases and of their interaction 
with solids. 

18.1.2. The distinguishing feature of liquids and gases is their 
fluidity, i. e. their low resistance to shear (see 15.7.12.). Upon an 
unlimited reduction in the rate of deformation, the forces of resis- 
tance of a fluid to this deformation approach zero. 

The difference between a liquid and a gas is only in the nature of 
the dependence of their density on pressure, i.e. in the practical 
incompressibility of liquids and the appreciable compressibility of 
gases. 

18.1.3. In fluid mechanics, a single term “fluid” (either incompress- 


* This model is inapplicable to dilute gases (see 11.5.1.) which cannot be 
investigated by the methods of fluid mechanics and are taken up in molecular 
physics, 
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ible or compressible) is commonly used to refer to both liquids 
and gases. 

An incompressible fluid is a liquid or gas in which the dependence 
of the density on pressure can be neglected in a given problem. 
A compressible fluid is a gas in which the dependence of the density 
on pressure cannot be neglected in a given problem. 

An ideal fluid is one in which there is no internal friction (viscos- 
ity) and which is also considered to be incompressible. Viscous 
fluids are ones in which the phenomenon of internal friction 
(viscosity) cannot be neglected. 

Barotropic fluids are ones whose density depends only on pressure. 


18.2. Fluid Statics 


{8.2.1. Problems of fluid statics may be considered on the basis 
of the solidification principle: the equilibrium of a fluid will not 
be disturbed if some element of its volume is assumed to be soli- 
dified, i. e. if it is replaced by an imaginary solid of the same vol- 
ume and shape and having the same density as the fluid under 
consideration. 

Distinction is made between two types of external forces acting 
on an element of volume of the fluid: mass and surface forces. 
Mass, or body, forces are ones whose action on the element being 
considered does not depend upon the presence of other portions 
of the fluid, and whose magnitude is proportional to the mass of 
this element. An example of a mass force is the force of gravity. 
The mass force equals Fo dV, where dV is the volume of the ele- 
ment of fluid being considered, 9 is its density, and F is the mass 
force per unit mass of the fluid. The vector F is called the inten- 
silty of the mass force field (for example, in the case of gravity, F 
equals the free fall acceleration g). 

Mass forces are said to be conservative if their intensity F can be 
expressed in the form 


F = —grad pr = — Vy 


where grad pp = 22% i+ FF 54 Pk = gradient of the scalar func- 


tion p(x, y, z, t), called the mass force potential 
i, j and k = unit vectors of the Cartesian coordinate system 


6., 4 a 
Vv = galt gyi + a; k —_ nabla operator, 
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Surface forces are ones applied to the fluid element by the adja- 
cent particles of the rest of the fluid. These forces act on the 
surface of the element being considered. The surface force per 
unit of surface on which it acts is called the average pressure 
intensity. Any surface force can be resolved into components 
normal and tangential to the surface. Accordingly, distinction is 
made between the normal pressure intensity, or simply pressure p, 
and the tangential pressure intensity t. In a state of equilibrium 
the tangential components of the pressure intensity in a fluid 
equal zero and the surface forces consist only of the normal compo- 
nents. The pressure intensity p at a given point of a fluid is the 
same in all directions, i. e. it does not depend upon the orientation 
of the surface for which it is determined. 

18.2.2. The equilibrium equations of a fluid are 


_1@. 7 _1 _1 

Fo= 3 oe? Fy => by and F, a ie: 
where F,, F, and F, are the projections of vector F, the resultant 
intensity of the mass force field acting on the fluid, on the axes 
of a Cartesian coordinate system. In the vector form ‘the equilibri- 
um equation is 


ae 
= > grad p 


Equilibrium equations are derived from the equations of hydro- 
dynamics of an ideal fluid (see 19.3.1.), under the assumption 
that the velocity of fluid flow equals zero. 

18.2.3. A fluid subject to the action of mass forces can be in 
equilibrium only if the field intensity F of these forces satisfies 
the equation 


or, in vector form, 








(F curl F) = 0 


where curlF = (F - Pvt (fs - oj + (Sf - ek i is the curl 
of vector F. 

If the density 0 of the fluid does not depend upon the coordinates, 
then + grad p = = grad ® =, and equilibrium is possible only in a 





sotentisk force field es 3.5.3.) with a potential o = —P + const. 


318 


18. Fluid Statics 


The equipressure surfaces coincide with the equipotential sur- 
faces. 

18.2.4. Consider the equilibrium of a fluid in a uniform gravitation- 
al field (F = g = const). If axis Oz is directed opposite to g, 
then F, = F =~g, F, = F, = 0 and the equilibrium equation 
is of the form 


® — _gdz 


In the general case, the density of a fluid is a function‘of the press- 
ure and temperature: 9 = o(p, T). If the temperature is the 
same throughout the fluid (condition of thermal equilibrium) and 
the fluid is incompressible, then 


P +082 = Do 


where p, is the pressure at the level z = 0. This relation is known 
as the basic equation of hydrostatics for incompressible fluids. Asarule 
the reference point for z coincides with the free surface of the 
fluid and then py is the external pressure on this surface. The 
difference p —p, does not depend upon pyi.e. the pressure exerted 
on the fluid by external forces is transmitted equally in all 
directions (Pascal’s principle). 
In a compressible fluid which is in thermal and mechanical equi- 
libria (see 10.9.8.), the sum G+ gz should be the same throughout 
the whole volume. Here G is the Gibbs function (see 10.6.3.) 
of unit mass of the fluid and gz is the potential energy of unit 
mass of the fluid in the gravitational field. 
Mechanical equilibrium of a fluid located in a gravitational field 
is possible even in the absence of thermal equilibrium if the 
temperature of the fluid varies only along the vertical axis Oz. 
This equilibrium is stable if the following inequality is satisfied 
(no-convection condition): 
ov ds 
(ar), a > ° 


where v and s are the specific volume and entropy of unit mass of 
the fluid. For most fluids (33) > 0 and the no-convection condi- 
P 
lion takes the form 
aT gT (ov 
“dz ego Gr), 
where c, is the specific heat of the fluid at constant pressure. For 
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an ideal gas 

OT ces SE 

dz Cp 
18.2.5. Archimedes’ principle states that a body wholly or partly 
immersed in a fluid is buoyed up with a force which is equal to 
the weight of the volume of fluid the body displaces and which 
acts vertically upwards through the centre of gravity of the 
immersed part of the hody. 


CHAPTER 19 


Fluid Dynamics 


19.1. Basic Concepts 


19.1.1. A particle of a continuous medium is a very small element 
of volume of the medium whose size, however, is many times 
larger than the intermolecular distances. Since these distances are 
extremely small (of the order of 10-® cm in gases at standard 
conditions) with some approximation the fluid particles can be 
regarded as points. 

19.1.2. Two different methods of describing motion are applicable 
lo fluid kinematics. One of them, called the Lagrangian method, 
consists in specifying fluid motion by indicating the dependence 
of the coordinates of all the fluid particles on the time ¢. Thus 


t= F(a, b, Cc, t) 
y F(a, b, e, t) 
z F(a, b, ¢, i) 


where a, b and c are the coordinates of the particle at the initial 
instant of time t = 0 and serve to denote the particle. The path 
«quation of the particle can be obtained by eliminating the time 
from these equations. The quantities a, b, e and ¢ are called the 
Lagrangian variables. The projections of the velocity vector v 
und the acceleration vector a of the particle on the axes of coordi- 
nates are equal to 


Ox , oy éz 
Ue = 3s Py = Sp and v,= ar 

ex , d?y az 
a,= be > a= OF and a,= a 
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The principal method used in fluid mechanics is the one called 
the Eulerian method. It consists in determining the motion, or 
flow, of fluids by specifying a velocity ficld of the fluid in space 
at each instant of time, i. e. 


v= f(r, 4) 


or, expressed as projections on the axes of a rectangular Cartesian 
coordinate system, 


v2 = f(z, Y, 4, i) 
by = f(x, Y, 2, t) 
N= f(z, ¥, 2, t) 


where Vv = v,i+v,j+0,k is the velocity of the fluid at the instant 
of time ¢ at the point in space defined by the radius vector r = 
= gi+yj+zk. The quantities x, y, 2 and ¢ are known as the 
Eulerian variables. Cylindrical, spherical and other kinds of 
coordinates can be used as Eulerian variables in place of the 
Cartesian coordinates (x, y, 2). 

The projections of the acceleration vector a of the particles of a 
fluid on the axes of Cartesian coordinates equal 





— Wey _ By , By dvz Ove 
Os = a a tae Petey Pet az Oe 
= ay _ Oey , dy Buy dry 
Oy = a at ae Pet ay Ov t ez 
_ dv, _ dy, , dr, dv, dv, 

a, = at att Ge Petey Pet Gee 





It is evident from these equations that the acceleration a of a 
fluid particle is equal to the sum of two accelerations: a = a,,,+ 
++ ®eony iN Which 

Ov, 

at 





dv, dv, 
Boe = ae i+ ac Lt 


is the local acceleration, resulting from the change in the velocity 
field in time, and 


bv, 6v. dv. dv, dv, 6 
Boone = (v, oe +v, oe +0, =e) + (v. ee “ +y rage v, oe i 
Ov, dv, Ov, 
+(v ax +Dy oy +0; az )i 
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is the convection acceleration which is due to nonuniformity of the 
velocity field. 

In the following, all equations of fluid dynamics will be written 
in terms of Eulerian variables, and x, y, and z are understood to 
be Cartesian coordinates. 

19.1.3. The motion, or flow, of a fluid is said to be a steady one 
if the velocity field does not change in the course of time. Other- 
wise, the motion is said to be unsteady. In the steady motion of 
a fluid, the pressure and density fields are independent of time. 
Potential or trrotational motion of a fluid is one in which curl v = 
= 0 at each instant of time throughout the volume of the 
fluid. In other words, the velocity is equal to the gradient of a 
certain scalar function of the coordinates and time 9(z, y, 2, t), 
called the velocity potential. If a region of the fluid exists in which 
curl v # 0, then the motion of the fluid is said to be rotational, 
or vortex, motion. 

19.1.4. A stream line is an imaginary line whose tangent at each 
point, at the given instant of time t, coincides in direction with 
the velocity vector of the fluid at this point. For steady motion 
of a fluid, the stream lines coincide with the paths of the fluid 
particles. The equation of a stream line is of the form 


dx dy dz 


Vex, YZ, 1) (x, Y, 2,1) v(x, Y, 2, Y) 

in which the time ¢ is the fixed parameter. 

A stream tube is the surface formed by the stream lines passing 
through all the points of a small, closed curve. The part of the 
fluid bounded by the stream tube is called the stream filament. 
With steady motion, or flow, of a fluid, the stream tubes do not 
change with time and the fluid particles flow in such a manner 
that each one remains within the bounds of a definite stream 
lament. 

19.1.5. Velocity circulation around a closed curve L is the line 


integral 
I= o(v dl) 
i 


where dl is a vector element equal in magnitude to a length 
clement of the curve and directed along a tangent to the curve 
in the direction the line integral is taken. 

According to Stokes’ theorem 


T= f curl, v dS 
s 
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where Ss 


area of the surface bounded by closed curve L 
curl, V 


projection of curl v on the external normal n 
to the element dS of this surface.* 


In the case of potential motion of the fluid I’ = 0 regardless of 
how the closed curve L is selected. 
19.1.6. A vortex line is an imaginary line whose tangent at each 
point, at the given instant of time ¢, coincides in direction with 
the vorticity vector curl v at this point. The equation of a vortex 
line is of the form 

dx dy dz 


curl,vcurlyv——scurl, v_ 





where curl, v, curl, v and curl, v are the projections of vector 
curl v on the "corresponding coordinate axes. 

A vortex tube is the surface formed by vortex lines passing through 
all the points of a small, closed curve. The fluid contained in a 
vortex tube is called the vortex filament. 

The vortex (or vortex tube) strength is the product of the magnitude 
of vector curl v in some normal cross section of the vortex tube 
by the area o of this cross section. The vortex strength is con- 
stant along the whole vortex tube and is equal. to the velocity 
circulation along an arbitrary closed curve drawn on the surface 
of the vortex tube and encircling it once. 

19.1.7. The fluid flow across a stationary surface S is the inass 
Me Of the fluid passing across this surface in unit time. Thus 


Meee = J ev, dS = f (jn) as 
Ss Ss 


where pn = unit vector of the outward normal to the element 
of surface dS 

v, = projection of the fluid velucily on vector n 

j = ev = vector of the density of fluid flow. 


19.2. The Continuity Equation 


19.2.1. The continuity equation is the mathematical expression 
of the law of conservation of mass in fluid mechanics. In terms of 
the Kulerian variables it can be written in several equivalent 


* The vectors n are drawn in such manner that from their ends the closed 
curve L is seen to be circuited in the counterclockwise direction in calculating 
the circulation. 
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forms: 


; do . _ de Ovz 
(a) ap+e div y = Vor, +o 


ox 
where 0(z, y, 2, t) = density of the fluid 
v(x, y, 2, t) = velocity of the fluid 





dvy Ovz 
7 yt aa) me 


ivy = lee. 4 Oty 4 8% _ give : : 
div y= -g2+ ay = divergence of vector v. 


(b) £2 4div (gv) = 0 


or 
0e @ 0 0 
“att ax (@02) + gy (gry) +-5, (gv.) = 0 


(¢) +e div v+(v¥ grad 9) = 0 


or 
oe vz, Ovy , Oz) de oe Oe) _ 
at +e( ae toy E) (oe oe + % ay + Ue a) = 0 





where grad g is the density gradient. 
19.2.2. The continuity equation for an incompressible fluid (se — 0) 


IS 


Ov, , 2 


j = Ovz , vy , vz 
divv=0 or an ay 


we 

The continuity equation for the steady motion of a fluid (% = 0) 

is 

5(evz) 
Ox 


(evr) 


Aev2) _ 
ay es 


div (ev) = 0 or ae 


+ + 
With a steady motion, the flow of fluid through a cross section 
of a stream filament does not depend on the location of the 
cross section. For two arbitrary cross sections dS, and dS, of 
un elemental filament the following condition holds: 


001 AS, = 0,2 dS, 


19.3, Equations of Motion for Fluids 


(1.3.1. The equations of motion of an ideal (inviscid) fluid (Zule- 
rian equations) are: 
(a) in the vector form 

dv 


ae de 
uw = F Pp: grad p 
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or 


a+ (vv)v = F—-— grad p 
where F = intensity of the mass force field (see 18.2.1.) 
Ma pressure 


density of the fluid 

ee = Vz ety f+, - = Operston. 
(b) in terms of projections on the coordinate axes 
ey Rene ae 


dt 7 e ox 
or 
For steady motion a 0 and ie, = - = im = 0. 


19.3.2. The equations of motion of a viscous fluid (Navier-Stokes 
equations) are:* 


*It is assumed that 7 = const and ¢ = coust. Otherwise the equations of 
motion are of the following, more complex, form: 


tem ote Boe (oR) ed fee] +g 
Og = ORs Rees +e lS H+ ae (Get 


=< 2 (ndiv wre (¢ div v) 


bee a +2 ay (nan) * ae DGGE ae) ax Pla ta] 


2 : , 
-3 s(n div Vtg (@ div v) 


dioica bes Bo). 2 [24 2] © ff te 2] 
ea = Fst? 5 (rae) (at ge) + ay 5 


--¢ © (naiv wie 7 (F div v) 
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(a) in the vector form 
dv _ 1 ¢ ; ae 
“a= F—— grad pty 4v+(++) grad div v : 
where » = _ = kinematic viscosity of the fluid 


4 = dynamic viscosity of the fluid or the coefficient of 
internal friction (see 11.4.4.) 
€ = second, or bulk, viscosity (see 19.3.3.) 
oe gt 2 2 
A= aa toy ton = Laplacian operator frequently de- 
noted by v2. 


(b) in terms of the projections on the coordinate axes ; 


dvs _ 1 ep (Ee Grr, ve) ( , #) 8 (Gz, dry Se) 
do ee nt ee et wat 4) ae (oe Toy te 


dey _ F,- 1 &p + »( S24 4 Oey + a) + (é + 5) a (2 ory + 3) 


dt e@ by ax? ' ay? | az? e | 3) dy\ax * dy | dz 
dv, _ A Op, (O?v2 , Ove , Ae) (ov) 8 (dz, Ivy, dvs 
woe et se Taye t met gr ee 


For an_ incompressible fluid, div v = 0 (see 19.2.2.) and the 
Navier-Stokes equation takes the form 


-— = F- ‘ grad p-+ Av 


This equation can be written in a form which does not contain 
the pressure p: 


£ curl vy = curl F+-curl[v curl v]+ A curl v. 


If the mass force field is potential, as, for instance, the gravitation- 
al field, then curl F = 0. With an ideal fluid (» = 0), the last 
term in the preceding equation also equals zero. 

19.8.3. The second, or bulk, viscosity (coefficient of the second 
viscosity) ¢, like the dynamic (first) viscosity 7, is a positive 
value and depends upon the chemical nature of the compressed 
fluid, the pressure and the temperature. The first viscosity is 
manifested in deformations due to simple shear; the second vis- 
cosity is manifested in deformations due to triaxial compression 
which are accompanied by a change in the density of the fluid. 
Compression and expansion of a fluid disturb its thermodynamic 
equilibrium and processes are initiated in the fluid that tend to 
restore this equilibrium. Since processes for establishing equilib- 
rium are irreversible (see 10.1.2.), they are accompanied by an 
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increase in the entropy (see 10.5.1.) which is an evidence of the 
dissipation of energy. This dissipation of energy, and the second 
viscosity € which governs the amount of dissipation, will be the 
greater, the slower the processes of restoring equilibrium in 
comparison with the compression or expansion process. For in- 
stance, the value ¢ should be large if, in compression or expansion, 
the chemical equilibrium of the fluid is disturbed and a chemical 
reaction occurs having a long relaxation time, i.e. a low rate. 
In the case of compression and dilatation caused by sound waves 
lee gat ¢ depends on the frequency (second viscosity disper- 
ston). 

19.3.4. The basic problem of fluid dynamics is to find the fields 
of velocities, pressures and densities in a fluid whose motion, or 
flow, is due to the action of given external forces, i.e. to find the 
following five functions of the coordinates and time: 


vb, = fil, Y, 2, t); Dy = fo(z, Y, 3, t); 
= falr, Y, 3, t); 
p= filx, y; 3; t) and oF f(z, y; 2, ) 


The equations of motion and continuity are sufficient to solve the 
basic problem of fluid dynamics for any fluid in which the density 
and both coefficients of viscosity depend only on the pressure and 
the forms of these relationships are given beforehand: @ = o(p), 
¢ = C(p) and » = n(p). In particular, this is true of an ideal in- 
compressible fluid (@ = constant and 7 =¢= 0), an ideal 
barotropic fluid (7 = ¢ = 0), as well as of the isothermal motion 
of a viscous fluid. 

In all other cases, the solution of the basic problem of fluid dynam- 
ics will require an extended system of equations including the 
equations of motion, continuity, energy (see 19.4.1.), state of the 
fluid (see 7.1.10.) and equations expressing the dependence of 
the dynamic and second viscosities and the state variables of the 
fluid (see footnote to 19.3.2.). 

19.3.5. To take into account the specific features of a concrete 
problem and to obtain a single-valued solution of the above- 
mentioned system of differential equations of fluid dynamics, it is 
also necessary to specify the initial and boundary conditions of 
the problem to be solved. 

The initial conditions determine the state of motion of the fluid 
at the initial instant of time (¢ = 0): vy = f,(z, y, 2, 0); Py = 
= f,(x, y, z, 0); etc. There is no need for specifying the initial 
conditions with steady motion of the fluid. 
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The boundary conditions determine the special conditions of 
motion of the fluid at its boundaries with solid bodies, at the 
free surface of the fluid, and at the interface between immiscible 
fluids. 
19.3.6. Certain cases of the boundary conditions for an idval 
fluid are given in the following: 
(a) At points on the surface of a stativnary solid wall, the velocily 
component of the fluid normal to the surface is equal to zero 
(slip condition): 
an an 
v, = 0 or ve ee + Yy 5, eG, =U 


where ®(z, y, 2) = 0 is the equation of the wall surface. 
(b) If the wall moves in space and, in the general case, is deformed 
in this motion, then the velocity of any point on the surface and 
the velocity of a fluid particle which is at this point at.the given 
instant should have equal projections on a normal to the surface. 
Thus 

ae 

Ve ty at 2 ae oe 

where ®(x, y, zs, t) = 0 is the equation of the moving surface. 
(c) In addition to condition (b), at the free surface D(x, y, z, t) = 0 
of the fluid, the condition of constant pressure—p(a, y, 2, t) = 
= const—should also be complied with. 
(d) At the interface between two immiscible fluids, the pressures 
of the two fluids should be equal, as should be the components, 
normal to the interface, of the velocities of the interface itself 
and of the two fluids. 
19.3.7. Certain cases of the boundary conditions for a viscous 
luid are given in the following: 
(a) At points on the surface of a stationary wall the velocity of 
the fluid equals zero (adherence condition). 
(b) At points on the surface of a moving wall, the velocity of the 
(nid equals the velocity of the corresponding point on the wall. 
The system of differential equations in fluid dynamics is extremely 
complex. Any solution based on analytical methods encounters 
insuperable difficulties and is feasible only for certain of the 
simplest cases of motion. 
19.3.8. The Bernoulli equation (Bernoulli integral) is valid for 
an ideal barotropic fluid (see 18.1.3.) in a conservative force 


field: 
vt dp 1 
Prt gt) o =C 
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where gy = potential of the mass force field 
C = value that is the same for all points of the given 
stream line and, in general, in going over from one 
stream line to another. 


If the fluid is not subject to the action of other mass forces besides 
gravity, then gs = gz (axis Oz is directed vertically upward) and 
the Bernoulli equation takes the form 


v dp _ 
ext i+ P= C 
For an incompressible fluid 
ov? vy 
oss +> +P =C, or atete = C, 


where a = dynamic (kinetic-energy) head 
p = static pressure 
- = plezometric hone 
= = velocity head. 
For a compressible fluid, the integral j2 depends upon the kind 


of process by which the state is changed. In isothermal and adia- 
batic (isentropic) processes of an ideal gas (see 7.1.11.) 


j2 = k, In p+const 


isotherm 
a x-1 
GP re ee 
f ky =" Pp * +const 


adiabat 7 


where x = ra = ratio of the specific heats of the gas in isobaric 


and isochoric processes (adiabatic exponent, 
see 9.4.5.) 
k, and A, = constants. 


19.3.9. Potential motion, or flow (see 19.1.3.) of an ideal barotrop- 
ic fluid is possible only when the mass forces are conservative. 
The Cauchy relation is valid for this type of motion. Thus 


og, vw? f dp = 
ats [2+or = f(t) 
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where = velocity potential (v = grad 9) 
= a of the mass forces 
fh = time function whose form remains arbitrary. 


19.3.10. Let us consider the steady potential motion, or flow, 
of an ideal fluid. The Bernowlli-Euler equation is valid for a baro- 
tropic fluid: 


2 F 
oe = const 


in which the constant, unlike the Bernoulli equation, is the same 
for all stream lines. 

19.3.11. Two-dimensional (plane) motion, or flow, is the motion 
of a fluid in which all its particles move in planes parallel to a 
certain stationary plane, the velocities of all particles lying on the 
same perpendicular to this plane being equal. If the coordinate 
plane xOy is taken as the stationary plane, then in two-dimensional 
motion 


vb, = filz, Yy, t); y= falz, ¥y, t) and vo, = 0 


For the two-dimensional motion of an incompressible fluid 


v, = x and v, =— re 
where (za, y, t) is the stream function. The family of lines y(z, y, 
t) = const (t here is the fixed parameter) is the totality of stream 
lines on plane xOy at the instant of time ¢. 
If the external force field is conservative, the stream function of 
an ideal fluid complies with the differential equation 


< = fv Ody _ oy 0 Ay 
Y= oe “dy” dy” Ox 
where 4 = grtie is the two-dimensional Laplacian operator. 


If the two- dimensional motion of an incompressible fluid is poten- 
lial, the Cauehy-Riemann equations are valid: 

av OP PY dO 

oy Ox Ox oy 


s he stream function and the veloeaty:) potential comply with the 

aplace equation: Ay = 0 and Ap = 0. The stream lines are 
ie hogonal paths of a family of lines ‘of equal velocity potential. 
(9.8.12. The law of conservation of velocity circulation (Kelvin 
circulation theorem) states: in the flow of an ideal barotropic 
(uid in a conservative mass force field, the velocity circulation 
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around an arbitrary closed curve passing through the same fluid 
particles (material curve) remains unchanged in the course of 
time. Thus 


f (v dl) = const. or s $ (v dl) = 
L L 


19.4. Energy Equations 


19.4.1. The first law of thermodynamics for moving systems is 
of the form 


d(U+ MO) = 6Q45A" or d(H 4+") = 6045A'4a(pV) 


where U and H = internal energy and enthalpy (sce 9.1.1. and 
9.1.6.) of the system 

V = volume of the system 

p = pressure 

M = mass of the system 

6Q = amount of heat delivered to the svstem from 

outside 
6A’ = work done by the external forces 
v = velocity of the system. 


19.4.2. The differential equation of the law of conservation of 
energy for a compressible viscous fluid is 


0 a“ = e+div (K grad T)— p div v 
Ove a av, Ov, | 8 
sofa + Cay #20 +B 
bie ya (ee ice (div ate t(div v)? 
az" ax az ay 3 : 
or 
o . & et Po. div (K grad T) 


+ foley +(e + (Se) T+ (5 + Se 


a (= 4 ay + (3 + +o)? |-3 (div v)? } + c(div vy)? 


where wandh = internal energy and enthalpy of unit mass 
of the fluid 
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e, T and p = density, absolute temperature and pressure 
of the fluid 

K, and ¢ = coefficients of heat conduction (thermal 
conductivity), internal friction and second 
viscosity of the fluid 

é = amount of incoming heat per unit volume of 

the fluid in unit time due to radiation or 
any other cause except heat conduction (for 
instance, due to chemical reactions). 


oof al(Sy +S) CEG + Sy 
+ (See y+ (See Sy b+ (0-4 n) (div ¥)2 


The dissipative function ® represents the amount of mechanical 
energy of the fluid which is converted, due to friction, into internal 
energy in unit volume of the fluid in unit time. 

For a gas that complies with the Mendcleev-Clapeyron cquation, 
it can be assumed, if the changes in tempcrature are not too 
marked, that 





du aT and fh ao a7 


at SV a at Pat 

where cp and ¢, are the specific heats in isochoric and isobaric 
processes. 
19.4.3. When K = 7 = € =e = 0, the energy equation deter- 
mines the condition of adiabatic motion, or flow, of an ideal fluid: 

du _ iP a ds _ as - 

ae div v or a a t(¥ grad s) = 
where s is the entropy of unit mass of the fluid. 
For an incompressible fluid at e = 0, the energy equation takes 
the form 


eo WT — div (K grad T) +n {2[(Bey + (Sr) +(2)1] 


Sp +) (ey HG) 


where ¢ is the specific heat of the fluid. 
lor an incompressible ideal fluid at « = 0 and K = const” 
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or 


oT oT oT oT _ eT aT  #T 
Mp Pe ge te gy Oe ar = oes tage to) 


where a = * is the coefficient of thermometric conductivity 


(see 15.3.1.). 

19.4.4. Convective heat exchange is the transfer of energy in the 
form of heat between nonuniformly heated portions of the fluid 
or between the fluid and solid bodies. It is a result of the motion 
of macroscopic portions of the fluid in relation to one another or 
in relation to the solid bodies. 

Convective heat exchange between a fluid and solid bodies is called 
heat transfer. Depending upon the cause of the fluid motion, dis- 
tinction is made between free-, or natural-convection, and forced- 
convection heat transfer. Fluid motion in the former is due to the 
force of gravity and results from the nonhomogeneous density of 
the differently heated portions of the fluid. In the latter, the rela- 
tive motion is due either to the displacement of the bodies in the 
stationary fluid or to the action of various kinds of pumps, fans, 
etc. on the fluid. 

19.4.5. The heat transfer coefficient a is a quantity that charac- 
terizes the intensity of heat transfer and equals 


q 
ame 
where gq = thermal flux density, equal in magnitude to the 
amount of heat transferred across unit area of the 
surface of a body in unit time 
AT = temperature head, equal to the absolute value of the 
difference between the temperatures of the fluid and 
the surface of the body. 


In many cases, the temperature head is otherwise defined. For 
instance, when a stream of compressible fluid flows around a 
body, AT is usually taken equal to the absolute value of the 
difference between the temperature of the fluid at a point far 
from the body and the equilibrium temperature that the surface 
of the body would have if there were no heat exchange. 

Owing to the influence of viscosity, the velocity of the fluid 
eqWals zero at the surface of the body. Consequently, in the imme- 
diate vicinity of the surface, heat exchange is accomplished by 
conduction: 


q = K |grad T lz 
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where K = heat conductivity of the fluid 
|grad 7 |, = absolute value of the temperature gradient of the 
fluid at the boundary with the body. 


The relationship between the heat transfer coefficient and the heat 
conductivity is of the form 


a= + lgrad Tle 


19.5. Dimensional Analysis and Physical 

Similarity 
19.5.1. A unit of measurement [A] of physical quantity A is an 
arbitrarily selected physical quantity of like physical nature. 
A system of units is the totality of units of measurement that 
have been established in some definite manner for all the quanti- 
ties dealt with in a given branch of physics. The following systems 
are used, for example, in mechanics: cgs (absolute physical), 
mks (absolute practical) and mk(force)s (engineering) systems, 
The ones used in electricity and magnetism are: cgs electrostatic 
(cgse) and cgs electromagnetic (cgsm) absolute systems, gaussian 
and the absolute practical (MKSA) systems. The International 
System of Units (SI) was recommended in 1960 by the Internation- 
al Conference on Weights and Measures, as preferable for all 
branches of science and engineering. This system (SI) coincides 
with the mks system with its mechanical quantities and with the 
MKSA system with its electromagnetical quantities. 
Absolute systems are ones in which units of length, mass and time 
are used as the fundamental units for mechanical quantities. 
Fundamental, or basic, units of measurement of a given system are 
the independently established units of measurement of several 
(usually three or four) arbitrarily selected unlike physical quan- 
lities. For example, in the cgs system, the fundamental units 
are 1 cm (unit of length), 1 g (unit of mass) and 1 sec (unit of time). 
The international System of Units (SI), covering all branches of 
science and engineering, is based on six fundamental units: 
length (m), mass (kg), time (sec), current (A), temperature (°K) 
and luminous intensity (cd). 
Derived units of measurement are ones that are defined by refer- 
ence to fundamental units of the given system on the basis of 
physical laws expressing the relations between the physical quan- 
lities being considered and the quantities whose units of measure- 
ment have been accepted as fundamental units. 
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The dimensional formula, or. simply. the. dimensionality, of some 
physical quantity B is the equation which determines the relation 
between the unit of measurement [B] of this quantity and the 
fundainental units [A,], [42], ..-, [Ag] of the given system. 
Dimensional formulas are in the form of power monomials: 


[B] = [Ay LAP... Edel 


where k = number of fundamental units 
Ny, Ny, «++, My = rational numbers. 


The units of measurement and the dimensionalities of various 
physical quantities in various systems of units,.as well as the 
relations between the units of measurement of the same quantity 
in the different systems, are listed in Appendix I. 

19.5.2. Homogeneous physical quantities are ones having the same 
dimensionality and physical essence, i.e. ones that differ only in 
-magnitude (for instance, the coordinates of a point of a body and 
its linear dimensions). 

Like physical quantities are ones having the same dimensionality 
but different physical meaning. An example of like quantities 
are the coefficient of diffusion and the kinematic viscosity. 
Dimensionless values are ones whose magnitude is independent 
‘of the system of units being used. For instance, the ratio of two 
homogeneous or two like physical quantities; is a dimensionless 
value. The ratio of two homogeneous quantities is called a simplex. 
‘19.5.3. -Azioms of dimensional analysis follow: 

(a) The numerical value a of physical quantity .4 is equal to the 
ratio of this quantity to its unit of measurement [A]. Thus 


_ A 

~ {Al 

(b) A physical quantity does not depend upon the choice of its 
‘unit of measurement, i.e. when the tunit of measurement is 
increased q times, the numerical value of the given physical 
quantity is reduced to + of its former value. 


(c) A mathematical description of some physical phenomenon, 
which shows the functional relationship bétwcen the numerical 
values of physical quantities, is independent of the choice of the 
units of measurement of these quantities. Consequently, all the 
terms of an equation which describes a physical process should 
have the same dimensions since tliis enables them to be converted 
to the dimensionless form by dividing both sides of the equation 
by some cunstant having the same dimensions. - 
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19.5,4...'The .J7-theorem states that .any relationship between n 
dimensional quantities, for whose measurement k fundamental 
units are used, can be represented in the form of a relationship 
between. 2—k dimensionless combinations 2, ..., 2,-, of these n 
quantities. 

For. example, let us assume that the relationship between the 
numerical values a,, ..., @, of the dimensional quantities 
-A,, ..., A, in the phenomenon being investigated is of the form 
a, = f(a,, az, »--, Qn-1). We further assume that the units of 
measurement of the first & quantities have been established inde- 
pendently of one another and accepted as fundamental units 
while the units of measurement of the remaining n— quantities 
are derived, i.e. 


(Aen) = [[L4d™, .... 140] = [] L4G 
f=1 isl 


Then, increasing the fundamental units [.4,], [A.], ..., [Ag] by 
a factor of a,, a2, ..., a, respectively, the relationship given 
above can be written in the dimensionless form: 





Tn-k = f(4, 4, seo 4, Ty se ey n—k-1) 
or 
Tin-k = F(a, sry iy Tn—k-1) 
Ug: i AK a A 
where ay = kyI = oe wey Apig = - i‘ moss = 
m m; 3 
Tl a;" II A;* TL a7é Tl agi 
i=l t=1 tel tok 


are the dimensionless combinations, or power complexes, of the 
physical quantities A,, ..., Ay. 

Two corollaries of the /7-theorem are: (a) ifn—k = 0, the equation 
ay, = f(a;, ---, G@a—1) has been incorrectly formulated since it 
cannot be converted to the dimensionless form; and (b) ifn—k = 1, 
then 2,_, = const. 

19.5.5. Two physical processes are said to be similar if they obey 
the same physical laws and if all the quantities ¢; characterizing 
one process can be obtained by multiplying the quantities ¢;’, 
homogeneous with the first quantities and characterizing the other 
process, by the constants c;. The latter are called similarity 
asia and are the same for all homogeneous quantities: ¢; = 
= o,f’. 

Criteria of similitude are dimensionless power complexes included 
in the dimensionless mathematical description of the process 
being investigated when this description is formulated with the 
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aid of the /7-theorem. To establish the kind of criteria of similitude 
required in each concrete process, it is necessary to make a list 
of all the dimensional quantities A,, ..., A,, characterizing this 
process, using for this purpose the differential equations of 
the process and the condition of their single-valued solution. 
Then the H-theorem is applicd to the functional relationship 
f(a,, ..., @,) = 0 which is an unknown integral (solution) of the 
problem. 

Decisive criteria of similitude are ones made up of quantities 
specified to suit the uniqueness condition, and of independent 
variables. 

19.5.6. The first theorem of similitude states that for two similar 
processes all the criteria of similitude are pairwise equal to each 
other, i.e. 

am = my; 1 = m4; etc. 


Second theorem of similitude: the criteria of similarity are related 
to one another by a similitude equation which is a dimensionless 
solution (integral) of the problem on hand and is valid for all 
similar processes. 

Third theorem of similitude: for two processes to be similar it is 
necessary and sufficient that they are the same qualitatively and 
their decisive criteria are pairwise equal to each other. 

Processes are said to be qualitatively the same if their mathematical 
description differs only in the numerical values of dimensional 
quantities they contain. 

19.5.7. The theory of similarity, or similitude, is the scientific 
basis for the experimental investigation of complex phenomena 
by the modeling (simulation) and analogue methods. 

The modeling, or simulation, method consists in reproducing and 
investigating processes on a model, these processes being qualita- 
tively the same as the real processes. The results of the experiments 
can be extended to cover these objects if the conditions stipulated 
in the third theorem of similitude are complied with. 

The analogue method consists in the study of some process by 
means of experimental investigations on other physical processes 
which are qualitatively different but proceed according to differ- 
ential equations which coincide with those of the process being 
studied. Besides, the conditions of uniqueness of the analogue 
processes should also coincide with those of the real processes. 
IExtensively used at the present time are experimental methods 
of investigating various phenomena which are based on the ana- 
logy between electrical, hydrodynamic, thermal, mechanical and 
other phenomena. In its application to thermal processes, the 
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analogue method has an essential shortcoming since it does not 
enable the dependence of the physical properties of the medium 
(viscosity, heat conductivity, heat capacity, etc.) on tempera- 
ture to be taken into account. 

19.5.8. The principal criteria of similitude in fluid dynamics are 
the Reynolds number Re, Froude number Fr, Strouhal number 
St and the Mach number M. 


The Reynolds number Re = a , where v is the characteristic veloc- 


ity of the fluid for the given problem, /is the characteristic linear 
dimension, and » is the kinematic viscosity of the fluid. The 
characteristic velocity and the characteristic length dimension 
can be chosen in different ways depending upon the problem on 
hand. For example, in considering the flow of an incompressible 
fluid through a round pipe of inside diameter d, the value / = d 
and v is the average velocity of the fluid along the cross section 
(v = AY where V,,, is the volume flow rate of the fluid). 
For the transverse flow of a fluid around a circular cylinder of 
diameter d, the value /=d and v is the velocity of the undisturbed 
fluid, i. e. its velocity at a point a long distance before the 
cylinder. The Reynolds number is the ratio of the inertial forces 
to the viscous forces in the stream of fluid. 


19.5.9. The Froude number Fr = = (where v is the velocity of the 


fluid at a point far from the body it is flowing around, / is the 
characteristic linear dimension of the body and g is the acceleration 
of gravity) is the ratio of inertial forces to gravity forces. It is of 
importance in the simulation of processes involved in the operation 
of various hydraulic structures, the motion of ships, etc. In model- 
ing gas flow, this criterion of similitude is of no particular signif- 
icance since, owing to the low density of gases, the influence of 
the gravity forces can usually be neglected. 

19.5.10. The Strouhal number is the criterion of similitude for 
unsteady motion of fluids. It equals St = or , Where vis the charac- 


teristic velocity, J is the characteristic linear dimension, and T 
is the characteristic time interval (for instance, in periodic motion, 
T is the period). 

195.11. The Mach number M = ~- (where v is the fluid velocity 


at the point being considered and c is the local velocity of sound 
in the fluid at the same point) is a measure of the influence of the 
compressibility of the fluid on its motion (or of the ratio of elastic 
forces to inertial forces). If M «1, the fluid can be regarded as 
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being incompressible. The motion of a compressible fluid is said 
to be subsonic if M <1 and supersonic if M > 1. The Mach 
number is the main criterion of similitude for the steady motion 
of a compressible fluid at high velocities. 

19.5.12. The principal criteria of similitude for steady-state free- 
convection heat transfer (see 19.4.4.) in an incompressible fluid 
are the Nusselt number Nu, the Grashof number Gr, and the 
Prandtl number Pr. The Nu, Re and Pr criteria are used for 
steady-state forced-convection heat transfer (see 19.4.4.). The 
Peclet number Pe = Re Pr is also frequently applied. 


19.5.13. The Nusselt number Nu = a , where a is the heat transfer 


coefficient (see 19.4.5.), J is the characteristic dimension and. K 
is the heat conductivity of the fluid. 
19.5.14. The Prandtl number char scenes the physical properties 


of the fluid. It is equal to Pr = ~~ = K , where vis the kinematic 


viscosity (see 19.3.2.) of the fluid, @ is its coefficient of thermo- 
metric conductivity (see 15.3.1.), 7 is its dynamic viscosity, and 
c is the specific heat (for gases, c = c¢,). 


19.5.15. The Grashof number Gr = al AT, where a, is the coeffi- 


cient of thermal expansion (see 10. 7. 3. ) of the fluid, » is its kine- 
matic viscosity, g is the free fall acceleration, J is the characteris- 
tic dimension, and AT is the temperature head which is equal to 
ue absolute difference between the temperatures an the fluid and 
the wall. 





19.6. Motion of Bodies Immersed in a Fluid. 
Boundary Layer 


19.6.1. In accordance with Galileo’s relativity principle (sec 2.9.3.), 
the problem of the force interaction between a body, moving 
uniformly and in a straight line at a velocity u in a stationary 
unlimited fluid, and the fluid is equivalent to the problem of 
the interaction between a motionless body and a steady stream 
of fluid, flowing around the body, whose velocity v, at a point 
far upstream of the body equals —u. 

19.6.2. The Navier-Stokes equation (see 19.3.2.) for steady flow 
of a fluid in the absence of mass forces is of the form 


(vv)v =— ‘ grad p+» Av+(£+-4) grad div v 
If the flow of a stream of incompressible fluid (div v = 0) around 
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the body corresponds to low values of the Reynolds number 
(Re = = «K 1), where lis the characteristic dimension of the body, 
so that the inertial term (vV)v « » Ay, the equation can be written 
in the following approximate form 


n Av—gradp=0 or Acurly=0 


19.6.8. The force of resistance F of a fluid, acting on a sphere moving 
slowly in the fluid, is determined by Stokes’ law: 


F = —6n7nRu 


where R = radius of the body (sphere) 
u = velocity of the body 
n = dynamic viscosity of the fluid. 
This law is valid for cases in which Re « 4 (Re = “th ° , where 


is the density of the fluid). 


The terminal velocity u of a solid sphere falling in a viscous 
fluid by the action of the gravity force is equal, within the limits 
of application of Stokes’ law, to 
2R*g(o’— 0) 
9n 
where o’ = density of the sphere 
g = free fall acceleration. 


The force of resistance exerted on a falling spherical drop of 
fluid and its terminal velocity are 


u= 





ata 3 @qt 30) 
where o’ and 7’ are the density and dynamic viscosity of the 
fluid of which the drop is formed. 
lor a small bubble of vapour floating up in a fluid, op’ = 0 and 
1 = 0. Hence the force of resistance is 


F = 2nnRu 22430 yy = 2Riele— 0) (nt!) 


F = 4nynRu 
und the velocity with which the bubble rises is 
_ Rge 
eis pe 


19.6.4. At very large values of the Reynolds number, it can be 
assumed -with some approximation that the effect of viscosity 
is manifested only in the portion of the fluid that flows in the 


341 


Fluid Mechanics II. 


immediate vicinity of the surface of the body it is flowing around. 
This portion of the fluid is therefore called the boundary layer. 

The fluid velocity at the surface of the body (boundary) equals 
zero (adherence condition, see 19.3.7.); the velocity at the outer 
limit of the boundary layer depends upon the velocity and trans- 
verse dimensions of the oncoming stream, and the shape and size 
of the body. For longitudinal subsonic flow along a thin flat plate, 
this velocity is equal to that of the oncoming stream. 

The thickness of the boundary layer gradually increases as the 
layer moves downstream along the surface of the body. Other 
conditions being equal, the greater the Reynolds number, the 
thinner the boundary layer. 

The fluid outside the boundary layer may, with a sufficient degree 
of accuracy, be regarded as ideal. 

19.6.5. Two qualitatively different types of flow of a viscous fluid 
are possible: laminar and turbulent. Laminar flow is ordered 
fluid flow in which the paths of neighbouring particles differ only 
slightly from one another so that the fluid can be regarded as a 
totality of separate layers or laminae, flowing at different veloc- 
ities without intermixing. Turbulent flow of a fluid is one in 
which its particles have unsteady haphazard motion along com-. 
plex irregular paths, as a result of which various layers of the flow- 
ing fluid are intensively mixed together. 

Laminar flow may be either steady or unsteady; turbulent flow 
can only be unsteady (the velocity of the fluid varies irregularly 
in time at each point in space). To characterize a turbulent 
stream, use is made of the concept of a temporal mean velocity 
¥ at the given point in space, obtained by averaging the true 
velocities v over a sufficiently long interval of time. The difference 
v’ = v—¥ is called the fluctuation in velocity. A turbulent flow 
can be arbitrarily regarded as steady if ¥ is independent of time 


A turbulent flow is set up as a result of the loss of stability of a 
laminar flow at sufficiently high values of the Reynolds number. 
19.6.6. The equations of steady two-dimensional flow (see 19.3.11.) 
of an incompressible fluid in a laminar boundary layer are 
dvx Ovy @vz 1 dp = 
ax “ey dy? sis “ox "ay 
where x and y = curvilinear coordinates measured downstream 
along the surface of the body (x) and normal 
to this surface (y) 
p = pressure at the outer limit of the boundary 
layer. 
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The pressure is transmitted through the boundary layer without 
any change, i. e. - = 0, p = p(x), and is related to the velocity 
b at the outer limit of the boundary layer by the equation 


A dp 52 


19.6.7. In the case of a laminar boundary layer on a plate along 
which an incompressible fluid flows longitudinally, the shear 
stress at the surface of the plate due to the friction forces is 


Tz = 0.332 y = = 0.332008 —— = = 


where g and 7 = density and dynamic viscosity of the fluid 
vy = velocity of the oncoming stream 
x = distance from the leading edge of the plate 
Re, = *%? 
2 n s 
If the length of the plate along the stream equals /, the average 
viscous stress along the whole plate is 





I 


tz = 7 [rede = 0.664903 —— 


0 


tee 


where Re = as is the Reynolds number. 


19.6.8. The Reynolds number (Re,), at which a laminar boundary 
layer becomes turbulent is called the boundary-layer transition, or 
critical, Reynolds number. For longitudinal flow along plates and 
bodies with surfaces of small curvature (Re,), ~ 300,000 and 
depends to a great extent upon the degree of initial turbulence 
of the oncoming stream. This initial turbulence is equal to the 
ratio of the root-mean-square fluctuation of velocity of the oncoming 


stream to its mean velocity: Vee, 


The turbulization of the boundary layer leads to an increase in 
the velocity gradient in the fluid at the surface of the body and 
to an increase in the viscous stress. The reason for this is that, 
in this case, the internal friction (viscosity) in the fluid is due to 
the transport of momentum by two simultaneously acting proc- 
esses: thermal motion of the molecules and turbulent mixing. 
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19.7. Fluid Flow in Pipes 


19.7.1. It follows from the equation of continuity that for steady 
flow of a fluid in a pipe 


Meo = f orn dS = const 
s 


i 


where m,-, = mass of fluid flowing in unit time through each 
cross section of the pipe (mass flow, see 19.1.7.) 
density of the fluid 

dS = element of cross-sectional area 


v, = fluid velocity component normal to area dS. 
If the fluid is incompressible then 


Ce f v, dS = const 
s 


ot 


where V,,, is the volume of fluid flowing in unit time through an 
arbitrary cross section of the pipe (volume flow). 

In the flow of an ideal fluid through a cylindrical pipe (S = const),- 
the velocity v, = v and is the same for all points of a given cross 
section. If the fluid is incompressible, the velocity is also the same 
for all cross sections. 

For a compressible fluid 


Meee 
ov =- 3 = © 
ov s const 


19.7.2. In the flow of an incompressible fluid through a cylindrical 
pipe, the stream in the initial part of the pipe consists of two 
portions: the boundary layer at the wall and the undisturbed 
velocity core, within whose limits the fluid velocity is the same for 
all points of the given cross section. The thickness of the boundary 
layer gradually increases with the distance from the pipe inlet 
until, at a distance 1,45, the boundary layer fills the full cross 
section of the pipe. The initial zone of length J,.., is called the 
zone of hydrodynamic stabilization, and the fluid flow beyond this 
zone is said to be stabilized since it corresponds to equal fluid 
velocity fields at all cross sections. The length J,,45 increases with 


the diameter of the pipe and the Reynolds number (for laminar 

flow in around pipe, law ~ R Re, where R is the pipe radius and 
2 

Re = sit). 


aRy 
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19.7.3. For stabilized laminar flow of an incompressible fluid 
through a cylindrical pipe whose axis coincides with the Gz axis 
of a Cartesian coordinate system, the velocity v of the fluid at all 
points in. the pipe is parallel to axis Oz. Thus v, = vy = 0 and 
v, = v. From the continuity equation (see 19.2.2.) it follows that 





a ; 
$e = Le v= flxy) 
According to the Navier-Stokes equation (see 19.3.2.) 
ap op _ 4. Op _ dp _ (dv , Gv) _ 2 fae 
ax oy 0; oz dz (ss a) = const = aig a 


where Ap is the pressure drop over the length J of pipe. 
19.7.4. This formula can be written as follows for a round cylin- 
drical pipe: 
i. a ( we.) ss 4p 
r dr 
where r = Vz?+y? is the distance from the pipe axis. 
The velocity distribution along the cross section of the pipe is 
expressed by the equation 


v(r) = a (R2—r*) 


where R = radius of the pipe 
r = distance from the axis to the point of the cross 
section being considered 
” = dynamic viscosity of the fluid 
Ap = pressure drop over the length 1 of pipe. 


The volume flow (or discharge) of a fluid is determined by the 
Poiseuille equation 


mRé 
Visco ae Bal Ap 


19.7.5. Tf the pipe is of elliptical cross section, then 
_ Ap ab? x of 
v(t 9) = sat atxer [!— Ge — be | 


na5h3 
Voce = Faia $ BY 
where a and b = semiaxes of the ellipse . 
x and y = coordinates of the point being considered in the 
cross sections; the coordinate axes Ox and Oy 
coincide with the semiaxes a and b of the ellipse. 
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19.7.6. For flow through an annular space between two concentric 
cylindrical surfaces of radii R, and R, > R, 


R2—R? 
v(r) = vil aur (Ri <r<R,) 


Pomc [Ft —Ri- ay | 


19.7.7. The critical Reynolds number Re,(Re = Ave where 


d is the pipe diameter), corresponding to the transition from 
eno to turbulent flow in a smooth round pipe, is of the order 
of 2300 

A number of semiempirical formulas have been derived for the 
turbulent flow of an incompressible fluid through circular pipes. 
19.7.8. In the steady adiabatic flow of an ideal compressible fluid 
through a pipe of variable cross section, the dependence of the 
flow density ov on the velocity v is of the form 


d 2 

ay (20) = oft) 
local velocity of sound (see 33.2.1). 
density corresponding to the state variables of the 
fluid in the cross section where its velocity equals v. 
The quantity ov reaches its maximum value 0,v, at the velocity 
v,, equal to the local velocity of sound c, and called the critical 
velocity. The ratio ae = M, is called the velocity coefficient. At 
M, < 1, the flow is ‘subsonic and at M, > 1 it is supersonic (see 
19.5.11. ). To go over from subsonic to supersonic flow it is neces- 


sary that the cross-sectional area S of the pipe vary according 
to the law 


where c 


Wl 


= Mac _ Cate ¢ 

gv ev 
Thus the tube gradually converges in the zone of subsonic flow 
up to the critical value S, and then diverges again. Such a tube 
is called a converging-diverging (Laval) nozzle. 
For an ideal gas 


_ 2 _ of 2% Po _ Vr 8h: 2 
Ca = CoV Tar = Vo uate zeit BT o: 
1 x 
Q2 \x-1 =1 
Oe = Osea) Te = Ser To and pe = pol =z)" 
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where x = adiabatic exponent (see 9.4.5) 
B = specific gas constant (see 8.1.3.) 
Po: 2 and T, = pressure, density and temperature. of a gas 


which has been adiabatically retarded to the 
velocity v = 0 

velocity of sound in the gas at temperature 7, 
critical values of the density, temperature and 
pressure. 


In an arbitrary cross section of a pipe, the variables of an ideal 
gas comply with the equations 


7) 
Ow, T, and py 








1 1 
be 1 w—1 v2\x-1 1 w—1 v2\x—1 
Oe vol 3 =) = vol eA. =) 
x1 v2 x—1 v2 
— To(1- 2 =) to (1-5) =) 
r4 td 
(1 x—1 y2\x-1 1 x—1 v2\x-1 
P= Polo 5) = pol That x) 


PART FOUR 





Electricity and Magnetism 


CHAPTER 20 





Electrostatics 


20.1. Basic Concepts. Coulomb’s Law 


20.1.1. Electrostatics is the study of the properties and interaction 
of electric charges which are fixed with respect to the inertial 
frame of reference chosen for this study. 

There are two kinds of electric charges: positive and negative. 
rie charges repulse each other; unlike charges attract each 
other. 

20.1.2. The law of conservation of electric charge states: the alge- 
braic sum of the electric charges remains constant in a closed 
system. 

The electric charge of any body consists of a whole number of 
elementary charges each of which equals 4.8 10~!° electrostatic 
(cgs) units of the quantity of charge. The smallest stable subatom- 
ic particle having a negative elementary charge is called the 
electron. The mass of an electron is 9.1x10-% g. The smallest 
stable subatomic particle having a positive charge is the proton. 
The mass of a proton is 1.67x10~4 g. Electrons and protons are 
found in the atoms of any substance. 

A neutral (uncharged) body contains charges of opposite sign 
which are equal in absolute value. 

Electric charges are said to be point charges if the linear dimen- 
sions of the bodies on which the charges are concentrated are 
very much smaller than any other lengths pertinent to the 
problem under consideration. 

20.1.3. Coulomb’s law states that the force F of electrostatic 
interaction between two point electric charges q, and q, in a 
vacuum is directly proportional to the product of the charges 
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and inversely proportional to the square of the distance r between 
them.. Thus 


1 1 its 


Fe= Pals (in SI units) 
Fe= tits (in cgse units) 


where é = 8.85 xX 10-12 So = 8.85107 R = is the permittivity 
of free space or permittivity of a vacuum. It is also sometimes 
called the capacitivity in vacuo, or the dielectric constant of a 
vacuum. 

For like charges (¢,;>0 and g,> 0 or gq, < 0 and q, < 0), 
Ff > 0; this corresponds to mutual repulsion. For unlike char- 
ges (¢, > 0 and gq, < 0org, < 0 andg, => 0), F < 0, which cor- 
responds to mutual attraction of the charges. 

20.1.4. The forces of electrostatic interaction are central forces. 
The force F,,, exerted in a vacuum on point charge q, by point 
charge q,, equals 


a Fay Yer 
. tgs - ‘i ea <_—— <0 
Fy = re ry, (in SI units) 920 Go20 
3 i : r F; 
F,. = an Typ (in cgse units) 6a 
G70 G2>0 
where r,, is the radius vector con- r1g.20.4 


necting charges g, and g, (Fig. 20.1.): 

20.1.5. If point charges g, and g, are in a homogeneous and infinite 
dieieewls medium, the force of their electrostatic interaction will 
Je 


4 re : 
Fe = ine Par Tie (in SI units) 
we fae ae, 
Fy. = ie,ra Pz (in cgse units) 


where K, is the dielectric constant of the medium, or ils relative 
permittivity, which shows how many times the force of interaction 
between charges q, and g, is greater in a vacuum than in the 
given medium. The reduction of force F,,. to + of its value ina 
vacuum is associated with a phenomenon ‘ction as _electrostric- 
tion, ie. the deformation of the dielectric under the influence of 
the electric field. In their deformation, liquid and gaseous dielec- 
Wrics, since they are directly adjacent to the charged bodies, exert 
an additional mechanical action on these bodies. In solid dielec- 
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trics, the charged bodies are located inside cavities and, other 
conditions being equal, the forces acting on the bodies depend 
upon the shape of the cavities. 


20.2. Electric Field. Electric Field Intensity 


20.2.1. According to the theory of short-range force action, interac- 
tion between particles of matter and between macroscopic bodies 
located at some distance from one another is accomplished by 
means of physical fields which are set up by these particles or 
bodies in surrounding space. The fields are no less material than 
their sources—the particles and bodies. The concept of physical 
fields is closely associated with the finiteness of the velocity of 
propagation in space of the changes in any interaction. In the 
special theory of relativity (see 32.1.1), it is contended, in accord- 
ance with experimental data, that these velocities do not 
exceed the velocity of light in a vacuum c = 3X10!° cm per sec. 
20.2.2. Interaction between fixed electrically charged particles 
or bodies is accomplished through an electrostatic field. An electro- 
static field is a steady-state electric field,i.e. one that does not 
change in time, set up by fixed charges. It is a special case of an 
electromagnetic field by means of which interaction is accomplished 
between electrically charged particles. In the general case, these 
particles can travel in an arbitrary way with respect to the frame 
of reference. 

20.2.3. The force characteristic of an electric field is the vector 
of its intensity (electrostatic field intensity or simply the electric 
intensity) 

F 

do 


where F is the force exerted by the field on a stationary test 
charge g, placed at the point of the field being considered. It is 
assumed that the test point charge q, is sufficiently small so that 
it does not distort the field whose intensity is to be measured. 
The electric intensity at any point of the field is numerically 
equal to, and coincides in direction with, the force exerted by 
the field on a unit positive test point charge placed at this point. 
The electrostatic field intensity is independent of time. An 
electrostatic field is said to be uniform if its intensity E is the 
same at all points of the field. If not, it is said to be nonuniform. 
Electrostatic fields are visualized by drawing lines of force. 
Lines of force are imaginary lines drawn in such a way that their 
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direction at any point (i.e. the direction of the tangent) is the 
same as that of the vector of electric intensity at that point of 
the field. The lines of force of an electrostatic field are open curves. 
They originate at the positive charges and terminate at the 
negative charges (in particular, they may pass out toward infinity 
or come in from infinity). Owing to the single-valued property of 
direction of the vector of electric intensity, or simply field vector, 
the lines nowhere intersect. The path of a free charged particle 
travelling in a field coincides with a line of force of the field only 
if the field is uniform (the lines of force of such a field are a system 
of parallel straight lines) and if the initial velocity of the particle 
is directed along the line of force. 

20.2.4. The resultant force F exerted on a test charge q) by a 
field, set up by a system of fixed charges q,, qo, .--, dn, is equal 
to the vector sum of the forces F,; exerted on the test charge 
by each of the fields of charges ¢;. Thus 


F = Y F; 
jak 
This leads to the principle of superposition of electric fields: 
B= SE, 
f=1 


The electric field intensity of a system of point charges is equal 
to the vector sum of the intensities of the fields set up separately 
by each one of the charges. 

For a continuous distribution of the electric charges, 


E = [dE 


where integration extends over the region in which the charges 
are distributed. This is: 
(a) a line if the charges are distributed along the line with a 


linear density 7 = a (dq being the charge of a line element of 


length dl); 
(b) a surface if the charges are distributed over the surface with 


a surface density ¢ = a (dS being an element of area of the 


surface) ; 
(c) a volume if the charges are distributed in the volume with a 


volume density @ = oa (dV being the element of volume). 
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20.2.5. If the electrostatic field being considered contains diclec- 
trics, distinction is made between two kinds of charges: free and 
bound. Bound charges are those included in the composition of 
the atoms and molecules of the dielectric, as well as the charges 
of ions in crystalline dielectrics having an ionic lattice. All the 
other charges are said to be free. Examples of free charges are 
the conduction electrons in metals, ions in gases and electrolytes, 
and excess charges transmitted to a conductive or nonconductive 
body and impairing its electrical neutrality. 
The electric field intensity E in this case is equal to the vector 
sum of the electric intensities of the fields set up by the free 
(E,) and bound (E,) charges. Thus 

E = E,+E, 
In the examples of electrostatic fields considered below it is 
assumed that the medium surrounding the free electrons is an 
isotropic dielectric which is homogeneous either within the limits 
of the whole field or within the limits of the regions bounded by 
equipotential surfaces (see 20.4.7.). Under these conditions 


where K, is the dielectric constant (relative permittivity) of the 
medium at the point being considered in the field. This implies 
that at a given distribution of free charges, the intensity of the 
electrostatic field in a vacuum is K, times greater than in a homo- 
geneous isotropic dielectric (sometimes called the generalized 
form of Coulomb’s law). 

20. eS The intensity of the electrostatic field of point charge q 
equals 


—_ 1 ais . ‘ 
BS pe ae (in SI units) 
q r 


= Kart 7 (in cgse units) 
where r= radius vector drawn from the point charge to 
the point being investigated in the field 
K, = dielectric constant (relative permittivity) of the 
medium 
& = permittivity of free space. 


The magnitude of the electric intensity is 


E= — ~ts (in SI units) 
0 e 
E = “jor (in egse units) 
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20.2.7. The intensity of the electrostatic field of a system of point 
charges q1, 2, -- +) In equals 


pee ey yore ee (in SI units) 


n 
R= yy —% ™ (in egse units) 
Py Keri vt 


In particular, for an electric dipole, which is a system of two 
charges, +g and —gq, of equal magnitude 


but of opposite sign and separated by a E 
distance / from each other that is small 
in comparison with the distance r to the yr E 
point of the field being considered, Ey r 

— _3(Peryr__ ie ins i 
E = inegK 3 ines (in ST units) 

3 5 . ; r 

E=- eer = ae (in cgse units) 


where p, = gl is the electric moment of the ohY 
dipole, or simply dipole moment. The vec- 
tor lis directed from the negative charge _ l + 

toward the positive one. 7 7 

In the spherical system of coordinates r, F1a.20,2 

6 and g with the origin at the middle 

of the dipole and the polar axis parallel to p, (Fig. 20.2): 





EF, = ~Pe2989.. ig = —Pe8in? and Ep = 0 (in SI units) 


Qnegk er?’ “neg Ker? 
+ 2Ne COS O sin 0 < : 
E, = ee + Eg = Pe - and Hp =0 (in egse units) 
e' e 


ond the magnitude of the intensity vector is 


Ea Pe WR cost O11 (in SI units) 


Anto Ker 
he Ja eae : i 
er V3 cos? 0+4 (in egse units) 


20.2.8. The intensity of the electrostatic field outside of a uni- 
formly charged infinite straight line, a circular cylinder charged 
on its surface or in the space between two coaxial cylinders 
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(coaxial cable or a cylindrical capacitor, sce 20.6.6.) is 


E-= ee - (in SI units) 
R= fe = (in cgse units) 


where 7 = linear charge density 
r = radius vector of the shortest distance from the 
axis of the cylinder to the point of the field being 
considered. 


The intensity of the field inside the cylinder E; = 0. 


20.2.9. The intensity of the uniform electrostatic field set up by 
a uniformly charged infinite plane is 


E= oaks (in SI units) 
Ra (in cgse units) 


“kK 


where a is the surface density of the charges. 
20.2.10. The intensity of the electrostatic field set up between 
two uniformly and oppositely charged infinite parallel planes is 


o . . 
rst 7 (in SI units) 
E= An (in cgse units) 

e 


where a is the absolute value of the surface density of the charges 

of the two planes. 

20.2.11. The intensity of the electrostatic field set up by a sphere 

of radius R, whose charge q is uniformly distributed over its 

surface, coincides outside the sphere with the intensity of the 

oe set up by a point charge q placed at the centre of the sphere. 
us 


a OE i i 
E= 4neo Kr? (in SI units) 
ar i i 
t= as (in cgse units) 


The intensity of the field inside the sphere KE, = 0. 
20.2.12. The intensity of the electrostatic field set up by a sphere 
of radius R, uniformly charged throughout its volume to the 
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volume density 9, is 


forr=R: E= ~~ (£)r 
sik, (7) (in SI units) 


a een 
forr=R: E= 30K. oF 


forr=R: E= 4 -z o(4)'r 

, : (in cgse units) 

forr<R: E= -5¢- nor 
e 


20.3. Electric Displacement. Osirogradsky-Gauss 
Electric Flux Theorem 


20.3.1. The electric displacement (electrostatic induction) D is a 
vector quantity which characterizes an electric field. 
For a field in a vacuum 


D = «E (in SI units) 
D=E (in cgse units) 
For a field in a dielectric 
D = « E+P, (in SI units) 
D = E+ 4aP, (in cgse units) 


where P, is the polarization vector (see 20.7.10. and 20.7.14.). 
If the medium is isotropic then 


D= K,&E (in SI units) 
D= K,E (in cgse units) 


in which K, is a scalar quantity. If, in addition, the medium is 
homogeneous, then £ is inversely proportional to K, and D 
does not depend on K, (with a given distribution of free charges). 
20.3.2. The basic problem in electrostatics is to find the vectors 
D and E at each point of the electric field set up by the given 
system of electric charges. In addition to the use of the principle 
of superposition of fields (see 20.2.4.) for solving this problem, 
a method based on the calculation of the electric flux is employcd. 


ins 355 


Electricity and Magnetism IV. 


An element d®, of the flux of electric displacement D through 
an element dS of surface is equal to 


d®, = (Dn) dS = Dd cos (D,n) = D, dS = Dds, 


where n= unit vector of the outward normal to the surface 
dS (Fig. 20.3.) 
D, = projection of vector D on the normal 
dS, = dS cos (D, n). 


n The displacement flux ®, through an arbitrary 
surface S is found by summation (integration) 


OX D of all the elements of flux: 
®, = | Dds cos (D,n) = | D,dS = | Dds, 
joss j 


FIG.203 

If the field is homogeneous and a flat surface WS is 

perpendicular to the field, then D, = D = const and 
= DS 

20.3.3. The Ostrogradsky-Gauss theorem states that the electric” 
displacement flux ®, through an arbitrary closed surface is 
proportional to the algebraic suin of the free electric charges 
q: enclosed by the surface. Thus 


”, = $ D, dS= Vy (in SI units) 
s é 

D, = $ D, dS = hn Ya: (in cgse units) 
5 a 


The displacement flux ®, through an arbitrary closed surface 
which does not enclose any free charges is equal to zero. 
In its differential form (@ being the volume charge density, see 
20.2.4.), the Ostrogradsky-Gauss theorem can be written as 

div D = @ (in SI units) 

div D = 420 (in cgse units) 
In this furm, the theorem shows that the sources of electric 
displacement are free electric charges. The differential form of the 
theorem is one of Maxwell’s equations for an electromagnetic 
field (see 30.4.1.). 
The application of the Ostrogradsky-Gauss theorem in calculal- 
ing D consists in choosing a clused surface of such shape that 
the electric flux ®, can be readily calculated by simple means. 
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20.4. Potential of an Electrostatic Field 


20.4.1. The element of work dA done by force F on a point 
electric charge q’ in moving it in an electrostatic field having 
an intensity E equals 


dA = Fdlcos (F, dl) = q’E cos (E, dl) dl 
where dl = element of path followed in moving the charge in 


the field 
(E, dl) = angle between the directions of vectors E and dl. 


The total work A done in a finite mo- ! 
vement of charge q’ from point n to 
point m of the field (Fig. 20.4) is +g 7 m 
m Ty 
A=q' [ Edt cos(E, dl) icina 


20.4.2. If the electrostatic field has been set up by the point 
charge + q, then 


_ wit ee 
A= 4S (--x) (in SI units) 
oe a (:--+) (in cgse units) 


where r; andr, = distances of points n and m from charge y 
& = permittivity of free space 
K, = dielectric constant of the medium. 


‘The work done by the electric forces of repulsion of like charges 
is positive when the charges move away from each other and 
negative if they move toward each other. The work done by the 
electric forces of attraction of unlike charges is positive when 
they move toward each other and negative if they move away 
from each other. The work done in moving an electric charge 
vin a field set up by charge g does not depend upon the shape 
wf the path along which it is moved, but only on the initial and 
‘inal position of the charge (conservative nature of electrostatic 
forces, see 3.4.1.). 

he work done by electric forces in moving a unit positive 
charge along a closed path ZL is numerically equal to 


ae p E dl.cos (B, dl) = f (E dl) 
L Lb 
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This integral is called the circulation of the field intensity vector 
with respect to the closed path, or contour, L 

The circulation of the electrostatic field intensity with respect to 
a closed path is equal to zero (conservative nature of an electro- 
static field). Thus 


f (Edl) = ¢ Edt cos (B, dl) = 


L 


The condilion that an electrostatic field is a conservative one is 
expressed, in differential form, as 


curl E = 0 


20.4.3. The work done by the field forces in moving an electric 
charge q’ in an electrostatic field set up by charge q is equal tu 
the decrease in potential energy W, of charge q’. Thus 


A =—AW, = Wn-Wre 


where W,, and W,, are the values of the potential energy of the 
charge at the initial and final points of its path. 

In moving a charge q’ in an electrostatic field set up by an arbi- 
trary system of charges (91, 92, ---, qn), the work done by the 
electrostatic forces equals the algebraic sum of the amounts of 
work done by the forces exerted on g’ by each of the charges q,. 
The change in the potential energy AW, of charge q’ in moving 
it from point 1 to point 2 in the field set up by a system of point 
charges q; is equal to 


AW, 


tl 





% : : 
¢ ” (ares ineckane) (in SI units) 


AW, ¢ > ( 


‘m1 Kr Reni 1 








) (in cgse units) 


where rj; and r;. are the initial and final distances between 
charges gq; and q’. Summation is carried out over all n charges of 
the system. 

20.4.4. The potential energy of an electric charge q’ at a given 
point of an electrostatic field, at a distance r from charge q 
which has set up the field, under the condition that W, (0) = 0, 
is equal to 


W, = Take (in SI units) 
W,= 73 (in cgse units) 
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The potential energy of repulsion of like charges is positive and 
increases as the charges come closer together. The potential 
energy of attraction of unlike charges is negative and increases 
lo zero as one of the charges moves to infinity. Curves of the 
relationship W, (r) for two point char- : 
ges are shown in Fig. 20.5. Ww, pike 
20.4.5. The potential of an electric field “7A \S”9r7es 

is its energy characteristic. The poten- 

tial at a given point of a field is a scalar 

quantity which is numerically equal to Q 
the potential energy Heat a unit posi- 





live charge placed at this point. Thus Unlike 
W, charges 
o-= a FI4.20.5 


20.4.6. The work done by the forces of an electrostatic field in 
moving a point electric charge g is equal to the product of this 
charge by the potential difference between the initial 1 and final 
2 points of the path followed. Thus 


A = Wai — Wee = 9(91— 2) 


If point 2 is at infinity, then W,,. = 0 and it is assumed that », = 0. 
The work A,, done in moving charge q from point 1 to infinity 
equals 

A,, = Wy = 


eo 


and consequently, p = ——. 


The potential of an electrostatic field is numerically equal to 
the work done by electric forces in moving a unit positive charge 
from the given point of the field to infinity. The potential is also 
numerically equal to the work done by external forces (acting 
ngainst the forces of the electrostatic field) in bringing a unit 
\ele charge from infinity to the given point. 

“requently, zero potential is taken, not as its value at infinity, 
hut as the potential of the earth. This is immaterial since in all 
practical calculations it is important to know the potential 
ifference between two points of an electrostatic field and not 
the absolute values of the potential at these points. 

£0.4.7, An equipotential surface is the locus of the points in an 
loctrostatic field having the same potential. At any point of an 
equipotential surface, the electric intensity vector of the field is 
perpendicular to the surface and directed toward the decrease 
n potential. 
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The relation between the intensity and potential of an clectro- 
static field is 
= —grad p 


The intensity at an arbitrary point of an electrostatic field is 
equal to the gradient of the potential at that point taken with 
the minus sign. The minus sign indicates that the vector E is 
directed as mentioned above. 

Since E has a finite value at any point of the field, the potential 
Q i a continuous function of the coordinates of points of the 
field. 

20.4.8. In superposing electrostatic fields their potentials are 
added together algebraically. If there are dielectrics in the electro- 
static field, the potential » at an arbitrary point is equal to the 
algebraic sum of the potentials at this point for fields set up by 
the free (g,) and the bound (,) charges (see 20.2.5.) Thus 


P = Pot Pp 
Under the condition that y(oo) = 0 
er ek End J St as i ; 
f= [| ae a as] (in SI units) 
9 = 25% av+{ ai ds (in cgse units) 


where g and ge, = volume density of free and bound charges 
o and o, = surface density of free and bound charges 
r= distance from the elements of volume dV 
and of surface dS to the point being considered 
in the field. 


Integration is extended throughout all the space occupied by the 
free and bound charges. 

In the examples of electrostatic fields considered below, it is 
assumed that the dielectric that fills the field is homogeneous 
and isotropic. In this case, for a given distribution of free charges, 


the potential of the electrostatic field in the dielectric is - of 
e 








that in a vacuum: 9» = . This complies with Poisson’s equation 
e 
in the differential form: 
div grad g = — ie or Ag =- ren (in SI units) 
div grad 9 = — $72 or Ap= ~ 430 (in egse units) 
e e 
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where 4d = te Ss = Laplacian operator 
K, = dielectric constant (relative permittivity) of the 
medium 
o = volume density of free charges. 


20.4.9. The potential of the field set up by a point charge q, 
under the condition that g(co) = 0, is 


Hl 


9 = rer as (in SI units) 
9 = es (in cgse units) 


where r = distance from the point of the field with a potential 
y to the charge q 
K, = dielectric constant (relative permittivity) 
& = permittivity of free space. 
20.4.10. The potential of the field set up by a system of poin 
charges q,, ..., qn, under the condition that g(oo) = 0, is 


n 
was % . a] ree 
p= 2 Te {in SI units) 
n 
p= 2 kay (in cgse units) 


In particular, the potential of the field set up by an electric dipole 
(see 20.2.7.) is 





1 v : . 
o> Ga ee (in SI units) 
p= $e. (in cgse units) 


where p, = dipole moment 
r = radius vector drawn from the middle of the dipole 
to the point being considcred in the field. 
2.4.11. The potential of an electrostatic field set up by charged 
surfaces (potential of a field of surface charges), under the condi- 
lion that gy(oo) = 0, equals 





1 dS - a) Py 
p= teak; J . (in SI units) 
sv 
es ea (in egse units) 
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The potential of an electrostatic ficld sel up by space charges, 
under the condition that (oo) = 0, is 


es edV . He 
= Take f: <— (in SI units) 
odVv 14 

= [ee (in cgse units) 


where g and a 
r 


volume and surface density of free charges 
distance from the element of volume charge 
e dV or of surface charge o dS to the point being 
considered in the field. 

Integration is carried out over the surfaces or throughout the 
volumes in which the electric charges are distributed. 

20.4.12. The potential difference between two points of a field 
located at the distances r, and r, from a uniformly charged in- 
finile straight line equals 


il 


1-92 = rire In oe (in SI units) 
1-%2 = mae In 72. (in cgse units) 
e 1 
where 7 = linear charge density 
K, = dielectric constant (relative permittivity) 


& = permittivity of free space. 
These formulas are also valid for a field set up by a uniformly 
charged circular cylinder of radius R and infinite length if r= R. 
20.4.18. The potential difference between two points of a field, 
1 and 2, located at the distances x, and z, from a uniformly 
charged infinite plane, equals 





Pi-F2 = TeeKi (z_— 2) (in SI units) 
ano . is : 
Pi~P2 = “Re (t2~ 41) (in cgse units) 


where ¢@ is the surface charge density. ee 
20.4.14. The potential difference g,—g, between two uniformly 
and oppositely charged infinite parallel planes equals . 


Pi 2 = ORD (in SI units) 
P1—-P2 = a (in cgse unils) 


where d is the distance between the planes, 
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20.4.15. The potential of the electrostatic field set up by a sphere 
of radius R with a charge qg, uniformly distributed over its sur- 
face, is the same, for points located outside the sphere, as the 
potential of a field set up by the point charge q located at the 
centre of the sphere [g(co) = 0]. Thus 


p= gene (in SI units) 


= rae (in cgse units) 





where r is the distance from the point outside the sphere to the 
centre of the sphere. Inside the sphere, the potential of the field 
is constant and equal to (R). 

20.4.16. The potential difference g,—g, between two points of 
the electrostatic field set up by a sphere of radius R, uniformly 
hatred throughout its volume with a volume charge density 0, 
equals: 

inside the sphere 





Pi-P2 = WK (r2 — r?) (in ST units) 

Pi-%2 = ae (r3 —r3) (in egse units) 
outside the sphere | 

Gi-%2 = ace (-3.) (in ST units) 

Mi-Pf2 = oa (4 - x) (in cgse units) 


where g = oR? = total charge of the sphere 


r,and 7, = distances from the points to the centre of the 
sphere. 


20.5. Conductors in an Electrostatic Field 


20.6.1. Under the action of an external electrostatic field, the 
charges in a conductor (conduction electrons in a metallic conduc- 
tor) are redistributed in such a manner that the intensity of the 
resulting field at any point inside the conductor equals zero 
(K = 0). At all points of its surface, E = E, ~ 0 and E, = 0, 
where E, and E, are the normal and tangential components, 
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respectively, of the field intensity vector. The whole volume of 
the conductor is equipotential: the potential is the same at all 
points inside the conductor. The surface of the conductor is also 
equipotential. In a charged conductor, thé uncompensated 
electric charges are located only on its surface. 

20.6.2. The electric displacement and the field intensity in a 
homogeneous isotropic dielectric near the surface of a charged 
conductor (but outside of it) are 





D=0 
o (in ST units) 
= “ok. 
D = 4ao . ; 
R= 522. (in cgse units) 
K, 


where & = permittivity of free space 
K, = dielectric constant (relative permittivity) 
o = surface density of electric charges on the conductor. 


The distribution of electric charges on the surfaces of conductors of 
various shapes, located in a homogeneous dielectric, depends 
upon the curvature of the surface: o increases with the curva- 
ture. On the internal surfaces of cavities in conductors, ¢ = 0. 
Multiple transfer of charges by internal contact to a hollow con- 
ductor enables the potential of the conductor to be raised to 
high values which are only limited by the leakage of the charge 
from the conductor. This principle has been applied in the van 
de Graaff electrostatic generator which is used in linear accelerators 
of particles (see 26.3.2.). 

20.5.8. The force dF acts on an element dS of the surface of a 
charged conductor. This force is in the direction of the outward 
normal to the surface of the conductor. If the conductor is in 
a vacuum, then 





o2 for? a : 
dF = Dep dS = -— dS (in SI units) 
dF = 2notds = ©. ds (in cgse units) 


where £ is the intensity of the electrostatic field at the surface 
of the conductor. 

If the conductor is in a homogeneous liquid or gaseous dielectric 
then, owing to the phenomenon of electrostriction (see 20.1.5.), 
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the force dF will only be *- of that in a vacuum. Thus 


dF = ee a ss dS (in ST units) 
eé 
dF = cai dS = - ss ds (in egse units) 


where £ is the intensity of re electrostatic field in the dielectric 
near the surface of the conductor. 
The pressure p on the surface of a charged conductor due to the 
force dF equals 

dF _ hh? 


PHag =o (in ST units) 
p= ae a Keb (in egse units) 


The forces F of attraction acting on the oppositely charged 
flat parallel plates of a capacitor (see 20.6.4.), separated by a 
solid dielectric, are the same as when there is a vacuum between 
the plates. Thus ; 
P= as (in ST units) 
F = 2no?S (in cgse units) 

where .S = area of the capacitor plate 

o = surface density of the free charges on the plates. 


If the space between the plates is filled with a homogeneous 
liquid or gaseous dielectric, then 


KeFo Dig 


F= = S= S (in ST units) 
Qnot OK, E® ae ite 
Fe=. ee Sa eS (in egse units) 


where £ is the field intensity in the capacitor (see 20.2.10.). 
20.5.4. The phenomenon of electrifying an uncharged conductor 
in an external electrostatic field is called electrostatic induction. 
It consists in separating the positive and negative charges, equal 
amounts of which are contained in the conductor. These induced 
charges disappear when the conductor is removed from the electro- 
static field. In any method of electrifying the conductor, the 
olectric charges are distributed over its surface and the cavities 
in the enclosed conductor are shielded from the external electro- 
static fields. Electrostatic protective shielding is based on this 
principle. 
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20.6. Capacitance 


20.6.1. As the charge q of a conductor is increased, the surface 
charge density at any point on its surface increases proportion- 
ally. Thus 

o=kq 


where k is a certain function of the coordinates of the point being 
considered on the surface. 

The potential of the field set up by a charged conductor in a 
homogeneous and isotropic dielectric (see 20.4.11.) is 








een eee Si. ete kdS- : ; 
? = Taek, f rT « AmegKe a (in SI units) 
8 Ss 
Pe ad eee ioe , : 
eee f r Ke f , (in cgse units) 
s Ss 


For the points of the surface S of a conductor, the integral depends 
only on the size and shape of the conductor. 

The potential » of an isolated charged conductor, not subject to 
the action of external electrostatic fields, is proportional to its 
charge g. The quantity 


-1 
c=% o C= inkal k -) (in SI units) 
oe Kf *) (in egse units) 


is called the capacitance of an isolated conductor. It is numerically 
equal to the charge that changes the potential of the conductor 
by ohe unit. The capacitance of a capacitor depends upon its 
shape and linear dimensions. Geometrically similar conductors 
have a capacitance directly proportional to their linear dimen- 
sions. The capacitance does not depend upon the material of 
the conductor or its state of aggregation. It is directly propor- 
tional to the relative permittivity of the medium in which the 
conductor is located. 

20.6.2. The capacitance of an isolated sphere is 


C = 4ne,K.R (in SI units) 
C= KR (in cgse units) 
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where R = radius of the sphere 
- = relative permittivity of the surrounding medium 
&) = .permittivity of free space. 


20.6.3. The mutual capacitance of two conductors is a quantity 
numerically equal to the charge g which it is necessary to trans- 
fer from one conductor to the other in order to change the po- 
tential difference y,—, between them by one unit. Thus 


The mutual capacitance depends upon the shape, size and relative 
position of the conductors, as well as on the relative permittivity 
of the medium they are in. 

20.6.4. A capacitor is a system of two oppositely charged conduc- 
tors having charges of equal magnitude and having such shapes 
and relative position that the field set up by the system is con- 
centrated (localized) in a limited region of space. In the case of 
parallel-plate capacitors, the conductors are called plates. The 
capacitance of the capacitor is the mutual capacitance of its 
plates (or conductors in the general case), 

20.6.5. The capacitance of a parallel-plate capacitor is 


i fo eS (in SI units) 
C= ea (in cgse units) 


area of cach plate or that of the smaller plate 


where S 
d distance between the plates. 


The formula for the capacitance of a multi-plate capacitor 
differs from that for a parallel-plate capacitor in that the term S 
is replaced by S(n—1), where n is the number of plates. 

ne The capacitance of a cylindrical capacitor or a coaxial 
cable is 


C= aca (in SI units) 
In = 

Ce ~ He. (in cgse units) 
2In —2 


where r, andr, = radii of the external and internal cylinders 


length of the cylinders. 


Wl 
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20.6.7. The capacitance of a spherical capacitor is 


a Ant K (112 cre) : 
C= ae =e : (in SI units) 
+ ee 
Kris . | 
C= 3 a - (in cgse units) 
fae 8 


where r, and r, are the radii of the external and internal spheres. 
20.6.8. The capacitance of a two-conductor transmission line is 


C= — Heke 2 (in SI units) 
In ae 
C Kel F : 
a a (in cgse units) 
4 ees 
4 dn Fi 


where d = distance between the axcs of the conductors 
r= radius of the conductors. 


20.6.9. Each type of capacitor has its breakdown voltage which 
is the potential difference between the plates (or conductors) at 
which an electric discharge passes through the layer of dielectric. 
The breakdown voltage depends upon the thickness of the di- 
electric, its properties and the shape of the conductors in the 
capacitor. 

20.6.10. The capacitance can be increased by connecting the 
conductors of like charge of two or more capacitors in parallel. 
The equivalent capacitance for such a connection is 


where C; is the capacitance of the i-th capacitor. 
20.6.11. When capacitors are connected in series, their oppositely 
charged conductors are connected together. In this case 


The equivalent capacitance is always less than the minimum 
capacitance of any capacitor in the network. 
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20.7. Dielectrics in an Electric Field 


20.7.1. Dielectrics are substances that do not conduct clectric 
current. They aa free electric charges. The quantum picture 
of dielectrics, given in the energy-band theory of solids, is dealt 
with in 44.4.32. through 44.4.40. 

20.7.2. In their electrical properties, the molecules of a dielectric 
are equivalent to electric dipoles with a moment p, = ql, whcre 
y is the total amount of positive charges (or equal amount of 
negative charges) of ‘a molecule and / is the distance between 
the “centres of gravity” of the positive and negative charges. 
If, in the absence of an external elcctric field, 2 = 0, the diclectrics 
are said to be nonpolar; if under the same conditions / = 0, 
the dielectrics are said to be polar. 

20.7.3. In the molecules of nonpolar dielectrics (H,, N,, CCl,, 
hydrocarbons, etc.), the “centres of gravity” of the positive and 
negative charges normally coincide in the absence of an exter- 
nal field and the dipole moment of the molecule equals zero. 
When such dielectrics are placed into an external clectric field, 
(heir molecules (or atoms) are deformed (displaced) and an 
induced dipole moment of the molecule appears, which is propor- 
lional to the field intensity E. Thus 


Pp. = eck (in SE units) 
Pp. = aE (in cgse units) 


where a = polarizability of the molecule or atum 
& = permittivity of free space (see 20.1.3.). 


The polarizability of a molecule depends only on its volume. 
The thermal motion of the molecules of nonpolar dielectrics has 
no influence on the inductién of dipole moments in them; a 
does not depend on temperature. 

¥0.7.4. The molecules of polar dielectrics (H,O, NH,, HCl, CHC), 
ele.) have a permanent dipole moment p, = const, which is due to 
the asymmetry in the arrangement of the electron clouds and 
nuclei of these molecules. The “centres of gravity” of the positive 
und negative charges in such molecules do not coincide (they 
are ata practically constant distance J from each other—perma- 
nent dipole). 

20.7.5. If a polar dielectric is placed in an external electric field 
uf intensity E, the individual permanent dipoles of moment p, 
experience a torque M, where 


M = [p.EJ 
1 $o0ug 369 


Electricity and Magnetism VV. 


which tends to turn the dipole in the direction of the intensity 
vector of the field, i.e. to align it with the field. In the real mole- 
cules of polar dielectrics, the action of the extefnal field leads, 
additionally, to the appearance of an induced dipole moment 
(see 20.7.3.). 

20.7.6. A permanent dipole, when placed info a homogeneous 
external electric field, is subject to the forcd F: 


F = grad (p.E) = p.-Sy 


where a is the change in E over unit length oe the axis of 


the dipole. The force F is directed along the vector & a and tends 


to displace the dipole toward the region of greater values of 
the field intensity E. 

20.7.7. The potential energy W, of a permanent dipole placed in 
an external electric field is 


W, = —(p.E) = —p,.E cos 0 


where p, = dipole moment 

E = intensity of the external field at the point where 
the dipole is placed 

6 = angle between the dipole axis and vector E. 


The minus sign indicates that the stable position of the dipole, 
corresponding to minimum potential energy, is with its vector 
p. aligned with the positive direction of vector E. 

20.7.8. Each element of volume of a dielectric, placed in a non- 
homogeneous electrostatic field E, is subject to a force equal to 
the resultant of all the forces applied to its individual molecules. 
The volume density f of the forces, i. e. the force applied to unit 
volume of the dielectric, is 


fol Bet) 


f= -__ grad E? (in SI units) 


f= fect grad E? (in cgse units) 


This formula is valid for dielectrics with low polarizability 
(x,<«<1, see 20.7.10). The force f is directed toward the increase 
in the ‘magnitude of vector E, regardless of the actual direction 
of this vector. 

20.7.9. In the absence of an external electric field, the electric 
moments of the molecules of a dielectric, which is not a ferroclec- 
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tric (see 20.8.1,), are either equal to zero or, in any case, are 
oriented absolutely at random. Consequently, the resultant 
dipole moment of any element of volume AV of the dielectric, 
containing a great number of molecules, equals zero. 

In an external electric field, dielectrics are polarized, i.e. they go 
over to a state in which the dipole moments of each element of 
volume AV of the dielectric no longer equal zero. Dielectrics in 
this state are said to be polarized. Distinction is made between: 
(a) orientational polarization of a dielectric with polar molecules. 
This is also called dipole polarization and consists in the align- 
ing of the axes of permanent dipoles along the direction of the 
intensity vector of the field. As a result of combined action of 
the electric field and thermal agitation of molecules which disori- 
ents the dipole molecules, preferred orientation of the dipole 
moments of the molecules occurs in alignment with the field. 
Orientational polarization increases with the intensity of the 
field and decreases with a rise in temperature. It is found in 
many liquids and gases. 

(b) electronic polarization of a dielectric with nonpolar molecules 
which consists in the appearance of an induced electric moment 
in each molecule (see 20.7.3.) and is found in many liquids 
und gases. 

(c) tonie polarization in crystalline dielectrics, such as NaCl and 
CsCl which have ionic crystal lattices (see 15.1.5.). It consists 
in the displacement of the positive ions of the lattice along the 
direction of the field and the negative ions in the opposite direction. 
20.7.10. A measure of the polarization of a dielectric is its polari- 
zation vector (or simply polarization) P, which is the vector sum 
of the dipole moments of the molecules (or atoms) in unit volume 
of the dielectric. Thus 


‘ i< 
P, = jim (+ 2 Pa) 


—>o 


where n= number of dipole molecules in volume V of the 
dielectric 
Pes = dipole moment of the i-th molecule (or atom). 


lor a homogeneous dielectric with nonpolar molecules in a 
homogeneous electric field 


P, = NoPe 


where p, = induced dipole moment of one molecule 
ny = number of molecules per unit volume. 
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Applying the formula given in 20.7.3. we can write 
P, = eynyaR = ey%,E (in SI units) 
P, = nak = x.E (in cgse units) 


where x, = nga is the electric susceptibility of the substance, or 
the polarizability of unit volume of the dielectric, and is propor- 
tional to the volume of all the molecules in 1 cm’. 
If a homogeneous dielectric with polar molecules is placed in a 
uniform electric field aq 
P, = NoPe 
where p, is the average value of the component along the field 
of the permanent dipole moment vector of the molecule. It is 
calculated by means of the Boltzmann distribution for particles 
L in a force field (see 12.5.1.). Thus 


= 1 
10 ip-| = L(a)p. = (coth a- )pe 
08 where L(a) = classical Langevin func- 
a6 tion (Fig. 20.6) 
04 a= Aes (in cgse units) 
ue # Ata«1, L(a) = + and 
B : 
123456 P, = ex (in SI units) 
HotU P, = x,E (in cgse units) 


The susceptibility x, is calculated by the Debye-Langevin for- 
mula: 


6 
Nop p . x, 
See Ss ‘ e@ 
oe Sek T (in SI units) 
‘ a 
NoDe ri ‘ 
le! ‘ its 
s rae (in cgse units) 
where k = Boltzmann’s constant A 
T = absolute temperature 
ny = number of molecules 4 


per unit volume of the 


dielectric. F1a.20.7 


Figure 20.7 shows the dependence of x, on + for nonpolar (a) 


and polar (b) molecules. The intercept OA represents the elcc- 
tronic polarizability in polar molecules. 
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20.7.11. In a polarized dielectric each molecule is subject to an 
effective electric field of intensity E,4 which is external with respect 
to the given molecule. The intensity E,,, differs from the inten- 
sity FE of the average macroscopic field in the dielectric. For 
nonpolar molecules 


Ruy = E+ dig P. (in SI units) 


Ey = E+ An P, (in cgse units) 


where P, is the polarization vector. This formula is inapplicable 
to dielectrics with permanent dipoles, and the function E,,(P.) 
is quite complicated. 

20.7.12. In a nonpolarized dielectric, the volume (9,) and sur- 
face (g,) densities of the bound charges (see 20.2.5.) equal zero. 
When the dielectric is being polarized, the bound charges are 
displaced. In a polarized dielectric, the values of g, and o, depend 
upon the polarization vector. Hence the corresponding space 
and surface bound charges are called polarization charges. Space 
bound charges occur in a dielectric 

which is nonuniformly polarized. Thus 5, S2 





e, = — div P, 


If the dielectric is homogeneous and 
is in a uniform electric field (Fig. 20.8), 
divP,=Oando,=0 = | )==-=2 
Surface polarization charges occur at i 
the interfaces either between unlike 
polarized dielectrics or between a 
polarized dielectric and a vacuum or 
conductor. If P,, and P,, are the polarization vectors of the first 
and second media at some point A of their interface S, and P,,, 
and P,», are the projections of these vectors on the outward nor- 
mal (with respect to the first medium) to surface § at point 
Al, the surface polarization charge density at point A will be 


m= — (Pon - ein) 


¥1G.20.8 


In particular, if the second medium is a vacuum or conductor, 
then 
P= 0; Pa=P. and o, = P., 


20.7.18. The external polarizing electric field E,, to which the 


occurrence of the bound charges is due, is set up by a system of 
free electric charges. In a dielectric, the field FE, and the field F, 
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of bound charges are added vectorially. The field intensity vector 
E in a dielectric characterizes the resultant macroscopic field. 
Consequently, E depends upon the electric properties of the 
medium. 
Example. Consider a homogeneous dielectric in a uniform electro- 
static field between two parallel conducting planes AA’ and BB’ 
which are uniformly charged and have surface 
B’ charge densities of +o and —o, respectively 
(Fig. 20.9). 
The volume density of the polarization 
charges 9, = 0. The surface densities of polar- 
ization charges on the surfaces adjacent to 
-% planes AA’ and BB’ are equal, respectively, 
to —o, and +o,, where 





0, = P, = &,E (in SI units) 
B o,=P,=x,E (in cgse units) 
F1G.20.9 The polarization charges set up an additional 


field of intensity E, inside the dielectric. This 
field is opposed to E, and E and is numerically equal to 


E, = 2 = %E (in SI units) 
£0 
E, = 4no, = 42x,E (in cgse units) 
The intensity of the resultant field in the dielectric is 
E = E,+E, = E,—,E (in SI units) 
E = E,+E, = FE, — 42%,E (in egse units) 
Hence 
E= Te E, = = (in SI units) 
E= sing Be = (in cgse units) 


where K, is the relative permittivity of the dielectric (sec 20.7.15). 
20.7.14. The Ostrogradsky-Gauss theorem (see 20.3.3.) for the 
electric displacement vector D in an arbitrary medium is 


$ D, dS = ¥ Oeee (in SI units) 

s 

f D, dS = 42 ¥ dye (in cgse units) 
8 
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where )' qyrcee = sum of free charges within the closed surface S 
$D, dS = displacement flux through this surface. 
s 


The Ostrogradsky-Gauss theorem for the intensity vector E in 
a dielectric is 


f foEin dS = Y Qpreot Y Gona (in SI units) 


8 


f E, dS = 42(¥) dsreot+ Dd Yona) (in cgse units) 
8 


where o£, dS = flux of the field intensity vector through the 
3 closed surface S 
Y dre = Sum of free charges within the closed surface 


¥ dona = sum of bound charges within the closed 
surface. 


¥ dina = — f Pop dS 
8 


where P,, is the projection of the polarization vector P, on the 
outward normal to the element of surface dS. 

20.7.15. The relationship between the vectors of displacement D, 
intensity E and polarization P, is 


D = ¢«E+P. (in SI units) 
D = E+ 4aP, (in cgse units) 
In isotropic dielectrics, the polarization vector P, is proportional 
to the field intensity E and coincides with E in direction. Hence 
D= K,e,E (in SI units) 
D= KE (in cgse units) 
where K, is the relative permittivity (dielectric constant) and 


is a scalar quantity. The relationship between K, and the electric 
susceptibility x, (see 20.7.10.) is of the form 


K,=14+%, (in SI units) 
K, = 1+4nx, (in cgse units) 
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20.7.16. Taking into account the difference of the effective field 
(see 20.7.11.), acting in a dielectric, from the average macroscopic 
field, the relation between A, and x, for nonpolar dielectrics is 
given by the Clausius-Mosotti equation: 


sherdy oh 
Ke+2 3 
or (in SI units) 
MoS h te Nae 
K,+2 @ 3 8 
Kent _ An 
Ke+2 0 3 CO 
or (in cgse units) 
Ke-1 uw _ 4a nc! 
Katte oe Nae 
where ye = molecular weight of the substance 
ov = its density 
N,4 = Avogadro’s number 
a = polarizability of the molecule ; 
Q and 2, = values of the molar (molecular) refraction, which 


are proportional to the volume of all the molecules 
in 1 mole and 1 kmole of the substance, respec- 
tively. 


20.7.17. The electric properties of an anisotropic crystalline 
dielectric differ in different directions (x, and K, are tensor 
quantities). Hence, in the general case, vectors P, and D do not 
coincide in direction with the field intensity vector E. 

For anisotropic crystals that are not pyroelectric, i.c. that do not 
experience spontaneous polarization in the absence of an exter- 
nal field, the relationships between the projections of vectors P,, 
D and E on the axcs of a Cartesian system of coordinates z, y, 

3 are of the form 


Pa = &y ¥) Heil’ (in SI} units) 

7 
Py= > eile (in cgse units) 
D,; = eo) Keyl; (in SI units) 
D,; = p Kiijf, (in cyse units) 
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where i,j = 7, y,4 


Heig = Hejt 
Kui; == Kui. 


The values of x,;; and A,,,; depend upon the orientation of the 
coordinate axes with respect to the crystallographic axes of the 
dielectric. The axes x, y and z can be selected so that 24, 2:5 
Heyes Kory, Koz, and K,, are simultaneously reduced to zero, and 
the dielectric properties of an anisotropic crystal will be fully 
characterized by the three principal values of the electric sus- 
ceptibility: 
Hey = Merz, Hea = Heyy and Hey = Herz 


and the corresponding three principal values of the relative permit- 
tivity: 


Key = Key = 14%; Ke = Ky, = 1+ %2 and 
Kig = Koss = 1+ Hen (in ST units) 


Ky = 1447"; Ke = 14+47%,. and 
Ky = 14+47%,5 (in cgse units) 


20.8. Ferroelectrics. Piezoelectric Effect 


20.8.1. Ferroelectrics are substances belonging to a group of 
crystalline dielectrics in which spontaneous orientation of the 
dipole moments of particles in the crystal lattice occurs even in 
the absence of an electric field. As a result, ferroelectrics consist 
of a combination of microscopic regions (domains) polarized in 
various directions. Ferroelectrics have been thus named because 
their electrical properties are analogous to the magnetic properties 
of ferromagnetic materials. Examples of ferroelectrics are the 
tetrahydrate of potassium sodium tartrate (Rochelle salt) 
NaKC,H,0,-4H,0, barium titanate BaTiO, and _ potascium 
dihydrophosphate KH,POQ,. 

20.8.2. The relative permittivity K, of ferroelectrics inc ses 
sharply in a definite temperature interval (Fig. 20.10) an: is a 
function of the field intensity E in the substance: K, = A ,(E) 
(Fig. 20.11). In this connection the dependence of D on E is 
nonlinear for insufficiently strong fields. At sufficiently high 
values of E, saturation is reached and the polarization vector 
P, ceases to change with the growth of E. 
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cal 20.8.3. Spontaneous polarization oc- 
Cp) Gram aay BaTiO; ‘e curs in ferroelectrics in a tempera- 
ONES 6500 ture range which is limited, in gene- 
5500 ral, by the upper and lower Curie 
points O, : 
4500 For Rochelle salt, ©,, = 297°K and 
O1.. = 255°K. The existence of one 
3500 Curie point ©, above which the cha- 
2500 Yacteristic properties of ferroelect- 
rics disappear, is a necessary fea- 
400 ture of all representatives of this 
5 type of substance. At T > O, the 
40 60 80 100 720%4,°%° thermal agitation destroys the spon- 
- taneous orientation of dipole mo- 
F1a.20.10 ments in the domains. Near the 
Curie point, asharp increase in heat 
capacity is observed (Fig. 20.10). This indicates that a second- 
order phase transition (see 10.9.11.) occurs at this point.* 
20.8.4. The phenomenon of dielectric hysteresis (lag, Fig. 20.12) 
is observed in ferroelectrics. The value P, 9 characterizes the 
remanent polarization and £, is the field intensity in the opposite 
direction—depolarizing (coercive field)—at which 
the polarization of a ferroelectric disappears. 
20.8.5. The piezoelectric effect consists in the de- 
velopment of unlike electric charges on the faces 
of certain crystals when they are mechanically 
distorted in specific directions. This effect is 











ONS 


z 





Oo £ ; 
FI@.20.41 FI@.20.12 F1IG.20.13 





observed in quartz, tourmaline, Rochelle salt, barium titanate, 
ephalerite, etc. In quartz, the piezoelectric effect takes place 
along the electrical axes z,, 7, and 23 of a crystal (Fig. 20.13), 





* In certain ferroelectrics (for instance, BaTiOs), a first-order phase transi- 
tion occurs at the Curie point. 
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perpendicular to its optical axis z (see 39.2.2.). If the direction of 
deformation is reversed (from compression to tension, or vice 
versa), the charges developed on the surface will also be reversed. 
The inverse piezoelectric effect consists in changing the linear 
dimensions of certain crystals by applying an electric field. If 
the direction of the field is reversed, the type of deformation will 
also be reversed (from expansion to contraction and vice versa). 
This effect is of prime importance in producing ultrasound (see 
33.14.1.). 


20.9. Energy of a Charged Conductor 
and an Electric Field 


20.9.1. The energy of electrostatic interaction of a system of 
point charges q;, dz, ---, Qn is 


1 nm 
Wia =~ 2 UPi 
2% 


where 9; is the potential at the point where charge q, is located 
for a field set up by all the charges of the system with the 
exception of charge q;. 

If the charges are in a homogeneous isotropic dielectric, then 





1 UW é . 
Was = GnigKy » me (in SI units) 
(k#t) 
_ 1 UW ; ‘ 
Wa = a bs a (in cgse units) 
(#1) 


where A, = relative permittivity of the dielectric 
ry = distance between charges q, and q,. 


20.9.2. The total electrical energy W, of a system of point charges 
U1) Ya) +++) Iny i.e. Charged bodies at distances from one another 
much greater than the linear dimensions of the bodies, differs 
from W;,, by the sum of the intrinsic energies of the charged 
bodies (or charges q,). Thus 


n 
W. = Wuat >», Wars 
The intrinsic energy of a charged conductor is the energy of interac- 
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tion of the charges on this conductor. The energy of a conductor 
which is not subject to an external field is the intrinsic energy of 
this conductor. It equals 


qe ? Cy? 
Wor =o = 96 = 


where C = capacitance of the conductor 
q and g = its charge and potential (at q = 0, g = 0). 


In contrast to the interaction energy W,,,, the intrinsic energy 
of the conductor cannot be negative in value. It equals zero if 
the conductor is uncharged. For any two conductors, the sum 
of their intrinsic energics always exceeds (or, if they are un- 
charged, is equal to) their mutual energy. Thus 


(Wielit Wirle = Wita 


20.9.3. The total electrical energy of a systein of charged conduc- 
tors equals 


: 1 
W e = oe os UPe 


where g; = charge of the i-th conductor 
gy: = potential of the i-th conductor due to the field of 
all the other conductors as well as its own field. 


The energy of a charged capacitor is 


where g = charge of the capacitor 
C = capacitance of the capacitor 
Ap = potential difference between the plates. 


20.9.4. The energy of any system of charges in a vacuum or 
dielectric can be expressed in the form 


We= 4 Jepdv + [opas 


Vv 


volume and surface density of free charges 
potential of an element of volume dV or of an 
element of surface dS for the electrostatic 
field set up by all the space and surface charges. 


where @ and g 
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Integration is to be extended throughout the whole volume V 
occupied by the free space charges and all the charged surfaces S. 
The influence of the dielectric on the value of W, is evident in 
the fact that for the same free charge distribution, the potential 


gy varies in different dielectrics (in a homogeneous isotropic di- 


electric, is + of that ina vacuum). 


The equation for W, can also be written in the form 


W, 


4 f (DE) av (in SI units) 
Ve 
a f (DE) dV (in cgse units) 


V, 


ba 
Vv, 


€ 


where D and E are the electric displacement and intensity in 
the element of volume dV for a field set up by the system of charges 
heing considered. Integration is to be extended throughout the 
whole volume V, of the space occupied by the ficld. It follows 
that the energy W, is distributed throughout this space, i. c. 
that the electric field possesses energy. The volume density of 
nergy of an electric field, i.e. the energy per unit volume of the 
tleld, is 


. dW, 4 : Pee re 
w= Sy = 9 (DE) (in SI units) 
We = one = sz (DE) (in cgse units) 


If the medium is isotropic, then 


4 2 2 ee : 
We = a ss Jeol = ‘eee (in SI units) 
_ DE _ KE? Dt ae ae 
Wee po gm aa (in cgse units) 


20.9.5. Lb is postulated in the macroscopic theory of electricity 
that mw, is the volume density of free energy (see 10.6.3.) of an 
rlectric field in a dielectric, i. e. it is a measure of the work done 
i making an isothermal reversible change in the field within 
unit volume of the dielectric. 

(nu dielectric having nonpolar molecules, a portion of the energy 
tequired lo set up the field is expended in polarizing the dielectric 
(1 “stretching” the elastic dipoles). The volume energy density 
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of a polarized dielectric is 

wa = (K,—-1) ae (in SE units) 

Wa = (K,-1) = (in cgse units) 
The difference between w, and w,; is the volume energy density 
of an elcctric field of the same intensity, but set up in a vacuum. 


It is sometimes called the volume density of the intrinsic electric 
energy of the field in a dielectric. Thus 





We — Wat = 9 (in SI units) 


We — Wai = g~ (in cgse units) 


CHAPTER 21 





Direct Electric Current in Metals 


21.1. Principal Concepts and Definitions 


21.1.1. An electric current is any ordered motion of electric charges 
in space. 
21.1.2. The ordered motion of free charges produced in a conductor 
by the action of an electric field is called conduction current. 
An ordered motion of electric charges can be accomplished by 
the displacement of a charged body (conductor or dielectric) 
in space. This motion is called an electrical convection current 
(for example, the current associated with the motion of the earth, 
having a surplus negative charge, on its orbit). 
21.1.3. The direction in which the positive charges move is con- 
ventionally taken as the direction, or sense, of the current. 
Actually, in metallic conductors, the electric current is produced 
hy Te mation of electrons in a direction opposite to that of the 
current. 
v1.1.4. The strength of the current (or simply, the current) through 
0 certain surface S is the scalar quantity J, equal to the first 
nee derivative of the charge q passing through this surface. 
‘hus 
= 44 
Dat 
¥1.1.5. A current is said to be direct if its magnitude and direc- 
tion remain constant in time. For a direct current 


r=4 
t 

where q = electrical charge 
t= time. 
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A direct current is numerically equal to the charge q transported 
through the surface S in unit time. 

21.1.6. The distribution of the electric current over the cross 
section S is characterized by the current density vector j. Its 
directon is toward the motion of the positive charges and it is 
numerically equal to 


_ dl 
I> as" 
where dS” = projection of the element of surface dS on a plane 


perpendicular to j 
di = current through dS and dss’. 


The projection j, of vector j on the normal n to the element of 
surface dS equals 
. dl ; 
Jn = ag = J cosa 
where a is the angle between j and n. 
21.1.7. The current in a conductor equals 


I= [jas 
Ss 


in which integration is extended over the whole cross section 
S (a = 0) of the conductor. 

21.1.8. The density of a direct (steady) current is the same over 
the whole cross section of the conductor. Thus 


I=js 


The densities of a direct (steady) current in two cross sections of a 
conductor are inversely proportional to the cross-sectional areas: 


21.2. Electron Theory of Conduction 


21.2.1. Current is carried in metals by conduction electrons which 
originate due to the fact that the valence (outermost) atomic 
electrons are collective in a metal, i.e. they are not associated 
with definite atoms. In the classical approximation, these 
electrons (conduction electrons) are treated as an electron gas 
whose particles have three degrees of freedom. In a more rigorously 
substantiated approximation, the electron gas is dealt with as a 
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degenerate quantum gas which complies with Fermi-Dirac 
statistics (see 12.8.1.). In the classical approximation, the number 
of ponauouon electrons per cm? of a monovalent metal is taken 
equal to 


n, = “4D 


where WW, = Avogadro’s number (see 7.1.7.) 
A = atomic weight of the metal 
D = density of the metal. 


In its order of magnitude n, ~ 10% to 103 per cm’. 

21.2.2. According to the classical theory, the haphazard thermal 
motion of electrons is accomplished at room temperatures at 
mean velocities (see 11.2.3.) of the order of 10° cm per sec. Accord- 
ing to the Drude-Lorentz theory, the electron has a mean free 
path 4 (see 11.3.2.) equal in order of magnitude to the crystal 
lattice constant of a metal (10-° cm). 

21.2.3. In the quantum theory, electron behaviour is described 
by the laws of quantum mechanics (see Chap. 44) and complies 
with Fermi-Dirac quantum statistics (see 12.7.3.). Neglecting 
the electric field of positive ions in the crystal lattice and the 
interaction of electrons, a model of a square potential well with a 
flat bottom has been conceived. Here the potential energy of the 
electrons equals zero outside the metal; inside the metal, the 
energies of the electrons form a quasi-continuous spectrum. 
At the upper filled level, the energy of an electron equals — A, 
where A is the work function, i. e. the work done in removing an 
electron from the metal (see 24.1.1.). If the influence of the field 
set up by ions on the motion of electrons is taken into account, 
this leads to the concept of the band structure of the energy 
spectrum of electrons in metals (see 44.4.32. through 44.4.40.). 
v1.2.4. The momenta and energies of electrons 

in metals are quantized, i.e. have definite dis- 

crete values. In a metal, the energy levels are < 

filled with electrons in accordance with the 

Pauli exclusion principle (45.6.2.) which states 

that not more than two electrons of opposite FIG.21.4 
spins (see 28.1.1.) occupy each level. The top 

energy level occupied by electrons at absolutegzero tempera- 
ture is called the Fermi level. The work done in removing an 
electron from the metal is measured from this level (Fig. 21.1). 
The number of energy levels filled by electrons is equal in order 
of magnitude to the number of free electrons in the metal. 
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Near-by (quasi-continuous) energy levels in a metal form energy 
bands (see 44.4.34.). The lowest zone, partially filled with electrons, 
is called the conduction band in metals. Sometimes, two conse- 
cutive bands overlap in metals (for example, in alkaline-earth 
and transition metals). The existence of bands only partially 
cet with electrons is a characteristic feature of conduction in 
metals. 
21.2.5. In the quantum theory of metals, the interaction between 
electrons and positive ions is regarded as the scattering of electron 
waves by the thermal vibrations of the ions of the lattice. 
21.2.6. The ordered motion of electrons in a metal conductor is 
due to the action of the external electric field. The current density 
18 

j = nev 


where no = number of conduction electrons per unit volume 
e = magnitude of the charge of each electron 


Vv = average velocity of ordered motion of the electrons. 


At the maximum permissible current densities, » = 10-2 cm per 
sec. The time required for a steady current to be established in 


the circuit is ¢ = = , where L is the length of the circuit and c 


is the velocity of light in a vacuum, and ¢ coincides with the time 
required for a steady electric field to be set up along the circuit 
and for ordered motion of the electrons to begin. Practically, 
this motion is originated over the whole length of the conductor 
simultaneously with the closing of the circuit. 

21.2.7. Ohm’s law for current density is 


4 
The current density in a conductor is equal to the product of the 
electric conductivity y of the metal by the electric field intensity E. 
The quantity g = — is called the resistivity. 
The equation for y in classical electron theory is 


_ Noe? 


amu 





= number of electrons per cm* volume of the metal 


= mean free path . 
= arithmetic mean velocity of thermal motion of the 
electrons at the given temperature. 
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According to the quantum theory of metals 





Dr 


where py = momentum of an electron which is at the Fermi 
level Wy (see 12.8.6., where the notation E, is 
used); pp is independent of temperature 
A = mean free path of the electron waves in the metal; 
depends upon’ temperature. 


In the range ofroom temperatures, / oc 7-1. Hence, the resistivity 
of metals 9 = Es , in accordance with experimental data, increases 


proportionally to 7. At lower tempera- 

tures Aoc 7'-", where n >1 and increa- a,cw 
ses with a reduction in T (the curve in g 
Fig. 21.2 shows the dependenceofZon @ 


T for silver). rot 
Ohm’s law is not valid for high current 70% 
densities. ue 
21.2.8. The thermal power density w of a = 


acurrent is the amount of energy which o 
is transmitted to the ions of the crys) 0 

tal lattice per unit volume of the con- , 
ductor per unit time as a result of the i@ ae GK. 
interaction between the ions and elec- mths 
trons. The Joule-Lenz law states that 
the thermal power density of a current in a conductor equals the 
product of the square of the current density by the resistivity of 
the conductor. Thus 

w = oj? 


21.2.9. The Wiedemann-Franz law states that for all metals the 
ratio of the thermal conductivity K (11.4.3.) to the electric 
conductivity y (21.2.7.) is directly proportional to the absolute 
temperature 7. Thus 


where k = Boltzmann’s constant (see 8.1.4.) 
e = charge of the electron. 


The Wiedemann-Franz law is based on the fact that the heat 
conduction in metals is accomplished by free electrons, as is their 
electric conduction (see 24.2.1.). According to the quantum 
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theory of metals (see 15.3.7.). 


nm (k\2 
FY 
This value of c is in good agreement with that of experiments 
conducted at room temperatures. 

21.2.10. The Drude-Lorentz classical electron theory of conduction 
provides an erroneous value for the atomic heat capacity of 


metals (9 ee ). Actually, the degenerated electron 


. gram atom. deg, : 
gas in metals (see 12.8.10) makes practically no contribution to 


ee capacity of metals which equals 6 sramn slonicaee (see 


21.2.11. The dependence of the resistivity 9 of a conductor on 
temperature is 


2 = Q(1+at) 
where g, = resistivity of the conductor at 0°C 
t = temperature in deg C 
a = temperature coefficient of resistivity. 


For most metals in the temperature range from 0 to 100°C, 
a varies in the range (3.3. to 6.2) 10-3 deg-!. The dependence 
of o and y on temperature for pure metals (and some alloys) is 
due to the dependence of 7 on temperature. 

At any temperature, except T = 0, electron waves (see 24.2.5.) 
are subject to scattering by the thermal vibrations of ions which 
increases with the temperature. The values of 4 and y are inver- 
sely proportional to the absolute temperature (except in the region 
of very low temperatures). Certain metals and alloys display a 
phenomenon called superconductivity. Below a certain critical 
pee the resistance of these substances vanishes (see 
28.7.1.). 


21.38. Direct Current Laws 


21.8.1. Coulomb’s forces of electrostatic interaction between 
electric charges (see 20.1.3.) cause these charges to redistribute 
in the conductor in such a manner that the electric field in the 
conductor disappears and the potential becomes equalized at 
all points in it. Consequently, a Coulomb force field cannot main- 
tain a direct (steady) electric current. 

21.3.2. A direct conduction current can be maintained only under 
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the condition that the intensity of the electric field in the conduc- 
tor is not zero and remains constant in the course of time. A direct 
conduction current circuit should be closed and, in addition to the 
electrostatic (Coulomb) forces, the free electrons should besubject- 
ed to the action of nonelectrostatic forces, called external forces. 
An electric field of external forces is set up in a circuit by connect- 
ing a seat of electromotive force (emf) into it. Such seats may be 
galvanic cells, storage batteries, electric generators, etc. By moving 
the electric charges and maintaining a constant potential differ- 
ence between any two points of a direct current circuit, the 
external forces do work at the cost of the energy expended in the 
seat of emf. Thus the latter is the source of energy in the circuit. 
The field of external forces exists inside the seat of emf. In the 
parts of a direct current circuit that contain no seats of emf, the 
charges are transported by the action of the forces of an electro- 
static field. 

21.8.3. For any point of a conductor through which a direct current 


flows 
E = Eos + Eezety 


where E = intensity of the electric field at the given point 
E..4: and E,,;, = intensities of the Coulomb and external force 
fields, respectively. 


lor the segment 1-2 of a conductor of cross-sectional area S we 
can write 


Ifeg= f (Beous dl) + f (Beer dl) 


where J = current in the conductor 
dl = vector numerically equal to the element dl of length 
of the conductor and directed along the tangent to 
the conductor in the same direction as current den- 
sity vector j. 


J (Ecout dl) = Pi- P2 
1 


where 9g, and 9, are the values of the potential of the electrostatic 
field at points 1 and 2 (see 20.4.5.). 

21.8.4. The line integral of the intensity vector E,,,, of the electric 
field of external forces along the segment 1-2 of the circuit is 
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called the electromotive force (emf), or electromotance, 6, acting 
in this segment of the circuit. Thus 


2 
bx, = J (Esurdl) 
1 


The emf is numerically equal to the work done by the external 
forces in moving a unit positive charge along segment 1-2 of the 
conductor. The value é,, is equal to the algebraic sum of the emf’s 
of all seats connected into the segment 1-2 of the circuit. The emf 
of a seat is taken to be positive if, when connected by itself into 
the closed circuit being considered, it originates a current directed 
from point 1 toward point 2 in the segment 1-2. 

21.3.5. The voltage (or voltage drop) U., across the segment 1-2 
is a quantity numerically equal to the work done by the combined 
field, set up by the Coulomb (electrostatic) and external forces, 
in movie a unit positive charge over the segment of circuit 
1-2. Thus 


2 2 
Us = ff ((Beout+ Beer) dl) = ff (Edd) 


Hence 
Ua = (Pi- G2) +621 


21.3.6. The integral 
2 
dl 
f es = Ro, 
1 


is called the resistance of the segment of the circuit between 
cross sections 1 and 2. For a homogeneous cylindrical conductor 
(og = const and S = const) 
U U 

Ra = oR =e 
where J,, is the length of segment 1-2 of the conductor. 
21.8.7. Ohm’s law for an arbitrary segment of the circuit states that 
the voltage across the segment equals the product of the resistance 
by the current. Thus 


TRe, = (P1—P2) + 6a, 
Uy = IR, 


or 
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Example 1. In a closed electric circuit, g, = ., the total resist- 
ance of the whole circuit R,, = R and 

é=I1R 


where 6 is the algebraic sum of all emf’s acting in this circuit. 
For the closed electric circuit shown in Fig. 21.3, 


where the seat has an emf of 6 and internal re- ye 
sistance r, the voltage U across the terminals of | | 


the current source (across the external circuit) 








equals 
; U = IR, ¥14.24.3 
where J = r+R, 
R, = R-r 
Hence 
6h, _ perp 
lo r+Ry T+R, 6—Ir 


Example 2. In an open circuit J = 0 and 6,, = g,—9,. To deter- 
mine the emf of the seat it is necessary to measure the potential 
difference across its terminals when the external circuit is open. 
21.3.8. If the conductors forming a circuit are fixed and the electric 
current is steady, the work of external forces is completely expend- 
ed in heating the conductors. The energy W developed in the 
circuit during the time ¢ throughout the full volume of the con- 


ductor is 
W = IUt 


where J = current 
U = voltage drop in the conductor. 


The amount of heat Q (in calories) generated in the conductor 
corresponds to the amount of energy developed and equals 


Q = 0.241Ut 


where J is given in amperes, U in volts, and ¢ in seconds. 

he last formula is an expression of the Joule-Lenz law which 
states that the amount of heat developed in a conductor is propor- 
tional to the current, the time it flows and the voltage drop. 


21.4. Kirchhoff’s Laws 


41.4.1. The analysis of complex (branched) d-c circuits consists in 
"nding the elements of the circuit in accordance with the given 
resistances and applying to them the emf’s of the current in each 
vlement. This problem is solved on the basis of Kirchhoff’s laws. 
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21.4.2. A branch point, or junction, in a branched circuit, or network, 
is a point where there are more than two possible directions of the 
current (Fig. 24.4). Three or more conductors are joined at each 

junction. A mesh, or loop, is any closed con- 


' ducting path in the network. 
4 Kirchhoff’s first law (point rule) states that 
A J; the algebraic sum of the currents 7, which 
meet at any junction of an electric circuit 
Ie ; is zero: 
ls 9 i“ 
T= 0 
FIG.21.4 Py 5 


where n is the number of conductors joined at the branch point. 
Currents flowing toward the branch point are considered positive; 
those away from it are considered negative. 

21.4.3. Kirchhoff’s second law (mesh rule) states that in any mesh, 
arbitrarily chosen from the circuit, the algebraicsum of the prod- 
ucts of the currents J, by the resistances A, of the corresponding 
segments of the mesh equals the algebraic sum of the emf’s 
é, applied in the mesh. Thus 


n n 
> LR, = y Ge 
km] k=l 


When applying the second law (mesh rule) a definite direction 
around the mesh (i.e. either clockwise or counterclockwise) must 
be chosen: currents J, coinciding in direction with the one chosen 
are considered to be positive. The emf’s é, of the current sources 
are considered positive if they produce a current in the direction 
chosen around the loop. 

21.4.4. The following procedure is employed in analysing a com- 
plex d-c circuit. 

(a) The directions of the currents are arbitrarily assigned in all 
elements of the circuit. 

(b) For m branch points, m—1 independent equations are written 
on the basis of the point rule. 

(c) In applying the mesh rule, select the meshes so that each 
new mesh contains at least one element of the circuit not included 
in the previously considered meshes. In a branched circuit, con- 
sisting of p branches and m branch points, the number of inde- 
pendent equations based on the mesh rule equals p—m-+1. 
Example 1. In measuring the currents J that exceed the maximum 
current J, for which an ammeter having a resistance of Ry is 
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designed, it is necessary to put an additional resistor R,, in paral- 
lel with the ammeter. This resistor is called a shunt (Fig. 21.5). 
The resistance of the shunt is calculated by Kirchhoff’s laws. 


Thus 
T=1,+1, and I,Ry = Inka 
from which r 
_ Rolo 
Ray = “T=Ip 





where J,, is the current in the shunt. 


Ro 
qj 
Tsh sh a 
FIG.21.5 Fig.21.6 


Example 2. To measure the voltage U across an element of a cir- 
cuit, a voltmeter is connected in parallel with the element. The 
voltmeter is designed for a voltage U, at the maximum permis- 
sible current J, in the instrument (U, = I,R,). If U > U,, an 
additional resistor R, is connected in series with the voltmeter 
(Fig. 21.6). Its resistance is determined from the equation 


(Ryo +Ra)Jo = U 
from which 5 

Ry = To he 
Example 3. In the electric circuit shown in Fig. 21.7, the resist- 
ances R,, R, and R, and the electromotive forces 6, and é are 
given. Determine the resis- 
tance R, under the condition 
that there is no current in the 
circuit of the galvanometer G 
(1, = 0). If the directions of 
current have been assigned as 
indicated by arrows in Fig. 
21.7, the application of 
Kirchhoff’s first law (point 
rule) to the branch points A, 
B and C leads to the following. rIG.24.7 
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equations: 
,-f,=0; 4+f,=2 and J,-1, = 0 


The counterclockwise direction is taken in traversing the meshes 
ABCGA, ADCGA and BCDB. Then 


—H,R, + I5R3 = 6 
I,R,—J,R, = 0 
I,R,+yRy = 6, 
Solving this system of equations, we can write 


R ae RsR2 _ Re(Rst+ Ra) ae 
rR Ra és 


i 


If €, = 0, the result does not depend upon é and we obtain the 
preeutine bridge circuit used for measuring unknown resistances. 
Thus 


_ RaRs 
R,= Ra 


This formula is still valid if the galvanometer G and the seat of 
emf é, are interchanged in the bridge. 


CHAPTER 22 





Electric Current in Liquids and Gases 


22.1. Electrical Conduction in Liquids. 
Electrolytic Dissociation 


22.1.1. In many liquids (aqueous solutions of salts, acids, etc.) 
an electric current involves an ordered motion of ions, which are 
atoms or groups of atoms having a surplus or insufficient number 
of electrons in comparison with neutral atoms or molecules. 
The electric field that produces ordered motion of ions is set up 
in the liquid by electrodes which are conductors connected to the 
terminals of the current source. The positive electrode is called 
the anode, and the negative one the cathode. Accordingly, the 
positive ions (cations)—the ions of metals and hydrogen—move 
toward the cathode and the negative ions (anions)—ions of acid 
radicals and of the hydroxyl group—toward the anode. 

22.1.2. The passage of an electric current through such liquids is 
accompanied by the phenomenon called electrolysis which is the 
deposition on the electrodes, or the liberation at them, of the 
components of the dissolved substances, or of other substances 
resulting from secondary reactions. Conductors in which a current 
is accompanied by electrolysis are called electrolytes, or second- 
order conductors. In contrast to currents in metallic conductors 
(first-order conductors), those in electrolytes involve the transfer 
of matter. 

22.1.3. Electrolytic dissociation is the decomposition of molecules 
of the dissolved substance (solute) into positively and negatively 
charged ions as a result of interaction with the solvent. This 
phenomenon is due to the combined action of two factors: 
thermal motion and the interaction between the polar molecules 
of the solute, consisting of interrelated ions (for instance, mole- 
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cules of salts, acids and alkalis), and the polar molecules of the 
solvent (for instance, water). This interaction weakens the bonds 
between ions and facilitates their rupture when the molecules 
of the solute collide with sufficiently rapidly travelling molecules 
of the solvent (or of the dissolved substance). The degree of disso- 
ciation a is the ratio of the number of molecules nj dissociated 
into ions to the total number of molecules n, of the dissolved 
substance (solute). Thus 


22.1.4. As a result of the random thermal motion of the ions, a 
process occurs in which ions of opposite charge recombine to 
form neutral molecules. This is called deionization. 
Under conditions of dynamic equilibrium between the processes 
of dissociation and deionization, the degree of dissociation a 
complies with the equation 

3 = const Xn, 
lf no > 0, then a > 4, i.e. in weak solutions a = 1, and almost 
all the molecules are dissociated. The value of a decreases with 
an increase in the concentration of the solution. In highly con- 
centrated solutions 

const 


Ve 





22.2. Laws of Electrolysis 


22.2.1. The first law of electrolysis (Faraday’s first law) states 
that the mass of the substance M liberated at an electrode is 
gueeyy proportional to the electric charge q passing through the 
electrolyte. Thus 

M = kq 


The coefficient of proportionality k, numerically equal to the 
mass of the substance liberated when a unit electric charge passes 
through the electrolyte, is called the electrochemical equivalent of 
the substance. When a direct current J is flowing through an 
electrolyte for a time of t sec, g = Jt and M = kit. 

22.2.2. The second law of electrolysis (Faraday’s second law) 
states that the electrochemical equivalents of the elements are 
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directly proportional to their chemical equivalents. Thus 
A 


in which the ratio of the atomic weight A of the element to its 
valency is called the chemical equivalent. An amount of a sub- 
stance, whose mass, expressed in grams, is equal to its chemical 


equivalent, is called the gram-equivalent. The quantity F =4 


is called Faraday’s constant.* It is equal to the electric charge 
that must be passed through an electrolyte to liberate 1 gram- 
equivalent of any substance at the electrode. Thus 


eS coulombs _ 4 coulombs | 
F = 96,494 gram-equiv © 9.65 x 10' gram-equi¥ 


22.2.3. Faraday’s united law is 
1 


1A A 
M= FZ It or M= FZ q 
22.3. Atomicity of Electricity 


22.8.1. The amount of charge g of any ion can be determined by 
Faraday’s laws. Thus 


_42F 
qI= + Nu 
where Z = valency of the ion 
F = Faraday’s constant 
N, = Avogadro’s number. 


The charge of a monovalent ion (Z = 1) is equal in magnitude to 
that of the electron: 


4, = e = 4.803 X 107° electrostatic units 
= 1.602 x10-)® coulombs 


It has been found that any electric charge is a multiple of the 
smallest charge e which is said to be elementary (see 20.1.2.). 


be vy ig notational confusion, Faraday’s constant was denoted by Ny 
In 6.7. 
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22.4. Ohm’s Law for Currents in Liquids / 


22.4.1. The current density j (see 21.4. 6.) in liquids is equal to 
ue sum of the current densities of the positive and negative ‘ions. 
Thus 

j= ie+i- 


The dependence of the current density j in liquids on the inten- 
sity E of the electric field applied to the electrodes is of the form 


j= Fy Z+oe(uy + UE 


where F = Faraday’s constant 
N= Avogadro’s number 
Z4 = valency of the positive ions in the solution 
No+ = humber of positive ions per unit volume of the 
electrolyte 
u,andu.. = mobility, respectively, of the positive and negative 
ions, i.e. average velocity of motion of these ions 
due to the action of an electric field of unit inten- 
sity. 
The preceding formula is the expression of Ohm’s law of current 
density in electrolytes. 
22.4.2. The resistivity of an electrolyte equals 
pice IVa 2 Se 
ss FZ 4No4(usyt+u-_) 
If a molecule of the electrolyte dissociates into k, positive and k_ 
negative ions, then k,Z, = k_Z_. Hence 


No+ = kyany and no_ = k_an, 


where a = degree of dissociation 
ny = concentration of the electrolyte (see 22.1.3.). 
Then 


_ Na _ { 
a FZ sR ano(usy+u_) Ore eOr= FaC(u4+u_) 
kyZaun k-Z- i e 
where C = —t—** = — is the number of gram-equiva- 


lents (kilogram-equivalents) of the ions of a single charge per 
unit volume of the electrolyte, either in the free state or bound 
in the molecules. The quantity C is called the equivalent concentra- 
tion of the solution (it is measured in kilogram-equivalents per 
m? or gram-equivalents per litre, which are of equal magnitude). 
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\ 22.5. Electrical Conduction in Gases 

22.6.1. Gases consist of electrically neutral atums and molecules, 
and\are insulators under normal conditions. Gases become conduc- 
tors of electricity after their ionization—the detachment of outer 
electrons from the atoms and molecules of the gas. The atoms (or 
molecules) that lose their electrons become positive ions. Negative 
ions are formed in gases by the attachment of the free electrons 
to neutral atoms (or molecules). 

22.5.2. In the ionization of an atom (or molecule), the work of 
ionization A; is done to overcome the forces of interaction be- 
tween the electron being detached and the other particles of the 
atom (or molecule). This work A, depends upon the chemical nature 
of the gas and the energy state of the electron in the atom (or 
molecule). The value of A, increases with the electron detachment 
(multiplicity) factor, i.e. the number of electrons detached from 
each atom. 

22.5.3. The ionization potential gy; is the potential difference that 
an electron must traverse in an accelerating electric field in order 
for its increase in energy to equal the work of ionization. Thus 


or 


where e is the magnitude of the charge of the electron. 

22.5.4. Ionization of a gas is brought about as a result of some 
external action. This may be violent heating, X-rays, radioactivity 
and the bombardment of the molecules (or atoms) of a gas by 
high-speed electrons or ions. The intensity, or rate, of ionization 
is measured by the number of pairs of oppositely charged particles 
that are produced per unit volume of the gas in unit time. 
22.5.5. Collision ionization of a monoatomic gas by electrons or 
ions occurs when the kinetic energy of the ionizing particle is 


mv* m 
are > A(t +7) 
where A; = work of ionization 


M = mass of the atom. 


To accomplish ionization by collision, monovalent ions must tra- 
verse a greater potential difference in an accelerating field than 
electrons. This is true for the ionization of molecules consisting of 
any number of atoms. 
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22.6. Nonself- Maintaining Discharges in Gases 


22.6.1. If the electrical conduction in a gas is due to external 
ionizing agents, the electric current in the gas is called a nonself- 
maintaining discharge. The curve in Fig. 22.4 shows the dependence 
of the current in a nonself-maintaining discharge on the voltage U 
across the electrodes. At low voltages, the current density j of a 
discharge is proportional to the field intensity E. Thus 


j = en,(u,+u_)E 


where uy and u_ = mobilities of the posi- 
tive and negative ions 
m = number of pairs of 
electrons and monova- 
lent positive ions per 
unit volume 
FIG.22.1 e = magnitude of the 
charge of the electron. 


In the pressure range froin 10~4 to 10? atm, us and w_ are inversely 
proportional to the pressure of the gas. Upon a further increase 
in the field intensity E, the ion concentration in the discharge 
decreases and the dependence of the current on the voltage ceases 
to be linear. 

22.6.2. The maximum current J, possible with a given intensity 
of ionization is called the saturation current. Here, all the ions 
produced in the gas reach the electrodes: J, = eNj, where N, 
is the maximum number of pairs of monovalent ions produced per 
second in the gas by the action of the ionizing agent. 





22.7. Self- Maintaining Discharges in Gases 


22.7.1. An electric discharge in a gas, which continues after the 
action of the external ionizing agent ceases, is called a self- 
maintaining gas discharge. The free electric charges required to 
maintain such a discharge appear chiefly as a result of collision 
ionization (see 22.5.5.) of the molecules of the gas by the action 
of electrons (volume ionization) and the emission of electrons at 
the cathode caused by the positive ions which bombard it (surface 
ionization). The collision ionization of a gas by positive ions should 
be taken into consideration only if the fields are sufficiently strong 
(see 22.5.5.). Electrons may also be emitted from the cathode as 
a result of it being heated (thermoelectron, or thermionic, emission, 
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sev 24.4.1.) and the extrinsic photoeffect associated with discharge 
glow (photoelectric emission, see 24.4.5.). 

22.7.2. The transition of a nonself-maintaining gas discharge into 
a self-maintaining one is called an electric breakdown of the gas 
and occurs at the breakdown voltage U4, (ignition voltage). According 
to Townsend’s approximate theory, the breakdown ignition condition 
for self-maintaining discharges between flat electrodes in gases is 
of the form 

y(e#—1) = 4 


where d= distance between the electrodes 
a = coefficient of volume ionization of the gas by elec- 
trons, equal to the average number of acts of ion- 
ization performed by one electron over a path of 
unit length 
y = coefficient of surface ionization, equal to the average 
number of electrons emitted by the cathode when 
bombarded by one positive ion. 
For a given gas and cathode material 


pa flga) andy = f(Gz) 


where  p = pressure of the gas 

U = voltage across the electrodes. 
Thus the breakdown voltage U,, of a given gas is a function of 
the product pd (Paschen’s law). The form of the curve expressing 
this function is shown in Fig. 22.2. Other Usa 
conditions being equal, the breakdown vol- 
tage U,, decreases with the ionization po- 
tential (see 22.5.3.) and with the work re- 
quired to emit electrons from the cathode 
(work function). 
The dependence of the discharge current 
on the voltage applied to the electrodes in (P2)y pa 
the discharge is called the current-voltage eigidnd 
characteristic of discharge. meee 
v2.7.3. At low pressures (several scores of mm Hg) a glow discharge 
is observed. It is self-maintaining. The principal parts of a glow 
discharge are the following four regions: [—cathode, or Crookes, 
dark space; II—negative glow; II1I—Faraday dark space; and 
1 V—positive column or plasma (Fig. 22.3). Regions J, 17 and III 
form the cathode region of the discharge. There is a sharp drop 
in potential near the cathode due to the high concentration of 
positive ions at the boundary between regions J and JJ. The elec- 
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trons in region IJ, after having been accelerated in region/ J, 
participate in intensive collision ionization. The glow is fia 
chiefly to the recombination of electrons and ions into neutral 
atoms or molecules. The glow has 
Iam WV a continuous spectrum. Observed 
in the positive column is a con- 
stant and high concentration of 
electrons and positive ions (gas- 
discharge plasma, see 29.8.5.) re- 
sulting from the collision ioniza- 
tion of the gas molecules by the 
electrons. The potential drop ac- 
ross the positive column is com- 
paratively small and, other con- 
TIME wW £ ditions being equal, increases 
FIG.22.3 with a reduction in the diameter 

of the gas-discharge tube. 
The glow of the positive column, determining the optical proper- 
ties of the glow discharge, is associated with the radiation of 
excited atoms (or molecules). The recombination of electrons and 
positive ions takes place mainly on the walls of the gas-discharge 
tube and heats the walls. The positive column is frequently stri- 
ated, i.e. broken up into alternating luminous and nonluminous por- 
tions called striations. The shape of the positive column complies 
with that of the tube, irrespective of the shapes and locations of 
the cathode and anode. This is due to the existence of a transverse 
(radial) field set up by the electrons deposited on the walls of the 
tube. If the glow discharge occurs in a sufficiently short tube or in 

a wide vessel no luminous positive column is observed. 

The main region of a glow discharge, the one in which ions are 
formed by volume ionization to render the charge self-maintaining, 
is the Crookes dark space. The length lg of the Crookes dark space 
is the distance from the cathode to the point of the discharge 
where the g = g(l) curve (Fig. 22.3) has a maximum or to the 
inflection point. A glow charge occurs only when the distance 
between the electrodes d = ly. The change in potential Age over 

the length of the Crookes dark space is called cathode fall. 
Distinction is made between two modes of operation: a normal 
glow discharge, in which the current density does not depend upon 
the current which is varied by means of an external loading resis- 
tor, and abnormal glow discharge, in which the current density 
increases with the current. In the former, the cathode’is not com- 
pletely covered by negative glow, while in the latter it is. In a nor- 
mal glow discharge, /, is inversely proportion] to the pressure of 
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\ 
\ 


the gas and 4g, depends upon the kind of gas used and the mate- 
rial\and surface condition of the cathode. The cathode potential 
fall increases with the work function in emitting an electron from 
the dathode (see 24.1.1.). With an increase in the discharge current, 
the potential drop over the positive column is reduced. For this 
reason: the charge characteristic is of the dropping type, i.e. the 
voltage across the electrodes is reduced with an increase in the 
current. In an abnormal glow discharge, Je is reduced and Age 
increases, with an increase in the discharge current. An abnormal 
glow discharge has a rising characteristic. 
If the pressure in a tube with a normal glow discharge is sufficiently 
low, the Crookes dark space almost completely fills the tube. 
Here the electron beam moves from the cathode to the tube walls 
practically freely, i.e. without undergoing collisions with the gas 
molecules. Such electron beams are called cathode rays. 
Canal rays are beams of freely moving positive ions. They also 
can be obtained in a glow discharge if a small hole (canal) is made 
in the cathode of the gas-discharge tube. The positive ions that 
get into the canal pass through it to the vacuous space beyond 
the cathode in the form of a beam of canal rays. 
22.7.4. At normal and high gas pressures several types of gas 
discharges are observed. They include: brush, corona, spark, and 
ure discharges. 
A corona discharge, or simply corona, is produced in a gas which 
is in a highly nonuniform electric field, i.e. in the neighbourhood 
of electrodes with a surface having a small radius of curvature 
(for instance, near sharp points or edges, high-tension power lines, 
etc.). In a corona, gas ionization and glow occur only in a com- 
paratively small region adjacent to the electrode with a small 
radius of surface curvature. This region is called the corona layer. 
The corresponding electrode is called the corona electrode. ‘The 
remainder of the discharge gap not within the corona layer (or 
two layers, if both electrodes display coronas) is called the 
external (“dark”) space of the corona. 
If the cathode displays a corona (negative corona), the electrons 
vffecting volume ionization of the gas are emitted from the cathode 
hy its bombardment with positive ions. If the corona is exhibited 
by the anode (positive corona), the electrons appear near the 
anode owing to the photoionization of the gas by the radiation 
of the corona layer. In the dark space of the discharge, the conduc- 
livity of the gas is relatively low since it is accomplished only by 
ear of like charge entering this space from the corona layer. 
lence the current in a corona, in constrast to other kinds of self- 
maintaining discharges, is determined, not by the resistance of 
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the external part of the circuit, but by the resistance of the dark 
space in the discharge. At higher voltages, a corona at a sharp 
point begins to resemble a luminous brush—a system of thin 
luminous lines having sharp bends and zigzags, originating at the 
point and alternating in time. This is called a brush discharge, 
When the voltage across the electrodes becomes equal to the spark- 
over voltage U,, the coronais transformed into a spark. Other con- 
ditions being equal, U, is lower for a positive corona than for a 
negative one. The voltage U, and the corona voltage U, for starting 
a corona depend upon the gap distance, d, between the electrodes. 
With a reduction in d, voltage U, decreases more rapidly than U,, 
i.e. the voltage range from U, to U,, at which a corona is displayed, 
is reduced. At the value d,, (critical gap), U, becomes equal to U,. 
If d < d,,, then U, < U, and a corona cannot be produced 
22.7.5. A spark has the form of intermittent, bright, zigzag-shaped 
branched threads. These are the canals of ionized gas which pierce 
the discharge gap and disappear, being replaced by new canals. 
A spark is accompanied by the evolution of a great deal of heat 
and bright luminescence of the gas. The phenomenon character- 
izing such a discharge is caused by electron and ion avalanches 
originating in the spark canals where the pressure is raised to hun- 
dreds of atmospheres and the temperature to 104°C. An example 
of a spark discharge is lightning. The main canal of a lightning 
discharge is from 10 to 25 cm in diameter. Such a discharge may 
be several kilometres long with the maximum pulse current reach- 
ing hundreds of thousands of amperes. 

22.7.6. An electric arc is struck at a high current density and when 
the voltage across the electrodes is of the order of several scores 
of volts. It results from the intensive emission of thermoelectrons 
(see 24.4.1.) by the incandescent cathode. These electrons are 
accelerated by the electric field and ionize the gas molecules by 
collision. For this reason the electric resistance of the gas-filled 
gap between the electrodes of the arc is not very high. With an 
increase in the arc current, the conductivity of the gas-filled gap 
between the electrodes increases so sharply that the voltage across 
the electrodes is reduced (dropping discharge characteristic). The 
cathode temperature (at atmospheric pressure) reaches 3000 °C. 
The bombardment of the anode by electrons forms a depression 
—an arc crater—in the anode in which the temperature is about 
4000 °C (at p = 760 mm Hg). The temperature of the gas in the 
arc canal is from 5000° to 6000 °C. If the arc is struck at a com- 
paratively low cathode temperature (as, for instance, in a mercury- 
vapour arc lamp), the principal part is played by the cold emission 
of electrons from the cathode (see 24.4.4.). 
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' 22.8. Elements of Plasma Physics 


22.8.1. Plasma is a state of matter characterized by a high, or 
even complete, ionization of its particles. Depending upon the 
degree of ionization a, i.e. the ratio of the concentration of ionized 
particles to the total concentration, a plasma is classified as: 
weakly ionized (a is a fraction of one per cent); moderately ionized 
(a equals several per cent) and fully ionized (a close to 100 per cent). 
In nature, weakly ionized plasma is found in the ionosphere. The 
sun, hot stars and certain interstellar clouds are examples of 
fully ionized plasma, formed at very high temperatures (high- 
temperature plasma). Artificially, plasma is produced in gas dis- 
charges (see 22.7.3.) and gas-discharge tubes. The control of its 
motion is the basis for the use of plasma as the working medium 
in various engines and for the direct conversion of its internal 
energy into electric energy (magnetohydrodynamic, or MHD, 
generators; plasma sources of electric energy; etc.). 

22.8.2. The high electric conductivity of a plasma brings its 
properties near to those of conductors. Any accidental difference 
or imbalance in the concentrations of charged particles or poten- 
tial differences that occur in a plasma which is not subject to 
external action is balanced out, as in a conductor which is not 
subject to an external emf. 

22.8.3. Electrostatic forces (see 20.1.3.) act between charged par- 
ticles of a plasma; the forces between the charged and neutral 
varticles are of a quantum-mechanical nature (see 45.2.7.). 
-lasma differs from a simple accumulation of charged particles 
in that it must have a minimum density. This is determined from 
the condition that Z > D, where L is any length characterizing 
the plasma and D is the Debye screening radius (also called the 
Debye shielding distance and Debye length). 





-+ 
4ne?n ‘ ‘ 
D= (> a) (in cgse units) 
where e; = charge of the i-th species of particles 
n, = their concentration 
T, = their temperature 
k = Boltzmann’s constant. 


At distances of D, the Coulomb field of an arbitrary charge of the 
lasma is shielded because the charge is predominantly surrounded 
»+y oppositely charged particles. As a whole a plasma is a quasi- 
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neutral system with a great number of charged particles arranged 
in a region of space having various dimensions, L > D. 

The total number of charged particles of plasma in a sphere of 
radius D is called the Debye number N. A plasma is said to be 
gaseous if N is very large, and thermodynamically it is regarded 
as an ideal gas. 

Specific features of plasma, related to the Coulomb long-range 
interaction of its particles, allow it to be regarded as a special state 
of aggregation of matter. These features are its strong interaction 
with external magnetic and electric fields, owing to its high electric 
conductivity ;,the singular collective interaction of the particles 
of plasma by means of the self-consistent field (45.2.3.) and the 
existence of other properties enabling various vibrations and 
waves to be excited and propagated in the plasma. 

22.8.4. The state of thermodynamic equilibrium of a highly ioniz- 
ed gas is similar to a plasma at a definite temperature in which 
the loss of charged particles due to recombination (see 22.7.3.) 
is recompensed by new acts of ionization. The average kinetic 
energy of the various particles (positive and negative ions and 
neutral particles in various states of excitation) making up such 
a plasma is the same. The energy of black-body radiation (see 
12.7.4.) existing in such a plasma corresponds to the same tem- 
perature. The processes of energy exchange between the particles 
are equilibrium ones. A plasma having the preceding properties 
is said to be isothermal. It exists in the atmospheres of high- 
temperature stars. The significance of plasma for thermonuclear 
processes is dealt with in 48.3.15. 

22.8.5. In a gas-discharge plasma, the charged particles included 
in its composition are continuously in an accelerating electric 
field. The average kinetic energy of the electrons in a gas-discharge 
plasma is associated with a certain temperature of the Maxwellian 
energy distribution of the electrons (see 11.2.4.) called the electron 
temperature T,. This temperature is purely conventional insofar 
as there is no thermodynamic equilibrium in a nonisothermal gas- 
discharge plasma. The average kinetic energy of the electrons 
in a gas-discharge plasma substantially exceeds the average 
energy of the neutral particles in the plasma. 

22.8.6. The state of a thermally nonequilibrium gas-discharge 
plasma is maintained at the expense of the energy of the discharge 
current through it. If the external electric field disappears, the 
gas-discharge plasma will also disappear. The disappearance of 
a gas-discharge plasma that has been left to itself is called deion- 
ization of the gas. Together with the ionization and recombination 
processes, occurring throughout the volume, a large part in the 
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energy balance of a plasma produced in a limited volume is 
played by the interaction between the plasma and the walls 
confining its volume, as well as the radiation of the plasma and 
the transport of radiation in it. The diffusion of the charged par- 
ticles to the walls and their recombination on the walls, and the 
transfer of energy to the walls by heat conduction reduce the 
energy of the plasma and contaminate it with various impurities. 
To avoid these processes, it is necessary to prevent contact with 
the walls by confining the plasma with a magnetic field (see also 
48.3.15.). The kinds of radiation of plasma in the optical range and 
in the far ultraviolet are: braking (bremsstrahlung) radiation of 
the electrons, occurring when they are retarded by the ions; 
recombination radiation, accompanying the recombination proc- 
esses; and ordinary radiation produced by the excited particles 
of the spectral lines. Moreover, in a magnetic field, betatron 
(synchrotron) radiation (see 34.2.8.) is also possible. 

22.8.7. The parameters of a gas-discharge plasma are: the electron 
temperature 7',, the electron concentration ny, the number of 
ionizations per electron per second, the density of the ion or 
electron current on the walls, and the longitudinal electric field 
intensity E, established along the axis of symmetry of the plasma. 
22.8.8. A condition for providing a high degree of ionization of a 
thermodynamically equilibrium plasma, consisting of two species 
of charged particles which have charges opposite in sign and equal 
in magnitude, is the maximum reduction in the recombination 
of the particles (see 22.7.3.). 

The plasma rarefaction condition is 


£ < kT (in cgse units) 


= average potential energy of Coulumb’s interaction 
between particles having charges e and located at 
distances 7 
kT’ = average energy of thermal motion of the particles 
k = Boltzmann’s constant 
T = absolute temperature. 


re A fully ionized plasma can be produced under the condition 
at 

kT > eg; 
where 9, is the ionization potential of the atoms of the gas. For 
hydrogen and deuterium, this corresponds to a temperature 
T = 160,000°K. Under these conditions, radiation of the plasma, 
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making its adiabatic insulation (see 7.1.4.) difficult, becomes of 
vital importance. 

22.8.10. At temperatures much lower than those corresponding 
to full ionization, the internal energy of a thermodynamically 
equilibrium plasma, consisting of particles of two species with 
charges te and of neutral atoms, equals 


4nNe® 
RTV 


where U,g = CyT+U, = internal energy of an ideal gas (see 
9.1.5 





U = Uy—e®N (in cgse units) 


N = number of particles of each species in the volume V. 


The quantity d = ) cae is the Debye screening radius for a 
plasma whose properties approach those of an ideal gas. At dist- 
ances greater than d, the electric field set up by a given charge 
is ot by charges of the opposite sign and becomes negligibly 
small. 
22.8.11. For a plasma of the type considered in 22.8.10: the free 
energy (see 10.6.4.) is 
2 4nNe® 

Pa Fan $ Ne ey 

the thermal equation of state (see 7.1.10. and 10.6.6.) is 





ar RT M 1 4nNe® 
p=-(ay),= ee NO V ree 
the entropy (see 10.6.6.) is 
oF M 1 4nNe® 
S= -(3F), = (Cy)aln T+ 2 Rin Vy~ Net V Bae 


(Vis the volume of one mole of an ideal gas) and the heat capac- 
ity (see 10.6.6.) is 


Cp = -1(2E) = (Cra t + Nery ANE 


In these formulas, R is the universal gas constant (see 8.1.3.). 





CHAPTER 23 


Electric Current in Semiconductors 


28.1. Intrinsic Conduction in Semiconductors 


28.1.1. Semiconductors constitute a large class of substances 
whose resistivity varies in wide limits and is reduced to a very 
great extent with an increase in temperature (according to an 
exponential law). In Mendeleev’s periodic table, semiconductors 
form the group of elements shown in Fig. 23.1. The most typical 
and extensively employed semiconductors, whose electrical prop- 
erties have been well investigated, are germanium (Ge), silicon 
(Si) and tellurium (Te). In the 
outer shell of silicon or germa- 
nium atoms there are four 
valence electrons which are 
chemically bound (form cova- 
lent bonds, see 46.2.8.) with 
the valence electrons of the 
adjacent atoms. Crystalline 
semiconductors belong to the 
type of solids that have full FIG.23.4 

valence bands of energy (see 

44.4.38.) which are separated from empty conduction bands 
(at 0 °K) by a relatively narrow energy gap. 

23.1.2. The electrical conduction of a chemically pure semiconduc- 
tor is called the intrinsic conduction. Electron conduction (n-type 
conduction) is observed when electrons are transferred from the 
valence band (the highest full band) to the conduction band 
(Fig. 23.2). The energy that must be expended for this transfer 
is at least equal to the width of the forbidden band (see 44.4.34.) 
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and is called the activation energy of intrinsic conduction 4W,. 
The values of the activation energy of the intrinsic conduction 
of the semiconductors are indicated (in eV) in circles in Fig. 23.1. 
The electric conductivity y of semiconductors 
Conduction increases with the temperature 7’. Thus 


band Am 


peye 
where k is Boltzmann’s constant. The electri- 
AW, Cal resistance of semiconductors is reduced 
when they are heated. This is an important 
difference between semiconductors and metals 
(see 21.2.11.). 


Valence In addition to heating, conduction in semi- 
band conductors may be effected by a sufficiently 
FIG.23.2 strong electric field and by illumination (photo- 


conduction in semiconductors, see 42.1.10.). 

23.1.3. The transfer of electrons from the valence band to the 
conduction band empties energy levels in the previously filled 
band. The motion of an electron in this zone, due to the action 
of an electric field, is equivalent to the motion of a positive charge 
(“hole”), numerically equal to the charge of the electron. The holes 
move in the direction of the field intensity (see 20.2.3.). Conduction 
due to this apparent motion of the “holes” is called hole, or p-type, 
conduction. 

23.1.4. The total electric conductivity of semiconductors is the 
sum of their n- and p-type conductivities. Thus 


y = en,U,+ en,Up, 


where e = magnitude of the charge of a unit current 
carrier (charge of the electron) 

equal concentrations of electrons and holes 
mobilities of the electrons and holes (see 
22.4.1.) which differ due to the difference 
in their effective masses (see 44.4.36.) and 
in the mean free times of these particles. 


= 
5) 
3 
a 
3 
> 

tl 


28.2. Extrinsic Conduction in Semiconductors 


23.2.1. Extrinsic, or impurity, conduction in semiconductors is 
due to the presence of impurity centres. Impurity centres (or 
simply impurities) may be: (a) atoms of foreign elements; (b) 
excess atoms (in comparison with the stoichiometric composition) 
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of elements making up the semiconductor; (c) all possible imper- 
fections of the crystal lattice, such as vacant lattice points, 
mene atoms or ions, slip due to plastic deformation, fissures, 
etc. 

23.2.2. Impurities introduce changes in the periodic electric 
field of the crystal (see 44.4.32.) and affect the motion of the 
electrons and their energy states. The energy levels of the valence 
electrons in the impurity atoms are not disposed in the allowed 
energy bands of the host crystal and form impurity energy levels 
located in the forbidden band (localized levels). 

23.2.3. The impurities may serve as a supplementary source of 
electrons in the crystal. For example, in the substitution of one 
tetravalent atom of germanium by a pentavalent atom of phos- 
phorus, arsenic or antimony, one of the electrons cannot form a 
covalent bond and is thereby “superfluous”. 

The energy level of such an electron is below the conduction 
band (Fig. 23.3). Such levels, filled with electrons, are called 
donor levels. The atoms of the impurity that supply electrons are 
called donor atoms. To transfer the electrons from the donor 
levels to the empty conduction band, a small amount of energy 
AW, is required. For example, for silicon AW, = 0.054 eV if the 
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mpurity is arsenic. As a result of the transfer of electrons from 
he donor levels to the conduction band, electron impurity con- 
‘uction is obtained. Semiconductors of this type are called electron, 
r n-type, semiconductors. 

3.2.4. If a tetravalent atom of germanium is replaced in the crys- 
al lattice by an atom with three valence electrons (boron, alu- 
1inium or indium), there will be a lack of one electron to form 
ovalent bonds. The missing electron can be borrowed from the 
eighbouring atom of germanium (Fig. 23.4) in whose lattice a 
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positive “hole” is left. These “holes” in the germanium are filled 
by adjacent electrons leading to conduction of the semicon- 
ductor. Empty impurity energy levels are called acceptor levels. 
They are a little above the upper edge of the valence band of 
the host crystal (Fig. 23.5), at a distance of AW, from it. For 
example, when boron is introduced into the silicon lattice, 
AW, = 0.08 eV. The atoms of such impurities are called acceptor 
atoms. The transfer of electrons from the filled valence band to 
the acceptor level leads to hole impurity conduction (p-type con- 
duction). Semiconductors with this type of conduction are called 
p-type, or hole, semiconductors. 

28.2.5. If both donor and acceptor impurities are introduced 
into a semiconductor, the character of conduction is determined 
by the impurity with the higher concentration of current carriers. 
With any kind of conduction, the number of current carriers in 
semiconductors is substantially less than in metals. The concen- 
tration and energy of the electrons (and holes) in semiconductors, 
in contrast to metals, depend very largely on temperature, in- 
creasing with it. 


Empty band 





Acceptor 
leyel 


Hole conduction band 
FIG.23.5 FIG.23.6 


23.3. The Hall Effect in Metals 
and Semiconductors 


23.3.1. The Hall effect refers to the setting up of a transverse 
electric field and potential difference in a metal or semiconductor 
conducting an electric current if it is put into a magnetic field 
perpendicular to the direction of the current. If a metal or an 
n-type semiconductor is placed in the magnetic field, the electrons, 
travelling with the velocity v (Fig. 23.6a), are deflected to a 
definite side by the Lorentz force (see 26.1.1.). Positive charges 
accumulate on the opposite side. In a hole (p-type) semiconductor 
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(Fig. 23.65), the signs of the charges on the surfaces are the oppo- 
site of those in the first case. 

23.3.2. A transverse electric field prevents the deflection of elec- 
trons by the magnetic field. The potential difference in the Hall 
effect is 


BI 
U=9,-72=R a 
where B = magnetic induction (see 25.1.2.) 
J = current 
d = linear dimension of the specimen in the direction 
of vector B 


R = Hall coefficient. 
The intensity of the transverse electric field is 


E; = R[Bj) 


where j is the current density vector. 
23.3.3. For metals and extrinsic semiconductors having a single 
type of conduction 


(in SI units) 
(in Gaussian units) 


where c 


3x10! cm/sec = electrodynamic constant (con- 
version factor) 

charge and concentration of the current carriers 
dimensionless numerical coefficient of the order of 
unity, related to the statistical nature of velocity 
distribution of the current carriers. 

The sign of the Hall coefficient indicates the type of conduction 
of the semiconductor or conductor (with electron conduction, 
q = —e and R<0; with hole conduction, g =e and R=>0). 
[ts magnitude can be used to determine the concentration of the 
current carriers. 

23.3.4. For semiconductors with mixed (both n- and p-type) 
conduction, the Hall coefficient depends, in the general case, 
not only on the mobilities (see 22.4.1.) and concentrations of both 
types of current carriers—electrons (u, and n,) and holes (uy, 
and n,)—but on the magnitude of the magnetic induction as 
well. For weak fields, i.e. under the condition that 


qand n 
A 


B<« max {+ F i} (in SI units) 
Ue Un 
Bx max {+ ; +} (in Gaussian units) 
c Ue > Un 
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the Hall coefficient equals 


A ujn,—uin, 


f= “e (uanatucn,)? 


(in S]_ units) 
A uin,—uin, 
Ce (UnNA+UeNe)?® 


R= (in Gaussian units) 


The type of predominant conduction can be determined from 
the sign of the Hall coefficient. 


CHAPTER]24 





Junction, Thermoelectric and Emission Effects 


24.1. Junction Effects in Metals. Volta’s Laws 


24.1.1. The work function A in removing an electron from a metal 
is the minimum energy that it is necessary to give to a conduction 
electron of the metal for it to be able to emerge from the metal 
into a vacuum. It can be found from the relationship 


A = e(p-@')-u 
where and p’ = values of the electrical potential at points in 
the metal and in the vacuum near the surface 
of the metal, respectively 


# = chemical potential of the electron gas in the 
metal (see 12.8.9.). 


The quantity w—eg is called the electrochemical potential of the 
electron gas in the metal. 

The work function depends upon the kind of metal and the state 
of its surface. For pure metals its value is of the order of several 
electron volts. 

24.1.2. In the classical electron theory, the work function is 
interpreted as the work done by the electron as it flies out of 
the metal, firstly to overcome the attractive forces of the positive 
charges induced by the electron on the surface of the metal, and 
secondly to overcome the forces of the electric field set up by the 
double electric layer (barrier layer). This layer appears at the 
surface of the metal owing to the fact that in the process of ther- 
inal motion, conduction electrons may cross the surface, forming 
an “electron cloud” near to it. The density of this “cloud” 
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differs from zero only within the limits of several interatomic 
distances (~10-§ cm). Such a double electric layer is similar to 
a very thin charged capacitor, one of whose plates is the surface 
of the metal with its positive ions and the other is the “electron 
cloud”. Beyond the limits of the barrier layer, the intensity of its 
electric field is equal to zero. 

24.1.3. The quantity 





4p = p-y =| 

is called the surface potential jump at the metal-vacuum boundary 

or the contact-potential difference between a metal and a vacuum, 

In the classical electron theory, the contact-potential difference 
equals 

A 

APet aiearrra 


e 


This value differs from the true value given above and agrees 
with it only qualitatively. 


24.1.4. Volta’s laws are: 


(4) When two conductors made of different metals are joined 
together a contact-potential difference is set up between them 
that depends only on their chemical compositions and on the 
temperature. 

(2) The potential difference between the ends of a circuit, consist- 
ing of metallic conductors connected in series and all at the same 
temperature, does not depend upon the chemical compositions 
of the intermediate conductors. It is equal to the contact-potential 
difference set up when the end conductors are connected together. 
24.1.5. In a state of equilibrium, the electrochemical potentials 
pu—ep (see 24.1.1.) of two contacting metals should be the same. 
Hence, when two uncharged metals (y’ = 0) with different work 
functions A, and A,< A, are joined together, the electrons pass 
predominantly from the second metal to the first. As a result, 
both metals become charged (metal J negatively and metal 2 
positively) and an electric field is set up in the surrounding space. 
At the same time, a relative shift occurs in the energy levels of 
the electrons of the contacting metals. In metal J all the levels 
are displaced upward and in metal 2 downward. To establish 
equilibrium, it is sufficient for an insignificant amount of the 
conduction electrons to pass from metal 2 to metal J. Hence, 
when metals are brought into contact (joined together), the values 
of their chemical potentials uw, and wu, remain unchanged. 


416 


24. Junction and Other Effects 


24.1.6. The equilibrium condition for joining two metals is of 
the form 
P1— Li = CP2— Me 

where , and g, are the equilibrium values of the potentials of 
the two metals. The quantity 

Apis = Pi-P2 = se 
is called the “intrinsic” contact-potential difference. It results 
from the difference in the chemical potentials of the electrons of 
the contacting metals. In accordance with the equation for the 
chemical potential (see 12.8.9.) 


4 2 nya | 4 
Agr, = = [(Wai-W re) + Fy (AT)? (Ge Wa) 
where k = Boltzmann’s constant 
W,, and Wy. = values of the Fermi energy for the first and 


second metals. 
The quantity 4gy,, depends upon the temperature T of the 
junction between the metals, and conditions the thermoelectric 
effects (see 24.3.1.). 
24.1.7. The potential changes from 9, to y, within the limits of 
the double electric layer, formed at the surface of contact and 
called the contact layer. The thickness of the contact layer is of the 
order of 10-8 to 10~? cm. The formation of this layer at the junc- 
tion of two metals is associated with the transfer from one metal, 
which becomes positively charged, to the other metal, which 
becomes negatively charged, of only an insignificant part of 
the conduction electrons that are in the volume of the contact 
layer. Therefore, the concentration of electrons in the contact 
layer is practically the same for each of the metals as in the remain- 
ing volume of metal. Thus, the resistivity of the contact layer 
does not differ from that of the rest’ of the metal. 
24.1.8. In the classical electron theory of metals, the intrinsic 
contact-potential difference is regarded as being due to the differ- 
ence in the concentration n, of the conduction electrons in the 
contacting metals. In a state of equilibrium, the diffusion flux 
of electrons from the metal with a higher value of n, to the metal 
with the lower value is fully compensated by the flux of electrons 
in the opposite direction under the influence of the electric 
field set up by the contact layer. The corresponding expression 
for the intrinsic contact-potential difference is of the form 


kT n 
AP iva = =e In ag ; 
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This differs from the true value of Ag,, (see 24.1.6.)7 It can be 
used only for a qualitative treatment of the relationship between 
the intrinsic contact-potential difference and the temperature. 

24.1.9. The extrinsic contact-potential difference is the potential 
difference between two points near to the surfaces of the first 
(y;) and second (¢;) contacting metals on the outside of each 
surface. From the condition of the equality of the electrochemical 
potentials of the electrons in contacting metals. it follows that 


, ’ , A,-A 
AP. = Pi - Y= > ree 


where A, and A, are the work functions for the electrons from 
the first and second metals. 


24.2. Junction Effects in Semiconductors 


A. METAL-SEMICONDUCTOR JUNCTIONS 


24.2.1. The work function A (thermodynamic work function) of 
a semiconductor is the minimum energy that it is necessary to 
expend to eject an electron from a semiconductor into a vacuum 
if the initial energy of the electron in the semiconductor equals 
the electrochemical potential. The energy level equal to the 
electrochemical potential is usually called the chemical potential 
level or the Fermi level of the semiconductor. Its position with 
respect to the bottom of the conduction band is determined, as 
for metals, by the value of the chemical potential mw (usually 
u<0, i.e. the Fermi level in semiconductors, in contrast to metals, 
is below the bottom of the conduction band; note the following). 
The outer work function A,,; of a semiconductor is the minimum 
amount of work that must be done to eject anelectron into a vacu- 
um if the initial energy of the electron in the semiconductor equals 
an energy corresponding to the bottom of the conduction band. 
The relationship between A and A,,, is of the form: A = A,—p. 
The outer work function is determined by the properties of the 
crystal lattice of the semiconductor and varies from 1 to 6 eV 
for various semiconductors. 

24.2.2. For an intrinsic (chemically pure) semiconductor 


w= ate +40 In 
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where AW, = activation energy of intrinsic conduction (ser 
23.1.2.) 
k = Boltzmann’s constant 


3 » 3 
y= ie (2umfkT)* and » = 75 (2amyz Vy? 


where h = Planck’s constant 
m* and m% = effective masses (44.4.36.) of the electron 
and hole. 
At T = 0°K, w= —“2°, ie. the Fermi level is in the middle 


vf the forbidden band which separates the conduction band 
from the valence band. 

The concentrations of electrons in the conduction band (n,) and 
that of holes in the valence band (n,) equal 


AW, 
ne = n, = Vop,e 2? 


where e is the base of natural logarithms. 
24.2.3. For an extrinsic n-type semiconductor: 
(a) In the range of low temperatures, complying with the condi- 
tion 
AW, 
er s> 76 
"a 
where 4W, = activation energy of extrinsic n-type conduction 
(Fig. 23.3) 
ng = concentration of the donor oe 
ee 





w= +42 in 
Ve 
ALT = 0°K, w = — ae i.e. the Fermi level is midway between 


the donor levels and the bottom of the conduction band. As the 
temperature rises from 0°K to JT), mw first increases and then 
decreases. The temperature T, complies with the condition 





und 





Umax = WT, ) cern 
where eis the base of natural logarithms, 
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The concentration of electrons in the conduction band (n, « nq) is 
same 
n= Vnar. 6 


(b) In the range of temperatures at which all the donor levels 
AW, 


have been emptied (2 »>e” } but the intrinsic conduction 


of the host semiconductor can still be neglected, the concentra- 
tion of electrons in the conduction band is independent of tem- 
perature. Thus 


ne= nq and w= kT In 4 


The saturation temperature, at which n, becomes equal to n,, 
can be found from the relationship 


z 4W. 
Pet eta 

na 
At T = Ti, w = — AW,. 
(c) In the range of still higher temperatures, the dotesnietion of 
electrons in the conduction band begins to increase again owing 
to the transfer of electrons from the valence band. At n,> n,, 
i hence potential of an n-type semiconductor approaches 
the value 





4Wo kT v 
g +g In Ye 
which corresponds to intrinsic conduction (see 24.2.2.). Thus, 
the temperature of the transition to intrinsic conduction equals 


w= 


AW. 
Ting =e 


24.2.4. For an extrinsic p-type semiconductor: 
(a) In the range of low temperatures, complying with the con- 
dition 

AWy 

e Fx 2h 

Ne 
where AI, = activation energy of extrinsic p-type conduction 
(Fig. 23.5) 
n, = concentration of the acceptor levels, 

aM kT na 





u=—-AWyt 
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At T = 0°K, w= AW, +“ , ie. the Fermi level is midway 
between the upper edge of the valence band and the acceptor 
levels.-As the temperature rises from 0°K to Ty, u first decreases 
and then, at T > T), begins to increase again. The temperature 
T, and fmin are equal to 





= PS (a) 


° Qam*r \ 2 





_ —— 4Wp __3h*e na\i 
nin = WIT) = ~ AW) + =F" —~<oe (2) 
where e is the base of natural logarithms. 
The concentration of holes in the valence band (n, « n,) is 
AWn 
my = Vngrye 


(b) In the range of temperatures at which all the acceptor levels 
AW, 
have been filled ined e *? } but the intrinsic conduction of 


the host semiconductor can still be neglected, the concentration 
of holes in the valence band is independent of temperature. Thus 


my =n, and p= ~AW,+kT In 
a 
The temperature of the transition to intrinsic conduction equals 


in 
Tint = ae res 


24.2.5. If a metal is brought into contact with a semiconductor 
then, in the same way as when two metals are joined together, 
halancing of the electrochemical potentials of the electrons in 
the metal and semiconductor should occur. This “balancing of 
the Fermi levels” is accomplished as a result of the transfer of 
electrons from the body with the smaller work function to the 
body with the greater one. At the same time, a contact-potential 
difference is set up between the metal and semiconductor. It is 
due to the double electric layer formed in the contact region and 
called the contact layer. Owing to the low concentration of current 
carriers in a semiconductor (of the order of 10'4 to 10'® per cm? 
instead of 102? per cm? in metals) the thickness of the contact 
layer in semiconductors may range from 10-® to 107 cm, i.e. 
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several orders of magnitude thicker than the contact layer in 
metals. In a semiconductor, the space charge is distributed and a 
contact electric field is set up within the limits of this layer. 
The sign of the space charge depends upon the magnitudes of 
the work function of the metal (A,) and that of the semiconductor 
(A,): if A, > A,, the space charge is positive; if A, < Ag, it is 
negative. 

24.2.6. Owing to the existence of an electric field set up by the 
contact layer, the potential at points in this layer of a semicon- 
ductor at A, > A, is lower than in the rest of the volume of the 
semiconductor, while at A, < A, it is higher. Hence, if A, > Ag, 
the energy of electrons in the contact layer of the semiconductor is 
higher, all other conditions being equal, than that of the electrons 
in the rest of the volume. Since the electrochemical potential is 
the same throughout the semiconductor, the bottom of the con- 
duction band moves upward in the contact zone, farther away 
from the Fermi level, and the upper edge of the valence band 
also moves upward, closer to the Fermi level. The energy gap 
AW, between the upper edge of the valence band and the bottom 
of the conduction band remains the same, however, as in the 
rest of the volume of the semiconductor. 

If A, < A, the direction of the intensity vector of the contacl 
electric field is reversed so that the potential of points in the 
contact layer of the semiconductor is higher than in the remain- 
ing volume. Hence, in the contact layer, the bottom of the con- 
duction band moves downward, closer to the Fermi level, and 
the upper edge of the valence band also moves downward, far- 
ther away from the Fermi level. 

24.2.7. The following four cases of joints are possible between a 
metal and an extrinsic semiconductor (Fig. 24.1). 

(a) A, > A,, and the semiconductor is of the n-type. 

The positive space charge is a result of an excess of positive ions 
of donor impurities in the contact layer. The contact layer of 
the semiconductor has a deficit of the majority current carriers— 
the electrons in the conduction band. Therefore, the resistivity 
of the contact layer is many times higher than that of the remain- 
ing part of the semiconductor. Such a contact layer is called a 
barrier layer. 

(b) A, > A,, and the semiconductor is of the p-type. 

There is an excess of the majority carriers—the holes in the val- 
ence band—in the contact layer of the semiconductor. Therefore, 
the contact layer has a high conductivity. Such a contact layer 
is said to be antibarrier. 

(c) A, < Ag, and the semiconductor is of the n-type. 
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(2) Ay>Ag (8) A, >A, 






Donor level 1 
Fermi level 


Fermi 
level 
Acceptor 
level 






Ap-Ay ie | Donor level 


yids 4 
cceptor 
level 


\ ee ee 


FIG.24.1 


@--clectrons in the conduction band and negative ions of the acceptor 
lmpurities; O—hboles in the valence band and positive ions of the donor 
impurities; d—thickness of the contact layer 


he negative space charge of the contact layer of the semicon- 
‘ductor results from an excess of the majority current carriers—the 
vlectrons in the conduction band. Therefore, the contact layer 
of the semiconductor has high conductivity and is an antibarrier 
layer. 

(d) A, < A,, and the semiconductor is of the p-type. 

he contact layer of the semiconductor has an excess of negative 
jons of the acceptor impurities and a deficit of the majority 
current, carriers—the holes in the valence band.-It is therefore a 
barrier layer. 
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24.2.8. A barrier layer at the metal-semiconductor boundary 
possesses unipolar conductivity, i.e. if the metal and semiconduc- 
tor are connected into an electric circuit, the current will be 
practically in one direction only (either from the metal to the 
semiconductor or vice versa). This property of the barrier layer 
is due to the fact that the magnitudes of its resistance differ 
very greatly in two opposite directions through the contact 
surface. 

If the direction of the external field intensity and the current 
excited by this field are opposite to the intensity of the contact 
electric field, the majority current carriers are drawn into the 
contact layer from the rest of the volume of the semiconductor. 
At this, the contact layer, depleted of the majority carriers, 
becomes thinner and its resistance is reduced. This is called the 
direction of easy flow in which an electric current flows through 
the metal-semiconductor junction. Upon reversing the direction 
of the external field intensity, the majority current carriers are 
forced out of the barrier layer into the bulk of the semiconductor. 
At this, the thickness and electric resistance of the barrier layer 
are greatly increased. Consequently, in the direction opposite to 
that of easy flow, the electric current practically cannot pass 
through the barrier layer. This is called the high-resistance direc- 
tion. 

For a barrier layer at the junction of a metal with a p-type 
semiconductor (A, < A,), the direction of easy flow is from the 
semiconductor to the metal; for a barrier layer at the junction 
of a metal with an n-typesemiconductor (A, > A,) it is the oppo- 
site—from the metal to the semiconductor. 


B. SEMICONDUCTOR-SEMICONDUCTOR JUNCTIONS 


24.2.9. The boundary of contact between two semiconductors 
with different, n- and p-type, conduction (see 23.2.3. and 23.2.4.), 
is called an electron-hole junction (p-n junction). Commonly this 
junction is formed in a single crystal of the semiconductor where 
by doping with suitable impurities (see 23.2.1.), regions of differ- 
ent (n- and p-type) conduction are obtained. 

24.2.10. The double electric layer (see 24.1.2.) of a p-n junction 
is formed as a result of the flow of electrons from the n- to the 
p-type semiconductor (since A, > A,, where A, and A, are the 
work functions for p- and n-type semiconductors) and the holes 
flow in the opposite direction. In the contact layer of the n part 
there willl be an excess of positive ions of the donor impurities 
and in the contact layer of the p part, an excess of negative ions 
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of the acceptor impurities. Thus the contact layers in the two 
parts of the semiconductor (or in two semiconductors) are deplet- 
ed of the majority current carriers and have reduced conductiv- 
ities, i.e. they are barrier layers. The thickness d of a p-n junction 
in practically important cases varies from 10-4 to 10-5 cm. 
24.2.11. If an external voltage is 
applied to the contact layer in such 
a way that the n part of the semi- 
conductor (or n-type semiconductor) 
is connected to the positive pole of 
the seat of emf (Fig. 24.2), then the 
external electric field will strengthen 
the field set up by the contact layer 
and cause electron flow in the n part. ; 
and hole flow in the p part in direc- FIG.24.2 

tions opposite to each other and 

away from the p-n junction boundary. This makes the barrier 
layer thicker and increases its resistance. The direction of the ex- 
ternal field with which the barrier layer becomes thicker is called 
the high-resistance (reverse) direction. Practically no current flows 
in this direction across the junction. 

24.2.12. In the easy-flow (forward) direction (Fig. 24.3), the exter- 
nal electric field opposes the field set up by 
the contact layer. The external field effects 
electron and positive hole flow toward the 
p-n junction boundary and each other. As a 
result the contact layer becomes thinner and 
its resistance is reduced. Consequently, elect- 
ric current can readily flow in this direction 
across the junction. 

24.2.18. The action of a p-n junction, which 
has unipolar conduction, is similar to that 
of a two-electrode valve, or tube, called a 
diode (see 29.3.2.). Accordingly, a semiconductor with a p-n junc- 
lion is called a semiconductor diode. 








24.3. Thermoelectric Effects in Metals 

and Semiconductors 
24.3.1. The processes of transferring a charge (electric current) 
and energy are interrelated in metals and semiconductors since 


they are accomplished by the flow of movable current carriers — 
conduction electrons and holes. This interrelation leads to a 
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number of effects (Seebeck, Peltier and Thomson) which are 
known as thermoelectric effects. 

The expressions for the density j of a direct current and the 
density u of energy flux in an isotropic metal or semiconductor, 
in the absence of an external electric field, are of the form: 


<j = —a grad T—grad (p-+) 
u = -— K grad T+Ij+(p-+)i 


where “« = chemical potential of the electrons 

= electrical potential 

e = magnitude of the charge of the electron 
(u—eg) = electrochemical potential 

K = thermal conductivity 

y = electric conductivity. 


The coefficients a and JJ are called the specific thermal electro- 
motive force and the Peltier coefficient, respectively. They depend 
upon the material of the conductor or semiconductor and tem- 
perature. The relation between 7 and a is based on the laws of 
thermodynamics and is called Thomson’s second relation. Thus 


IT = aT 


24.3.2. The Seebeck effect is the setting up of an emf é, in a closed 
electric circuit formed by connecting conductors of different 
metals (or different semiconductors) in series if their junctions 
are maintained at. different temperatures. The quantity 67 is 


called the thermal electromotive force (thermal emf). Since (p+) is 
a continuous function of the coordinates, 


sy = — ba(grad T, dl) = —$adT 
Op $ alera ) ee 


in which integration is carried out over the whole 
closed path L of the electric circuit. 

The simplest closed electric circuit (Fig. 24.4), 
consisting of two conductors of different metals 
(or of two different semiconductors), 7 and 2, is 
called a thermoelement, or thermocouple. If T, and 
1’, are the temperatures of junctions a and b of the thermocouple, 
then, if the direction around the circuit is chosen clockwise as 
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i 


in Fig. 24.4, the thermal emf of the thermocouple equals 


qT T T) 
6, =—f audT-f aaT = f a,aT 
T, Th To 


where a, and a, = values of a for the two different materials 
of branches J and 2 of the thermocouple 
Qy = G,—G, = specific differential thermal electromotive force 
for the given pair of materials. 


Thus 


lf the temperature range 7,—T, is not large, it can be assumed 
that a,. is a constant value within this range and that 


6p = (7, —T,) 


At T,>T7,, 67 >0 if aj. = a,—a, > 0 and é; < 0 if a,. < 0. In 
the first case, the thermocurrent J in the thermocouple circuit has 
the direction shown in Fig. 24.4 (clockwise) and in the second it 
has the opposite direction. Thus, in a hot junction of a thermo- 
couple, the thermocurrent always flows from the branch with 
the lower value of a to that with the higher value. 

If any number of intermediate conductors of other composition 
are inserted in one branch of a thermocouple and all the junctions 
of the intermediate conductors are thermostatic (i.e. maintained 
at the same temperature), the thermal emf of the new circuit is 
the same as that of the initial thermocouple. 

24.3.3. The Seebeck effect has the following three causes: 

(a) predominant diffusion of the current carriers in the conductor 
or semiconductor from the hot end toward the cold end (volume 
component of the thermal emf); ; 
(b) the dependence of the contact-potential difference on tempera- 
lure is related to the dependence of the chemical potential « on 
temperature (contact component of the thermal emf); 

(c) the drag exerted on electrons by phonons (see 15.3.7.) which 
nove predominantly from the hot end of the conductor to the 
cold end and, interacting with the electrons, effect predominant 
motion of them in the same direction (phonon component of the 
therinal emf). At low temperatures this component. of the thermal 
emf may be the controlling factor. 
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Accordingly, the specific thermal emf a is the sum of the three 
components: 

a= Ay +4,+ Opn 
where a, = - Sar 
The electron gas in metals is in a highly degenerate state (see 
12.8.5.). The concentration of conduction electrons is very high 
and is independent of the temperature, and their distribution 
with respect to energies and velocities of thermal motion changes 
only slightly when the metal is heated. Therefore, specific ther- 
mal emf of metals is very small (of the order of several wV per 
deg.) The Seebeck effect in metals is used chiefly for measuring 
the temperature. : 
The concentration of current carriers (conduction electrons and 
holes) in semiconductors is substantially lower than in metals. 
Ordinarily, it is so low that the current carriers obey Boltzmann’s 
classical statistics (nondegenerate semiconductor), i.e. their 


average energy of thermal motion is equal to Sk, where k is 


Boltzmann’s constant. If the temperature of the semiconductor 
is raised, the concentration of the current carriers is likewise 
raised (though sometimes it remains constant, see 24.2.3.) and, 
what is of especial significance, the velocity of their thermal motion 
is increased. Hence, the value of the specific thermal emf a for 
nondegenerate semiconductors with one type of current carrier 
is many times greater than for metals (of the order of 10? to 103 
uN /deg). The specific thermal emf’s a of n- and p-type semicon- 
ductors are opposite in sign. Consequently, the highest values of 
the specific differential thermal emf a,, can be obtained for pairs 
comprising an n- and a p-type semiconductor. 

Semiconductor thermocouples are used for the direct conversion 
of internal energy into electric energy. The efficiency of up-to-date 
semiconductor thermoelectric generators reaches 15 per cent. 
24.3.4. The Peltier effect refers to the evolution or absorption of 
heat: (depending upon the direction of current), in excess of the 
Joule heat and called the Peltier heat, at the junction of unlike 
conductors or semiconductors when a direct current flows 
through the junction. 

The electrochemical potential (~—eg), temperature T and the 
normal components of the energy flux u and of the current den- 
sity j are continuous on the contact surface of two conductors J 
and 2. Hence it follows from the equation for u (see 24.3.1.) 
that upon the passage of a direct current J from the first conductor 
into the second, the amount of Peltier heat evolved (or absorbed) 
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in the time interval ¢ at the contact surface is 
Qp = yglt = Whoq 
where I), = 1,—fH, = —a,.T 
q=ilt 


In contrast to Joule heat which is proportional to the square of 
the current and is always evolved in a conductor, Peltier heat is 
proportional to the first power of the current and its sign depends 
upon the direction of current in the junction. If the current in 
the junction flows from the conductor with the higher value of 
the Peltier coefficient to the conductor with the lower value 
(IZ, > HZ, and IZ,, > 0), then Qp > 0, i.e. Peltier heat is evolved in 
the junction. If the currentis reversed in the junction, Qp < 0, 
i.e. Peltier heat is absorbed in the junction. 

24.3.5. The Peltier effect is due to the fact that in unlike conduc- 
tors or semiconductors, when brought into contact, the values 
wW, and w, of the average energies of the movable charges, that 
participate in producing the current, are not equal to each other. 
Let us assume that w, > w, and the direction of the current is 
such that the carriers pass through the contact surface from the 
first conductor into the second. In the second conductor, the 
current carriers from the first conductor have an energy in excess 
of the energy corresponding to thermodynamic equilibrium 
between these carriers and the crystal lattice points. Hence, 
upon collision with the lattice points of the second conductor, 
the current carriers give up their surplus energy, thereby heating 
the conductor. This process takes place in a very thin layer of 
the second conductor adjacent to the contact surface, i.e. it is 
manifested in the heating of the junction. If, under the same 
conditions, the current in the junction has the opposite direction, 
the current carriers pass from the second conductor into the 
first and have an energy which is less than the equilibrium value 
in the first conductor. Colliding with the lattice points of the 
first conductor, the carriers receive the energy they lack to reach 
the equilibrium value. Consequently, the junction is cooled in 
this case. 

The Peltier effect is the reverse of the Seebeck effect. As the 
thermocurrent passes along the circuit of a thermocouple Peltier 
heat is absorbed in the hot junction, and evolved in the cold 
junction. Hence, in accordance with the second law of thermody- 
namics, to maintain a constant thermocurrent it is necessary to 
deliver heat continuously from outside to the hot junction and 
to continuously remove heat from the cold junction. The Peltier 
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effect in semiconductors is used in the design of refrigerators of 
sufficiently high efficiency and cooling capacity. 

24.3.6. The Thomson effect is the evolution (or absorption), of 
heat, in excess of the Joule heat, when a direct’ current passes 
through a nonuniformly heated homogeneous conductor or 
semiconductor. If follows from the equations for the energy 
flux density u and the current density j (see 24.3.1.) that the 
amount of heat evolved per unit volume of the conductor in 
unit time is 


w = —divu = div (K grad T)++j2+7 (j,grad T) 


where t is the Thomson coefficient which is related to the specific 
thermal electromotive force a and the Peltier coefficient HZ hy 
Thomson’s first relation: 


t= -($7-4) = -T 


The amount of heat generated per unit volume of the conductor 
per unit time, called the Thomson heat, is 


Wp = t(j, grad T) 


The sign of wp depends upon the direction of current: if 7 > 0, 
then wy > 0 if the current passes from the cold end of the con- 
ductor to the hot end, and w, < 0 if the current is in the opposite 
direction. 

The amount of Thomson heat generated in a portion of the con- 
ductor of length di during the interval of time t is 


dQy = rI(SF) dl = xq(S7) al 


where g = Jt is the charge flowing through a cross section of 


the conductor during the time ¢. The derivative ar > 0 if the 


current flows in the direction of increasing temperature of the 
conductor. 

The Thomson effect is due to the fact that the average energy of 
the current carriers is greater in the more heated part of the 
conductor than in the less heated part. If the current carriers 
flow in the direction of the decrease in temperature, they give 
up their surplus energy to the crystal lattice of the conductor, i.e. 
Thomson heat is evolved: dQ; > 0. If, however, the current carriers 
flow in the opposite direction, they supplement their energy al 
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the expense of the energy of the crystal lattice, i.e. Thomson 
heat is absorbed: dQ; <‘0. Thus, the Thomson coefficient + > 0 
for conductors and semiconductors having electron conduction, 
and 7 < 0 for those having hole conduction. 


24.4. Emission Effects in Metals 


24.4.1. Thermionic emission is the ejection of electrons from a 
solid or liquid body when it is heated to a sufficiently high temper- 
ature. The electrons ejected from the heated body are called 
thermoelectrons, or negative thermions, and the body is the emitter. 
To escape from the metal, an electron must have a certain mini- 
mum energy sufficient to overcome the potential barrier at the 
metal-vacuum boundary, i.e. one equal to the work function 
(see 24.1.1.). 

At ordinary (room) temperatures, very few electrons have this 
amount of energy and thermionic emission is practically absent. 
It becomes noticeable at considerably higher temperatures 
when the metal is incandescent. 

24.4.2. Thermionic emission is made use of in electronic tubes 
and in other electronic devices having an incandescent cathode. 
The thermoelectron current in a two-electrode vacuum tube 
(diode) whose incandescent cathode emits thermoelectrons 
depends upon the voltage U, applied between the anode and 
cathode (anode voltage of the diode); the shape, size and relative 
position of the electrodes; and the work function of the cathode 
and its temperature. Other conditions being equal, the dependence 
of the current J, on the voltage U, 
can be represented by a curve of the 
form shown in Fig. 24.5. This depen- 
dence is nonlinear, i.e. the current ina 
diode does not obey Ohm’s law. 

The small current in the diode circuit at 
negative anode voltages (U,<U, < 0) 
is due to the fact that certain electrons - 
emitted by the cathode have an initial F1G.24.5 

kinetic energy sufficient to overcome 

the retarding electric field between the anode and cathode. As a 
rule, this current is very small even when Uy, = 0, i.e. the 
initial kinetic energies of the thermoelectrons can be neglected. 
In this case, at low positive values of the anode voltage, the 
thermionic-emission current, limited by the cloud of negative 
charge, obeys the Boguslavsky-Langmuir equation (three-halves 
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power law) which states that the current is proportional to the 
three-halves power of the anode voltage. 

Thus for flat electrodes of infinite extent at a distance d from 
each other, the current density is 


j = BUA 
where B = ae Ve (in SI units) 
B= ye 4 om (in cgse units) 
e = magnitude of the charge of the electron 
m = mass of the electron 
&) = permittivity of free space. 


For electrodes in the form of coaxial cylinders of infinite length, 
of which the inner is the cathode, the current per unit length of 
the cathode is 


j= BUI 
8x V2 e é . 
where B = on a = (in SI units) 
en 292. 4 e : . 
B= ey ee (in egse units) 


r, = radius of the anode 
8? = function of the ratio of the anode radius to the 
cathode radius rg. 


As oe varies from 1 to 41.25, 6? increases from 0 to 1.095; at 


values of 4 > 41.25, B? decreases, approaching 41 as 74 > oo, 


24.4.8. The maximum thermoelectron current possible at a given 
temperature of the cathode is called the saturation current. In 
this state all the electrons emitted by the cathode arrive at the 
anode (sometimes called the plate). The saturation current in- 
creases with the temperature of the cathode. The saturation 
current density j, is calculated by the Richardson-Dushman 
equation: 
A 


je = DCT*e ** 


where D = average penetrability of the potential barrier at 
the metal-vacuum boundary to electron waves 
(see 44.4.29.) 
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_ 4amek? _ 6 amp _ ape 
C=- a= 1.210 me-deg? emission constant 
k = Boltzmann’s constant 


h = Planck’s constant 
A = work function of the metal. 


24.4.4. Cold (autoelectronic) emission is the removal of electrons 
from a metal by an external electric field (field-induced electron 
emission). This effect may occur at room temperatures, and the 
temperature of the metal remains practically constant in the 
process. Cold emission is accounted for by the tunnel effect (see 
44.4.31.)—the piercing of the potential barrier at the metal sur- 
face by electrons travelling at any velocity. The probability 
that electrons will pierce the potential barrier depends upon 
the intensity £ of the external electric field, as consequently 
does the current density j of cold emission. Thus 
Eo 


joe *® 


where E, = am ¥2mA3. 


24.4.5. Photoelectric emission is the liberation of electrons from 
the surface of bodies (mainly metals), placed in a vacuum or a 
gas, by the action of light (see 42.1.2.). 

24.4.6. If the surface of a metal in a vacuum is bombarded by 
vlectrons, a counterflow of electrons from the surface is observed. 
This is called secondary electron emis- 

sion. In addition to the primary elect- 

rons reflected from the surface, other 13 

electrons are released from the surface. 
The highest emission of secondary elect- 
rons is observed when the primary 
electrons have energies of several hun- 
dred eV. Secondary emission is charac- 29 


1 


terized by the secondary electron emis- Wev 
ston coefficient 6, equal to the ratio of 97 

the sum of reflected and emitted elect- ~ 400 800 1200 
rons to the number of primary ones. FIG.24.6 


\ typical curve showing the dependence 

of 6 on the energy W of the primary electrons is given in Fig. 
24.6. For most degassed metals, 6,4, does not exceed two with 
normal incidence of the electrons on the surface. Coefficient 6 
increases to three in the presence of adsorbed gas. Secondary elect- 
ron emission is used in electron multipliers for the multiple ampli- 
lication of weak electron currents. 
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CHAPTER 25 





Magnetic Field of Direct Current 


25.1. Magnetic Field. Ampere’s Law 


25.1.1. A magnetic field is one of the forms of an electromagnetic 
field. Its distinguishing feature is that it acts only on moving 
particles and bodies having an electric charge, as well as on mag- 
netized bodies (see 28.2.2.) regardless of their state of motion. 
A magnetic field is produced by current-carrying conductors, 
by moving electrically charged particles and bodies, by magnet- 
ized bodies, or by a variable electric field (by displacement cur- 
rents, see 30.3.1.). 

25.1.2. The force characteristic of a magnetic field is the vector 
of magnetic induction B. In the International System of Units 
(SI), it is numerically equal to the limit of the following ratio: 
the force exerted by the magnetic field on an element of a current- 
carrying conductor, to the product of the current by the length 
uf the element of the conductor, the limit being taken as the 
length of the element goes to zero and with the element positioned 
ae field in such manner that the limit has its maximum value. 
Thus 


1 (dF 
~ T Vat) maz 
rats Sede Ean 
In Gaussian units, it is 
_ ¢ (dF 
B=+(G),., 


where c is the electrodynamic constant (conversion coefficient), 
equal to the ratio of unit charges in the cgsm and cgse systems. 
{t is the same as the velocity of light in a vacuum (c = 3x10! 
cm per sec). 
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Vector B is perpendicular to the element of the conductor, which 
complies with the above-mentioned condition, as well as to the 
force exerted on the element by the magnetic field. From the 
end of vector B, rotation in the shortest way from the direction 
of the force to the direction of the current in the element of the 
conductor should be seen as being clockwise. 

25.1.8. The force exerted by the magnetic field on the current- 
carrying conductor is called Ampere’s force. An element dF of 
Ampere’s force exerted on a small element of length dl of a con- 
ductor carrying the current I equals 


dF = J(dlB) (in SI units) 
dF = 4 [dl B] (in Gaussian units) 


where dl is a vector numerically equal to the length di of the 
element of the conductor and having the direction of the vector 
j of current density in this element of the conductor. This relation 
is known as Ampere’s formula, or 
Ampere’s law. 

The mutual positions of vectors dF, 
B and dl are shown in Fig. 25.1. In 
particular, if dl L B, the direction of 
the force dF can be found by the 
left-hand rule: if the left hand, open- 
vd flat with the fingers parallel to 
one another and the thumb perpen- 
dicular to the fingers, is held so that. ¥16,25.1 

the magnetic induction vector enters 

the palm and the fingers indicate the direction of the electric 
current, the thumb will indicate the direction of the force exerted 
hy the field on the conductor. 

25.1.4. Magnetic fields are represented graphically by lines of 
induction, or lines of magnetic flux. The lines of induction are 
curves whose tangent at each point coincides with vector B at 
this point of the field. Lines of induction are always closed loops 
and surround conductors carrying the current that sets up the 
licld. The fact that the lines of induction are closed curves is an 
mdication of the absence of free magnetic charges in nature. 
\ magnetic field is said to be uniform if. the vectors B are the 
aime at all points of the field. Otherwise, the field is said to be 
nonuniform. 

25.1.5. The direction of the lines of induction of the magnetic 
leld set up by a current is determined by Mazwell’s rule (corkscrew 
rule): if a corkscrew is screwed in the direction of the current in 
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the conductor, the handle of the corkscrew will turn in the direc- 
tion of the lines of induction. 

25.1.6. In contrast to electrostatic forces which are central forces 
(see 20.1.4.), Ampere’s force, as well as all other forces of electro- 
magnetic interaction, are not. They are perpendicular to the 
lines of induction of the magnetic field. 


25.2. The Biot-Savart-Laplace Law 


25.2.1. The Biot-Savart-Laplace law establishes the magnitude 
and direction of the vector of magnetic induction dB at any arbi- 
trary point C of a magnetic field set up in a vacuum by an element 
of a conductor of length di carrying a current J (Fig. 25.2). Thus 


dB = #2 7 [dlr] (in SI units) 
dB = £ 3 [dlr] (in Gaussian units) 


where dl = vector of the element of the conductor, numerically 
equal to di and of the same direction as the current 
t = radius vector drawn from the element of the con- 
ductor to the point being considered in the field; 
r= |r| 
ce = 3X10! cm per sec = electrodynamic constant 


= -7 Volt-sec _ —7 henry _ ‘li 
flo = 42X10 on 4nX10 oS ( permeability 


of empty space, or of a vacuum). 


The vector dB is perpendicular 
to the plane in which the vectors 
dl and r lie. Its direction is such 
that from its head the shortest 
rotation of vector dl to align it 
with vector r is seen to be coun- 
terclockwise (Fig. 25.2). The same 
direction of dB is obtained if the 
corkscrew rule is applied. 

The magnitude of vector dB 





equals 
dB = fe fag (in SI units) 
dB = tf ag (in Gaussian units) 
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where dq is the angle subtended by the element dl of the conductor 
and having the point being considered in the field as its vertex 
(Fig. 25.2). 

25.2.2. If the current-carrying conductors or moving charged 
bodies are not in a vacuum, but in some substance (magnetic 
material), the substance will become magnetized and the mag- 
netic induction of the resultant field (see 28.5.2.) will equal 


B= By+ Bin 


where B, = magnetic induction of the external (magnetizing) 
field set up by the conduction currents and the 
convection currents (macroscopic currents) 
Bint = Magnetic induction of the field set up by the 
magnetized substance, i.e. molecular currents in the 
substance. 


In cases when a homogeneous and isotropic magnetic material 
completely fills all the space occupied by the magnetic field, or 
a portion of this space, but in such a manner that the lines of 
induction of the magnetizing field do not intersect the surface 
of the magnetic material, then in the latter 


B ae K,,By 


where K,, is the relative permeability of the magnetic material 
which shows how many times the magnetic induction at the point 
being considered of the field, in the given substance filling all of 
the field, is greater than the induction in a vacuum at the given 
distribution of macroscopic currents. 

25.2.3. The intensity of a magnetic field (magnetic intensity) is 
the vector physical quantity H that characterizes a magnetic 
fleld and is defined as follows: 


H= = -M (in SI units) 
H = B-4aM (in Gaussian units) 
where M is the intensity of magnetization (or simply megnetiza- 


lion, see 28.2.2.) at the point being considered in the field. In 
particular, for a magnetic field in a vacuum 


ne = (in SI units) 


Ho 
H=B (in Gaussian units) 
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lf the medium is isotropic, then 
B 


H = “Kmuo (in SI units) 
H = + (in Gaussian units) 
m 


where K,, is ascalar quantity so that vectors H and B are collinear. 
If the conditions indicated in 25.2.2. have been complied with, 
i.e. in particular for a magnetic field in a homogeneous isotropic 
magnetic material filling the whole volume of the field, then the 
magnetic intensity H is independent of K,, and coincides with the 
intensity, at the point being considered, for a magnetic field set 
up by the same system of macroscopic currents in a vacuum. Thus, 


H = [dit 
l 


where dH can be determined by the Biot-Savart-Laplace law 
for magnetic field intensity: 


dH = 4 + {dlr] (in ST units) 
dH = i + [dlr| (in Gaussian units) 
the notation being the same as in 25.2.1. 
25.2.4. The magnetic induction B, and intensity H, of the mag- 


netic field set up by a charge g, travelling in an infinite, homogene- 
ous and isotropic medium at a velocity v, equal 


Kmto 4 
B= oe WY 
, (in ST units) 
q 
Hy = Gy lvl 
kK 
aa re 
; (in Gaussian units) 
q 
H, = ae sa [vr] 


where r is the radius vector drawn from the moving charge to 
the point being considered in the field. Vectors B, and H, are 
perpendicular to the plane passing through vectors v and r. 
If g>0, theshortest way of rotation from v to r seems to be coun- 
terclockwise when seen from the heads of vectors B, and H,. If 
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y < 0, vectors B, and H, have the opposite direction (Fig. 25.3). 
The magnetic field of a moving charge is variable because the 
magnitude and direction of r 

vary even when v = const. In A A 
contrast to the electrostatic field By Bg 
set up by a stationary charge (see 

20.2.6.) which is spherically sym- r r 
metrical, a magnetic field has 9>0 v g<O/yv 
mirror symmetry with respect to 

the direction of v. FIG.25.3 


25.3. Simplest Magnetic Fields Set Up by Currents 


25.3.1. According to the principle of superposition of fields (see 
20.2.4.), valid for a magnetic field as well, the magnetic induction 
B at any point of a magnetic field set up by a conductor carrying 
a current J is equal to the vector sum of the induction AB; of the 
elements of the field set up by all the portions 
of the conductor. Thus 


where n is the total number of portions into 
which the conductor is divided. As n +o, 


B= [dB 
t 


in which integration is extended over the 
whole length of the conductor. 
In all the examples of magnetic fields dealt 
with below, it is assumed that the medium 
is homogeneous, isotropic and fills all the 
space occupied by the magnetic ficld. 
25.3.2. The magnetic induction and inten- 
FIG.25.4 sity at an arbitrary point A of the magnetic 
field set up by a straight conductor MN 
carrying a current J (Fig. 25.4) equal 





11 : (in SI units) 
H -= Ge oe (GOS g, -- COS wo) 
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B= + Kaz (COS ~y—COS Ge) 
i (in Gaussian units) 
H=-- = (cos 9, — COS ,) 


where ry = distance from point A of the field to the con- 
ductor 
y, and g, = angles formed by the radius vectors drawn 
to point A from the beginning and end of the 
conductor 
relative permeability 
permeability of a vacuum. 


Ky, 
Ho 


In particular, for the magnetic field set up by an infinitely long 
straight conductor carrying a current J, 


It ll 


B= Kove 2 ana Hat 2b (in SI units) 
4n 1%} 4n 1% 
wie 2! ana Ae ee (in Gaussian units) 
Cc To © To 


where the notation is the same as above. 
25.3.3. For the magnetic field at the centre of a rectangular turn 
carrying a current I 

_ Kmeo 81Va?+b 





an ab ‘ . 
Been oh (in Sl units) 
H a= AL Srv atte? 
~ An ab 
2 2 
pet ae BI Va? +b 
ab ‘ 5 . 
: (in Gaussian units) 
H= aver 
c ab 





where a and b are the sides of the rectangle. 
25.3.4. The magnetic moment p, of a closed flat circuit with the 
current J is 


Pp, = IS (in SI units) 
Pm = 4 IS (in Gaussian units) 


where S is a vector of a magnitude equal to the area enclosed by 
the circuit and of a direction normal to the plane of the circuil 
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in such a manner that from the head of vector p,, the current in 
the circuit seems to be counterclockwise (Fig. 25.5). 

The magnetic moment p,, of an arbitrary system of closed cir- 
cuits carrying current is equal to the vector sum of the magnetic 
moments of the individual closed circuits making up the system. 
In particular, the magnetic moment of a solenoid (see 25.3.8.) is 
equal to the vector sum of the magnetic moments of all its turns: 


Pu = NIS 


total number of turns in the solenoid 
cross-sectional area of the sole- 
noid 
current in the turns of the sole- 
noid. 


where WV 
Ss 


i 


I 


i] 


Pm 





I 


FIG.25.5 FIG.25.6 


Vector p,, is along the axis of the solenoid and its direction coinci- 
des with that of the solenoid’s magnetic field. 

25.3.5. The magnetic field set up by a circular turn, carrying a 
current J, at an arbitrary point on the axis of the turn (Fig. 
25.6) is defined as: 


B = Kmto.___2Pm 


| 24 p2)t 
cc ata (in SI. units) 





A= 1 2Pm_ 
hn (R?+nh2)2 


2p. 
B= K, —“2= _ 
™ (RP+h2)t 

2Pm 

(R? +h)? 


(in Gaussian units) 
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The magnitudes of vectors B and H equal 

















R— Kmuo IR? _ Km 
2 (R+h)F a(R? +h2)F ed Sos 

; TR _ ae (in SI units) 

2 (REERDE — 2aR?+ NDE 
Bo ees, el) oe 

i Pe Cees (in Gaussian units) 
Ho = 1. 221R* 1 2s : me : 

c (R?+h2)4 c (R?+h2)3 


where h = distance to the centre of the turn 

R= radius of the turn 

S = aR? = area of the turn. 
25.3.6. For the magnetic field at the centre of a circular turn of 
radius R which carries the current J (Fig. 25.7) 


— Amto 2Dm = 4 2Pm ; i 
Bese oe epg And! Ao ee (in SI units) 
B= K,, 2m and H= Pe (in Gaussian units) 


The magnitudes of vectors B and H equal 


B= Kyty yp and H= st (in SI units) 


B= + 29K 4. and H = a a (in Gaussian units) 
The magnetic field set up by a circular turn is directed along 
the axis and perpendicular to the plane of the turn. 

25.3.7. A toroid is an annular coil wound on a core having the 
shape of a torus (Fig. 25.8). The magnetic field of a toroid is com- 





FIG.25.7 FIG.25.8 
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pletely confined within its volume, in which 
NI 





NI _ NI Be es F 
B= EK mbto Sap and H = Dae (in SI units) 
B= 4 K,, at and H = i ant (in Gaussian units) 


The field intensity within the toroid varies from 


NI NI 7 : 
Hija = QaR, to Hinin a aR, = Qn(Ra +d) 5 where Rk, and Rk, 
ure the outside and inside radii of the torus and N andd are the 
number and diameter of the turns of the coil. The magnetic 


field intensity at the centre line of the toroid is 


Hy = ,- =nl (in SJ units) 


where Ry = 


n = number of turns per unit length of the centre line 
of the toroid. 


\s A, + co and with constant d@ and n, an infinitely long solenoid 
with a uniform field is obtained. 

25.3.8. A solenoid is a cylindrical coil consisting of a large number 
of turns of wire in the form of a helix. If the turns are wound 
light against, or sufficiently close to, one another, the solenoid 
constitutes a system of circular closed current-carrying circuits 
connected in series and having the same radius and a common 
axis. Dots and crosses in the cross sections of the turns in Fig. 








ei : 
iG. 2h. 


25.9 indicate the direction of the current (respectively out of 
or into the drawing). The magnetic induction vector B and 
intensity vector H are along the axis of the solenoid with their 
direction given by the corkscrew rule (see 25.1.5.). 
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For the magnetic field of a solenoid at an arbitrary point 
lying on the axis of the solenoid 





B= Amie nI (cos a, — Cos a;) 
ie (in SI units) 
H = = (cos a,— cos a;) 


B= 4 27K ,znI(cos a, — COs ay) 
(in Gaussian units) 


H= 4 2nnI(cos a, — COS a,) 


where n = z = number of turns per unit length of the solenoid 
a, and a, = angles at which the ends of the solenoid are 


seen from point A (a, > ay, Fig. 25.9) 
ye YG engemenk nici eae 
cos a, = Vieik and cosa, = jerG=a 
The maximum values of the magnetic induction B,,,, and inten- 
sity H,., correspond to a point in the middle of the solenoid’s 
axis. Thus 
L 
Braz = Kmpynt ViRta L® 
L tas 
VaR2+L2 
25.3.9. Under the condition that L > R, the magnetic field inside 
the solenoid at points on its axis sufficiently distant from its ends 


is characterized by 
B= K,u.nI and H =nlI (in SI units) 


B= 4 4nKynI and H = + 4anl (in Gaussian units) 


(in SI units) 
A maz = ni 





25.3.10. The magnetic induction and intensity of the magnetic 
field of a solenoid of sufficient length, at points of its axis coin- 
ciding with its ends, are 


B= Ke nT and H=tnl (in SI units) 





B= 4 oak nl and H = ~eanl (in Gaussian units) 
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25.3.11. The intensity H of a magnetic field set up by an arbitrary 
system of currents with a magnetic moment p,,, at distances r 
from the system which considerably exceed its linear dimensions, 
is equal to the intensity of the field set up by an equivalent 
“magnetic dipole” with the moment p,,. Thus 


= fa [Bane Poe i i 
H= a 7 (in SI units) 
H= 3(Dmt)F _ Bm 


a 7 (in Gaussian units) 


A “magnetic dipole” is a system of two unlike magnetic point 
charges, +m and —™m, at a distance / from each other which is 
small in comparison with the distancer to the point being consid- 
ered in the field. The magnetic moment of the dipole is p,, = ml, 
where the vector 1 has the direction from the south pole to the 
north pole (from —m to +m, see 20.2.7.). 


25.4. Action of a Magnetic Field 
on Current-Carrying Conductors. 
Interaction of Conductors 


25.4.1. Ampere’s formula for the magnetic interaction of small 
elements of two conductors of lengths dl, and dl,, carrying currents 
I, and J,, in a vacuum can be written as: 


I 
(GF j2)eae = 28-81% [dl,{dl re] 
* (in SI units) 


(dB 2)oae = 2-22 [dl [dlrs] 





4n ry 

1 . 
(GF 12)eae = Se 4 [ddl rel] 

; o : (in Gaussian units) 
(GF 31) cae = = a (dl,{dl,r,J] 


where (dF 2),4¢ = force exerted on the element of the second 
conductor of length di, by the element of 

the first conductor of length dl, 
(dF .23),4¢ = force exerted on element dl, by element di, 


T,. = radius vector drawn from element dl, to 
element dl, 
Tey = Thy. 
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The vectors dl, and dl, are in the direction vf the current in the 
corresponding parts of the conductors. 

Tf, as is assumed in all the following examples, the conductors are 
in a homogeneous, isotropic and infinite medium with a relative 
magnetic permeability K,,, then 


dF, = Ky, (4F 12) ae and dF.) = Ka(dP oy) ve 


25.4.2. The force exerted on an element of length dl of a straight 
conductor carrying a current J, by a long straight conductor 
carrying the current J, and arranged parallel to the first conductor 
at the distance d equals 





aR = tokm Bite gy (in SL units) 
dF = + K, 2hls dl (in Gaussian units) 


The force # on a portion of conductor of length | equals 





; Km 2 Peat.) 4 
Hx Hohe ils | (in SI units) 

4 1 Q1y1s oe : ae 
F = @ K,, th 2] (in Gaussian units) 


Conductors carrying currents J, and J, which flow in the same 
direction attract each other. If the currents flow in opposite 
directions, the conductors repulse each other. 

25.4.3. The force of interaction between two identical square 
loops carrying currents J, and J, (the sides of the loops being 
parallel to one another and their centres on a straight line per- 
pendicular to their planes) is 


B= Kmtto Bef 


4n 


a?+2d2 dV 2a?+d? 
dVat+@ at+d? 
4 a2?+2d2 dV 2a?+d? 
8K nll { a Aboard 
 aVat+ a a?+d2 


where a= side of the square loop 

d = distance between the centres of the loops. 
The loops attract each other if their currents have the same 
direction and repulse each other if the currents are in opposite 
directions. 
25.4.4. The force of interaction of two sufficiently long coaxial 
solenoids (with radii R, and R, of their turns), whose nearest 











o al (in SI. units) 





F -1} (in Gaussian units) 
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ends are at a distance d>R, and R,, equals 


fp Keo TenSelins8 (in ST units) 
ho dz 
' 1. S “ ‘ . 
Be 4 Kn fetteS ets s (in Gaussian units) 


where S, = 2A} and S$, = 2R3. The direction of F depends on 
whether the currents flow in the same or opposite directions in 
\he solenoids. In the first case the solenoids attract and in the 
second they repulse each other. 

25.4.5. The moment of forces M acting on a closed flat current- 
carrying circuit (for example, a rectangular loop) placed in a 
uniform magnetic field is 


M = [p,,B] 


where p,, = vector of the magnetic moment of the loop 
B = magnetic induction of the field. 


The rotational moment is perpendicular to vectors p, and B 
in such a manner that the shortest rotation from p,, to B is 
seen from its head to be counterclockwise. By the action of moment 
M, the loop will assume a position of stable equilibrium in which 
vectors p,, and B are parallel to each other. 

25.4.6. In addition to the moment of forces M, aclosed current- 
carrying circuit in a nonuniform magnetic field is also subject. 
to the resultant force F. Thus ° 


F = grad (p»B) 


By the action of force F, the loop is attracted in the direction 
toward the higher values of induction of the magnetic field (to- 
ward the region of a stronger field). 


25.5. Total Current Law. Magnetic Circuits 


25.5.1. The circulation of vector H of magnetic field intensity with 
respect to the closed path (curve) Z is an integral of the form 


$ (Hdl) = f H dl cos (H, dl) 
L L 
closed path (curve) of arbitrary shape 


element of length of the path in the direction it is 
circuited. . ; 


where L 
dl 


Wal 


447 


Electricity and Magnetism IV. 


ea is carried out over the whole length of the closed path 
curve). 

25.5.2. The total current law (Ampere’s circuital law) for conduction 
currents states: the circulation of the intensity vector of a magnet- 
ic field, set up by a direct current, with respect to a closed path 
(curve), is proportional to the algebraic sum of the currents 
bounded by this path. Thus 


§ (Hdl) = f Hal cos (H, dl) = J, (in SI units) 
FI KoA 


L 
p (Hdl) = pH dl cos (H, dl) = “# )* J, (in Gaussian units) 
L L nt 


where 7 is the number of all the conductors carrying currents that. 
are bounded by the closed path L of arbitrary shape. A current 
is considered to be positive if from the head of the current density 
vector (see 21.1.6.), along the axis of the conductor in the direc- 
tion of the current, the circuiting of path L seems to be counter- 
clockwise (according to the corkscrew rule, see 25.1.5.). Other- 
wise, the current is considered to be negative. Currents that are 
not bounded by closed path L do not contribute to the circulation 
of vector H. 

The total currrent law can be written for a magnetic field in a 
vacuum in the form 


} (B dl) = » I (in SI. units) 

L k=] 

> (Bal) = 2 Yh (in Gaussian units) 
L k=1 


where p(B dl) is the circulation of the magnetic induction vector 


L 
with respect to the closed path L. 
The generalizations of the total current law covering cases where 
displacement currents and molecular currents exist are given in 
28.5.6. and 30.3.4. The total current law is used for calculating 
magnetic fields of direct currents. 
25.5.3. An element of flux d®,, of the magnetic induction vector 
B through a surface element of area dS is 


a®,, = BdsS cos (B, n) = B,dS = BdS, 
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where =n = unit outward normal vector to the surface dS 
B, = projection of vector B on the outward normal 
(Fig. 25.10). 


The magnetic flux ®,, through an arbitrary surface § can be 
found by summing up or integrating all the flux elements. Thus 


, = f Bas cos (B, n) uy 


_ [Bas = [ Bas, Zs 
s 8s 


For a uniform field and a flat surface § 


yhich is perpendicular to vector B 
which is perpendicula v he Baa 


B, = B=const and ®,, = BS 


25.5.4. The Ostrogradsky-Gauss theorem for the magnetic induction 
flux states that the magnetic flux through an arbitrary closed 
surface equals zero. Thus 


p B, ds = 0 
8 


This theorem expresses the fact that there are no magnetic 
charges in nature (no free magnetic poles) and that all the lines 
of induction of a magnetic field are closed curves. 

The differential form of this theorem 


div B = 0 


is one of Maxwell’s equations for an electromagnetic field (sce 
30.4.1.). 

v5.5.5. A magnetic circuit is the totality of bodies or regions of 
space to which a magnetic field is confined. Magnetic circuits are 
necessary components of electrical machinery and various electric- 
wl devices. 

25.5.6. In a magnetic circuit the magnetic flux plays a part similar 
‘o that of the current in an electric circuit. The magnetic flux 
‘p,, should be the same at all cross sections of an undivided 
nugnetic circuit. 

20.5.7. The Hopkinson formula (Ohm’s law for closed magnetic 
cireitts) is 
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where ,, = magnetic flux which is constant along cach element. 
of the circuit 
6 = IN = magnetomotive force (also denoted by mmf), 
or magnetizing force (in the SI) 
N = number of turns of magnetizing current J 
R,, = total reluctance (magnetic resistance) of the circuit. 


The reluctance of an element of the circuit of length J; with a 
constant cross-sectional area S is 


4 ; ‘ 
Rai = as (in SI units) 
where K,, = relative magnetic permeability of the given clement 
of the circuit 
f% = magnetic constant. 
If 8 is not constant, then 


L; 
dl . : 
Rn = J eae (in SI units) 


25.5.8. The total reluctance R,, of parts of a magnetic circuil 
connected in series equals 


R, = ay Rut 


where n is the number of parts of the circuit. 
If n reluctances are connected in parallel, the total reluctance 
R,, of the magnetic circuit will be 

R, = —--—- 


n 
ei 


a1 Rm 
5.5.9. Kirchhoff’s first law for divided magnetic circuits states 


hat the algebraic sum ofthe magnetic fluxes toward a branch 
point of a magnetic network is zero: 


Y Dy: = 0 
f=1 


where n is the number of elements joined at the branch point 
(compare with 21.4.2.). 

The magnetic flux ®,,, is considered positive if the lines of induc- 
tion enter the branch point and negative if the lines emergo 


from it. 
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25.5.10. Kirchhoff’s second law states that in any leop (closed 
path), arbitrarily chosen. from the magnetic network, the algebra- 
ic sum of the products of the magnetic fluxcs ®,,; by the 
reluctances R,,; of the corresponding elements of the loop equal 
the algebraic sum of the mmf’s é,,; applied in the loop. ‘Thus 


k k 
y Gig Rmi = y Emt 
i=1 t=1 


where é is the number of elements making up the loop (compare 
with 21.4.3.). The fluxes ®,,; and mmf’s é,,; are considered positive 
if the directions of the lines of induction of the corresponding 
magnetic fields coincide with the arbitrarily chosen direction for 
circuiting the loop. 


25.6. Work Done in Displacing a Current-Carrying 
Conductor in a Magnetic Field 


25.6.1. Under the influence of Ampere’s forces (25.1.3.) an unfixed 
current-carrying conductor tends to move when placed in a mag- 
netic field. The element of work dA done by the Ampere force 
in moving the element di of the conductor carrying the current 
T equals 


dA = I a®,, (in SI units) 
dA = a I d®,, (in Gaussian units) 


where d®,, is an element of magnetic flux through the surface 
generated by the element of length of the moving conductor. 
The work done by the Ampere forces in moving a conductor of 
linite length, carrying the current J = const, is 


A=194,, (in SI units) 
A= 4. I @,, (in Gaussian units) 
where @®,, is the magnetic flux across the surface generated by 


the conductor in its motion and J = const. 
vh.6.2. The work done in the arbitrary displacement of a closed 
loop, carrying a current J, in a magnetic field is 


Az=I A®@,, (in SI units) 


A= ! ~L AD,, (in Gaussian units) 
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where A®@,, is the change in the magnetic flux through the surface 
bounded by the Closed loop. 

In calculating the magnetic flux ®,, across the surface enclosed 
by the closed loop carrying the current, the direction of the out- 
ward normal is taken so that the current in the loop is seen from 
the head of the normal vector to be counterclockwise. 

25.6.3. The work required to move a conductor or loop, carrying 
the current J = const, in a magnetic field is done at the expense 
of cnergy of the source of the current. 


CHAPTER 26 





Magnetic Fields 


26.1. Lorentz Force 


26.1.1. An electric charge moving in a magnetic field is subject 
lo the Lorentz force: 


F, = g{vB] (in SI units) 
F, = 4 ql vB] (in Gaussian units) 


where q 


tl 


algebraic value of the moving charge (q > 0 fora 
positive charge and g < 0 for a negative one) 
velocity of the charge 

magnetic induction of the field in which the charge 
is moving 

electrodynamic constant (ec = 310! cin per sec). 
The relative arrangements of the vectors F,, B and v for the cases 


q > 0 and g < 0 are shown in Fig. 26.1. The Lorentz force per- 
forms no work since it is perpendicular to vector vy. 


v 
B 


Wil 


c 





Electricity and Magnetism IV. 


26.1.2. Owing to the combined action of electric and megnetic 
fields on a moving charge, the resultant force (also called the 
Lorentz fore) is 


F = qE+q[vB] (in SI units) 
F = gE+4 [vB] (in Gaussian units) 


where E is the intensity of the electric field. 

26.1.3. If a uniform magnetic field is perpendicular to the direc- 
tion of the velocity of a moving charged particle, the latter, due 
to the Lorentz force, will travel in a circular path of constant 
radius r in a plane perpendicular to vector B. Here the Lorentz 
force is a centripetal force (see 2.4.3.) and the radius r equals 


(in SI units) 


r= 


ar ats (in Gaussian units) 
mass of the particle 

magnitude of its charge 

velocity of the particle 

magnetic induction. 


where m 
lq| 

) 

B 


The direction in which an elementary charged particle is deflected 
in a magnetic field (Fig. 26.2) is an indication of the sign of its 
charge. 

The period of revolution 7 of a charged par- 
ticle in a uniform magnetic field is 


nue wea 


Qn m is : 
T= 7 in SI units 
B ial ) 
2n me = a “ 
T=- in Gaussian units 
B lal ( ) 





At a particle velocity v <c, where c is the 
FIG. 26.2 velocity of light in a vacuum, the period T 
does not depend on v. 
26.1.4. If a charged particle moves in a uniform magnetic field in 
such a manner that its velocity vector v makes an angle a with 
the direction of the magnetic induction B, the path of the particle 
will be a helix (Fig. 26.3.) of radius r and pitch h: 





m ovsine Qn Mm Sense F 
r=-;-- and h=-~—-vcosa in SI units 
lal B B fal ( ) 
me vsin 2a me am, ee : < 
=—--—-- and h=—=-—;vcosa in Gaussian units 
lal B B Tal ( } 
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26.1.5. If the motion considered in 26.1.4. occurs in a nonuniform 
field whose magnetic induction in- 


creases in the direction of motion q<0 Pr 
of the particle, the radius r of : 

the coils and the pitch A of the h B 
helix decrease with an increase in 

B. F1G.26.3 


26.2. Charge-to- Mass Ratio of Particles. 
Mass Spectrography 


26.2.1. The charge-to-mass ratio of a particle is the quotient of 
its electric charge by its mass. This ratio is determined by meas- 
uring the deflection of charged particles in a magnetic field (see 
26.1.1.). The velocity v of the particle is determined experiment- 
ally (usually the particle is accelerated to the required velocity 
by an electric field with a given potential difference), as also is 
the radius r of its path. Then the a. ratio is determined by the 
formula in 26.1.3. 

The charge-to-mass ratio of the electron is given in the table of 
Appendix IT. 

26.2.2. The combined action of magnetic and electric fields is 
used to determine the charge-to-mass ratio and the mass of 
positive ions. Instruments employed for the precise measurements 
of the relative atomic weights (and, consequently, the masses) 


uf the isotopes of chemical elements (see 47.1.3.) are called mass 
spectrographs and mass spectrometers. 





FIG.26.4 


26.2.3. The mass spectrum of particles is the totality of values of 
(heir masses. In the Aston mass spectrograph (Fig. 26.4) all parti- 
cles with the same charge-to-mass ratio are deflected in the electric 
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field of capacitor C and the magnetic field of coil AZ (the two 
fields being mutually perpendicular) so that they are focused on 
the same point regardless of their velocities. A series of narrow 
parallel lines (6), 6, ...) are obtained on the photographic plate. 


They correspond to the different values of He 


ae, a (real 


Double focusing of ions with respect to both energy and direction, 
accomplished by replacing the flat capacitors with cylindrical ones 
and by using special electromagnets, produces a plane-parallel 
ion beam entering the magnetic field. With sufficient intensity of 
the lines on the photographic plate, instruments based on this 
principle provide an accuracy of measurement of the masses of 
the ions of light elements within 10~4 per cent. 

26.2.4. In mass spectrometers, monochromatic ion beams are 
produced by means of special ion sources. These beams can be 
focused well in a transverse magnetic field even in the case of 
highly divergent beams of a large number of ions. This enables 
highly accurate measurements to be made of the concentrations 
of various isotopes. 


26.3. Charged Particle Accelerators 


26.3.1. Devices for obtaining charged particles with very high 
binetic energy are called accelerators. Methods of acceleration can 
ke classed into three groups: direct-field, inductive, and resonance. 
According to the shape of the path of the particles, accelerators 
are classified as linear and cyclic. In linear accelerators, the paths 
of particles are approximately straight lines; in cyclic accelerators, 
they are circles or spirals. 

26.3.2. In a direct-field linear accelerator, a particle passes only 
once through an electric field with a high potential difference set 
up by electrostatic generators, for example the Van de Graaff 
generator (see 20.5.2.). 

26.3.3. The only accelerator of the inductive type is the betatron, 
which is used to accelerate clectrons to energies of the order of 
10? MeV (million electron volts). Use is made in the betatron of a 
circulating electric field that is set up in the accelerating chamber 
by the alternating magnetic field of an electromagnet. The electrons 
travel along circular paths that coincide with the lines of inten- 
sity of the circulating electric field. After many thousands of 
revolutions of the electron along a stable orbit, it gains very high 
energy. 
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The intensity & of the circulating electric field in a betatron is 


1 _dBav kare < 
Ba eta (in SI units) 
where B,, = average magnetic induction at the instant of time 
t within a circle of radius r 
distance from the axis of the field to the point being 
considered (radius of the circular orbit of the elec- 
tron in the betatron). 


A condition for a stable orbit of the electron in the betatron is 


BEAR. 


r 


where B is the instantancous value of the magnetic induction on 
the orbit. 

The steadiness of the electron orbits in a betatron is ensured by: 
(a) axial focusing, i.e. arrangement of the orbits in a single plane; 
this is achieved due to the special shape of the pole pieces of the 
electromagnet which provide for gradual weakening of the mag- 
netic field in the direction away from its axis. 

(b) radial focusing, i.e. the return of the electrons that accident- 
ally have left the stable orbit back to it again; this is achieved 
because the magnetic induction of the field of an electromagnet 


decreases more slowly from the axis to the periphery than t ' 


where r is the distance from the point being considered in the 
field to the axis. ; 

26.3.4. In magnetic resonance accelerators, employed for acceler- 
ating protons, deuterons and other particles, the particle being 
accelerated repeatedly passes through an alternating electric 
lield along a closed path, its energy being increased each time. 
A strong magnetic field is used to 
control the motion of particles 
and to return them periodically 
to the region of the accelerating 
electric field. The particles pass 
definite points of the alternating 
electric field approximately when 
the field is in the same phase (“in 
resonance”). 

26.3.5. The simplest resonance 
liccelerator is the cyclotron. The 
alternating accelerating clectric 
acld is set up in the gap between 
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the two halves (dees) M and N of an arrangement shaped like a 
pillbox (Fig. 26.5). The particles are accelerated each time they 
complete a half-circle in a dee and enter the gap between dees 
M and N. To continuously accelerate the particles it is necessary 
to comply with the condition of resonance (the condition of 
synchronism): T, = T, where T, is the period of oscillation of 
the electric field and T is the period of revolution of the particle. 
At velocities v of the particles, commensurate with that of light 
in a vacuum, the period T increases, due to the relativistic de- 
pendence of mass m on velocity (see 32.6.3.), and the condition 
of synchronism is violated. 

26.3.6. The principle of phase stability (auto-phasing) in a cyclic 
accelerator of relativistic particles consists in the following: each 
deviation of the period 7 from the resonance value T, leads to 
such a change in the energy increment of the particle at each 
acceleration that T varies in the neighbourhood of 7, and, on an 
average, remains equal to 7,. Thus 


mo wp et |m|_ 28a EF 
Tret= Bilal B \|ale 
where i = total energy of the particle (see 32.6.4.) 
c = velocity of light in a vacuum 
mo 
m=- = 


y ics 

Cc 

my = mass of the particle at rest. 

The remaining notation is the same as in 26.1.3. 
26.3.7. In a synchrocyclotron (phasotron, also frequency-modulated 
cyclotron), acceleration is accomplished at B = const by a slow 
increase of 7,. It follows from the principle of phase stability that 
this leads to an increase in the energy of the particles owing to the 
relativistic increase of mass with velocity. 
In a synchrotron, with a constant period T, of the accelerating 
electric field, the induction B of the magnetic field increases 
proportionally to the increase in the mass of the particles 


(= = const). The energy of the particles increases proportionally 


to the increase of B (at a constant 7’). 

In a proton synchrotron (synchrophasotron), T, and B are increased 
soultaneeusly and in coordination. This leads to an increase 
in E. 

26.3.8. The intensity of the magnetic field in accelerators cannot 
exceed 15,000 or 20,000 oersteds. Therefore, it is necessary to 
increase the radii of the orbits of the particles in order to acccler- 
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ate them. This leads to an increase in the size and weight of the 
accelerator, and also complicates the focusing needed for stable 
motion of the particles in the vacuum chambers. The application 
of strong focusing enables the weight and size of the accelerators 
to be reduced. It is done by means of electromagnets of special 
design and by operating the magnetic field under special condi- 
tions. Thus, in an annular phasotron, a magnetic field that is 
constant in time is set up by a magnet consisting of separate 
radial sectors in which the fields in adjacent sectors vary sharply 
along the radius in opposite directions. This method is also called 
alternating-gradient focusing. 

26.3.9. New methods of particle acceleration are being success- 
fully developed at the present time. They include the colliding 
beam method, the coherence method, and others. 

The colliding beam method makes use of the collision of particles 
possessing high energies W, and W, and travelling in opposition. 
In their relative motion each of them acquires an energy W = 
= 2W,W,. To obtain an appreciable number of collisions there 
should be from 10? to 10'4 particles in orbit. 

In the coherence method a beam of electrons is impinged on a stream 
of protons. Owing to Coulomb interaction, the electrons entrain 
the protons as long as v, > v,, where v, is the velocity of the 
electrons and v, is the velocity of the protons. When v, = v,, the 
energy of the protons is approximately 1840 times that of the 
electrons. In this procedure, the accelerating action of the electric 
field is determined not only by the external source but also by the 
number of particles being accelerated. 


26.4. Fundamentals of Electron Optics 


26.4.1. Electron optics deals with the properties of beams of charged 
particles (electrons and protons) interacting with electric and 
magnetic fields. In geometrical electron optics, the wave properties 
of the beams of particles are neglected (see 44.1.2.). The charged 
particles are conceived of as material points, and their motion in 
the fields is described by the totality of their paths. 

The laws of geometrical electron optics are invalid in regions of 
charged particle beams where their density varies substantially 
within the limits of the linear dimensions 


oh 
Qn V2mep 
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where h = Planck’s constant 
e = charge of the particle 
m = mass of the particle 


gy = potential of the electrostatic field. These regions 
correspond to the boundaries of the beams and the places where 
they converge (for example, at the principal focus and at the 
image points produced by the electron-optic system). Here 
diffraction phenomena, associated with the wave properties of 
particle beams, are observed. 

26.4.2. All the main laws of ordinary (light) optics can be applied 
to electron optics. The analogy between ordinary and electron 
optics is based on the fact that the field in which a beam of elec- 
trons (or other charged particles) travels can be likened to an 
optically nonuniform medium, and the paths of the electrons—to 
light rays in this medium (optical-mechanical analogy, see 5.4.4.). 
Mainly axisymmetric fields are made use of in electron optics (simi- 
lar to the axially symmetric optical systems). 

26.4.3. For the motion of an electron in an electrostatic field in a 
nonrelativistic case (when the velocity of the electron v «ce, 
where ¢ is the velocity of light in a vacuum), the index of electron- 
optic refraction (or the refractive index) of the “medium” equals 


n=CYVo 


where g = potential at the point being considered in the ficld 
and measured from the point at. which the velocity 
of the electron equals zero 
C = arbitrary constant. 


The law of refraction at the interface of two “media” (Snell’s law) 
in this case is of the form 
sini Voy 


sinr : Vor 


where i and r are the angles of “incidence” and “refraction” at a 
certain surface dividing the field into regions with the potentials 
g, and g,. This relationship is applied for approximately deter- 
mining the paths of electrons. A number of equipotential surfaces 
(the “interfaces”) (see 20.4.7.) are specified and the electron paths 
are regarded as straight lines (“rays”). The paths of the elec- 
trons can be constructed more precisely by taking their curvature 
into account, ‘Thus 

1 1 dg 

‘e.g dn 
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where “? is the variation in the potential of the electrostatic 
field in a direction normal to the path. 

In the relativistic case, the refractive index for an electrostatic 
field is of the form 


n = CVy(1+ kg) 
where fk = ee = relativistic correction 
e = magnitude of the charge of the electron 
my = rest mass of the electron. 


If, in addition to the electrostatic field, the electron is also subject 
to the action of a steady magnetic field, the refractive index will 
depend, not only on g, but also on the direction of motion of the 
electron at the point being considered. Consequently, a combined 
(electrostatic and magnetic) field is similar to an anisotropic 
“medium” (see 39.1.3.). 

26.4.4. Electrostatic and magnetic lenses serve to control the 
motion of electrons in electron-optical instruments (electron micro- 
scopes, electron multipliers, image converters, etc.). 

Electrostatic lenses are metallic irises with apertures of round shape, 
or pieces of round metallic tubing. The optical axis of the lens is 
formed by the axes of symmetry of its electrodes. A lens is said 
to be unipotential if the potentials of its outmost electrodes are 
the same; otherwise, it is said to be an immersion lens. 

The field of an electrostatic lens changes the velocity of electrons 
both in magnitude and direction. If the electrons pass through 
the lens it is convergent. The paths of the peripheral electrons of a 
beam always intercept the optical axis of the lens before it is 
intercepted by the central electrons of the beam (sperical aberra- 
lion, see 38.7.2., is always negative). 

If the potential at the centre point (saddle point) of a unipotential 
lens is lower than the potential of the electron source (cathode), 
the lens becomes an electron mirror. This mirror may be divergent 
and produce a virtual image (see 38.1.5.) or it can be convergent 
und produce a real image, depending upon the position of the 
Timiporental surface, from which the electrons are reflected, in 
the lens. 

The shape of the paths of the electrons in electrostatic lenses, in 
the case when the velocities of electrons are much less than that 
of light in a vacuum (nonrelativistic case), depends only upon the 
distribution of the potential. When the velocities of electrons 
approach the velocity of light, the paths may also be influenced 


by the quantity _ —the charge-to-mass ratio. 
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A lens is said to he thin if its focal length is many times larger 
than the field of the lens in the axial direction. The power (see 
38.4.8.) of a thin, unipotential electrostatic lens in a nonrelativistic 
case is approximately equal to 


where  f = focal length of the lens 
¢(z) = potential distribution along the optical axis s of the 
lens 


For an immersion lens under the same conditions 


oO 
4 Tid 
1 3/9: J (£- . = V Pe 
fi 16 val ;) dz and he a h M1 
oo 


where f, and f. = front (in the object space) and back (in the 
image space) focal lengths of the lens 
(i and g, = potentials of the electrostatic field in the 
object and image spaces. 


26.4.5. Magnetic lenses are usually short solenoids (see 25.3.8.) 
coaxial to the beam of electrons. Solenoids encircled by ferro- 
magnetic shells are used to concentrate the magnetic field at the 
optical axis of the lens. 

The power of a thin magnetic lens for a paraxial beam (see 38.3.2.) 
in the nonrelativistic case is approximately equal to 


Poe os 


7 = ta J 2 dz (in SI units) 


= 
= 
® 
3 
q 
ll 


potential difference traversed by the electron before 
entering the magnetic lens 

B,(z) = magnetic induction along the optical axis of the 
lens. 


The field of a magnetic lens changes the velocity of the electrons 
only in direction (focusing action) in such a manner that the elec- 
trons move in a helical path about the optical axis. This turns the 
electron image in reference to the object through an angle 0. 
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For a paraxial beam, this angle equals 





ro == J Bods (in SI units) 


Since f Bidz > 0, only convergent magnetic lenses exist. Here 


Day in contrast to electrostatic lenses, depends on the velocity of 
electrons (i.e. on U) even for the nonrelativistic case. For relativ- 
istic velocities of the electrons, the quantity U in the formulas 


given above should be replaced by U* = U+;—*., U? (my being 


2moc? 
the rest mass of the electron, see 32.6.2.). . 
26.4.6. Stigmatic, or punctual, images of objects (see 38.1.5.) are 
obtained in electron-optical systems only for paraxial electron 
beams. 
The principal equations (path equations) of paraxial beams of 
electrons in axisymmetric fields are of the form (in SI units): 
(a) for electrostatic lenses in the nonrelativistic case 
ar 1 dp dr r @p _ 
da tig dz a tip a ~ ° 
where (z) = potential on the optical axis of the system meas- 
ured from the point at which the electron velo- 
city v = 0 
zand r= coordinates along this axis and in the radial 
direction, respectively. 


This leads to the following similitude laws: (1) if the linear dimen- 
sions of the electron-optical system are increased n times, the di- 
mensions of the paths will be increased by the same factor; 
(2) the paths are not changed when the potentials of all the elec- 
trodes are increaseed n-fold. 

(b) for electrostatic lenses in the relativistic case 


eg db Pyraaesy er]! a 
Volt +ko) § [Volt+ke) Sr] +-_ (1+ kp) Ga r= 0 


e 
where k= amc? 
2MoC 


my = rest mass of the electron 
e = velocity of light in a vacuum. 








(c) for magnetic lenses in the nonrelativistic case 


ey e ks 
“2? 8mU Bir = 0 
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where B,(z) = projection of the magnetic induction on the axis of 
the lens 
U potential difference traversed by the electron be- 
fore entering the lens. 


(d) for magnetic lenses in the relativistic case, the preceding for- 
mula is used after making the substitution for U indicated in 
26.4.5. 

(e) for combined electrostatic and magnetic fields in the nonrela- 


tivistic case 
ata) tagl ate =! 


az \'" dz) 4Vo \ az? %m 
and in the daeaciin case 
Vo(1 + kp) rs © [Vo + kp) (1+ kp) 7 a += ale + ke) £ et om, Bir = 0 


The presence of a space charge (see 20.2.5.) in election: -optical 
systems is taken into account by replacing the term 4 — by the 


terms oe + es , where o(z) is the axial distribution bn the space 


charge and &, is the electric permittivity of free space (see 20.1.3.). 
26.4.7. Owing to the impossibility of restricting electron-optical 
systems to paraxial electron beams, aberration (see 38.7.1.) is 
inevitable. 

Electrostatic and magnetic axisymmetric systems are mainly 
subject to spherical aberration, coma, astigmatism, curvature of 
field, and distortion (see 38.7.1. through 38.7.10.). 

Instability of the power supply of the sources of electrons and 
of the lenses leads to a certain scatter in the electron velocities 
and causes chromatic aberration, chromatic difference in magnif- 
ication and chromatic difference of image rotation (the last two 
errors are inherent in magnetic lenses only). All these errors impair 
the resolving power and the quality of the image in electron-optic- 
al systems. 

26.4.8. Electron microscopy is the technique of obtaining images 
of microscopic objects by means of electron beams which are 
focused by electric and magnetic fields. Electron microscopy 
makes use of electrons with a de Broglie wavelength (see 44.1.2.) 
much shorter than the size of the object. Hence the beams of 
electrons behave like rays in geometrical optics (see 38.1.1.). 
The resolving power of electron microscopes is several orders 
of magnitude higher than that of optical microscopes and is 
limited by the wave properties of clectrons at their given energy. 


CHAPTER 27 


Electromagnetic Induction 


27.1. Fundamental Law of Electromagnetic 
Induction 


27.1.1. The phenomenon of electromagnetic induction is the devel- 
opment of an induced electromotive force €; in a conducting 
circuit placed in a varying magnetic field. If the circuit is closed, 
a current, called an induced current, is produced in it. 

27.1.2. Faraday’ 's law of electromagnetic induction states that the 
induced emf é, in the circuit is equal in magnitude and opposite 
in sign to the rate of change of the magnetic flux ®,, through 
the surface bounded by the circuit. Thus 


é, =-“n (in SI units) 
6 = -4 on (in Gaussian units) 


The directions around the circuit and of the outward normal 
n, assumed in calculating é; and ®,,, respectively, are interrelat- 
ed: from the head of vector n the direction around the circuit 
should be seen as counterclockwise. 

If a closed circuit consists of N. turns connected in series (for 
instance, in the form of a solenoid), ®,, should be understood as 
the total magnetic flux through surfaces bounded by all WN turns. 
In electrical engineering, this quantity is called the flux, or magnet- 
ic, linkage of the circuit 


N 
y= > ®, 
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and the law of electromagnetic induction can be written in the 
form 

é= 4% (in SI units) 

27.1.3. The minus sign in the formula for é; is an expression of 
Lenz’s law which states that the induced current in a circuit is 
always directed so that the magnetic flux it sets up through the 
surface bounded by the circuit reduces the change in magnetic 
flux that induced the current in the first place. 

27.1.4. The magnetic flux encompassed by a circuit can change 
for various reasons: owing to distortion of the circuit or its mo- 
tion in the external magnetic field, as well as to changes in the 


magnetic field with time. The total differential ts takes all 


these causes into account. 

If a conducting circuit moves in a stationary magnetic field, 
emf’s are induced in all parts of the circuit that cut the lines of 
magnetic induction. The total emf in the circuit is the algebraic 
sum of the emf’s induced in all the parts. The development of an 
emf of electromagnetic induction can be explained for this case 
by the fact that each free charge g (currentcarricrin the,conductor), 
moving together with the conductor in the magnetic field, is 
subject to the Lorentz force 


F, = q(v+v’)B] (in SI units) 


F, = “T(v-+ vB] (in Gaussian units) 


where v = velocity of the charge q in its motion together 
with the conductor 

velocity of the charge with respect to the conduc- 
tor. 


Under the action of external forces—components of the Lorentz 
force tangent to the conductor—the charges qg are displaced to 
develop an induced current in a closed conductor. 

27.1.5. The direction of the circuital electric field of electromag- 
netic induction in a straight conductor moving in a magnetic 
field is determined by the right-hand rule: if the right hand, 
opened flat with the fingers parallel to one another and the thumb 
perpendicular to the fingers, is held so that the vector B of mag- 
netic induction enters the palm and the thumb indicates the 
component of velocity of conductor motion perpendicular to 
the conductor, the fingers will indicate the direction of the circuit- 


v’ 


ll 
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al electric field of electromagnetic induction developed in the 
conductor. 

Example 1. An induced emf is developed in a piece of conductor 
of length J which moves in a magnetic field and cuts the lines of 
induction. In the simplest case, when the velocity of the conduc- 
tor v is perpendicular to B, where B is the vector of magnetic 
induction, 


6; = —vBl 


Example 2. A flat turn rotates in a uniform magnetic field with 
an angular velocity w in such a manner that the axis of rotation 
lies in the plane of the turn and is perpendicular to the vector 
B, of magnetic induction of the external field. Then the induced 
emf in the turn equals 


&, = BySe sin ot — hm (in SI units) 


1 d®me 


6, = + B, So sin Oa (in Gaussian units) 


where S = area bounded by the turn 
@,,, = flux of self-induction of the turn (see 27.3.1.). 


27.1.6. The emf of electromagnetic induction in a stationary 
conducting circuit which is in a varying magnetic field equals 


1D, 2 ‘ 
pe: - Fm (in-SI units) 
1D, A 7 . 
6; = -+ oon (in Gaussian units) 


The phenomenon of electromagnetic induction in stationary 
conductors is due to the fact that varying magnetic field excites 
a circuital electric field. The circulation of the intensity vector E 
of nt field with respect to the closed contour L of the conductor 
equals 


$ (E dl) = - 2 (in SI units) 


f (E dl) = she (in Gaussian units) 


c 
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27.2. Eddy Currents 


27.2.1. Currents induced in massive conductors are called eddy 
currents, or Foucault currents. Closed circuits of such currents 
are formed in the volume of the conductor. 

The amount of heat generated per unit time by eddy currents is 
proportional to the square of the frequency of change in the 
magnetic field. High-frequency currents are used to gencrate 
large amounts of heat (as in induction furnaces). 

27.2.2. To reduce energy losses associated with eddy currents, 
the magnetic circuits of electrical machinery and the cores of 
transformers are of laminated design, built up of thin sheets, 
or laminae, arranged parallel to the lines of magnetic induction. 
The resistance of magnetic circuits can be increased by the use 
of magnetodielectrics which are mixtures of powdered ferromag- 
netic substances (see 28.6.1.) and dielectrics (see 20.7.1.) compact- 
ed at high pressures, or of ferrites which are semiconductor 
ferromagnetic materials with a resistivity ~10° times higher 
than that of metallic ferromagnetic substances. Ferrites are 
double oxides formed by ferric oxide (Fe,O;) with oxides of 
bivalent metals (see also 28.6.16). 


27.3. Self-Induction 


27.3.1. The induction of an emf in a circuit as a result of the 
varying current in this circuit is called self-induction. The magnet- 
ic field set up by the current in a circuit produces a magnetic 
flux ®,,, through the surface S, bounded by the circuit, equal to 


@,,, = J B, dS 


The magnetic flux @,,, is called the flux of self-induction of the 
circuit. Tf the circuit is in a nonferromagnetic medium, its flux 
of self-induction is proportional to the current J in the circuit. 
Thus 

®,,, = Li (in ST units) 


®,, = * Li (in Gaussian units) 
where L = 42 f as Km [dir], (in ST units) 
8 t 
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L= f as} fn (dl Th (in Gaussian units) 
8 t 
= Magnetic constant (permeability of free space) 
K,, = relative magnetic permeability of the medium 
r = radius vector drawn from the element dl of the 


circuit to the element dS of the surface S bounded 
- by this circuit; subscript n indicates the projection 
on the normal to the element dS. 


The quantity L is called the self-inductance of the circuit. It is 
numerically equal to the flux of self-induction of the circuit at 
unit current (or, in Gaussian units, at a current J = c). It (L) 
depends upon the geometry of the circuit, its dimensions and the 
relative permeability of the surrounding medium. 

Example 1. The self-inductance of a solenoid (see 25.3.8.) of 
length I and cross-sectional area S having a total number of 
turns WV is equal to 


ll 


L = k-tOKWNS = ku Kyn®V (in SI units) 


L= kK 2S. = 4nkK,,nr?V (in Gaussian units) 
where n= a = number of turns per unit length 


V = Sl = volume of the solenoid 
k = factor depending upon the ratio of the length / 
of the solenoid to the diameter d of its turns. 


The following table lists values of k for various 4 ratios: 





I, can be seen that at i> 1,k 21. 
xample 2. The self-inductance of a sufficiently long coaxial 


cable of length 2 equals 
L = “Ke py Be (in ST units) 
1 
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where A, and R, are the radii of the external and internal con- 
ductors. 

Example $. The self-inductance of a long two-conductor (two- 
wire) transmission line of length J is 


L= “key in Z (in ST units) 


where d = distance between the axes of the conductors 
R= radius of the cross section of the conductors 


(4 > 1). 
27.3.2. The self-induced emf é, is determined by Faraday’s law: 
d® d Per eee 
6, = op = — 5 (ED) (in SI units) 
6,2 — 1 Bm 24 SL (in Gaussian units) 





If the medium is not ferromagnetic (see 28.6.1.) and the circuit 
is rigid (undeformable), then Z = const and 


é=-Lat (in SI units) 


L dl 
Ca ar 
27.3.8. According to Lenz’s law, a self-induced current opposes 
the change in current in the circuit, impeding its increase or 
decrease. The self-inductance of a circuit is a measure of its 
inertia to changes of current. 
27.3.4. The law for the change of the current in closing and open- 
ing a circuit having a constant emf é, self-inductance L and 
electric resistance R is 


(in Gaussian units) 


Me et Da 
I= Ihe ad pa (aes z') 


where J, is the current at the initial instant of time t = 0. 
Example 1. In closing a circuit (there being no initial current, i.e. 


Iy = 0) * 
f= £ (1-7) 


As the current increases in the circuit it approaches the asymp- 
totic value 4 the more rapidly, the greater the ratio (Fig. 
27.4). 
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/ 
Ig Behe 
Ly°L2 
0 Zt 
FIG.27.4 F1G.27.2 


Example 2. In switching off the source of emf (é = 0) 
R 


Pater 


The current in the circuit decreases from its initial value J, lo 
zero the more rapidly, the greater the ratio z (Fig. 27.2). The 
large self-induced emf obtained when a circuit is suddenly broken 
is the cause of the breakdown of the air gap between the contacts 
of the switch and the striking of an arc (see 22.7.6.) which may 
melt the contacts. Special switches (breakers) and the inclusion 
of capacitors, connected in parallel, in the circuit are used to 
extinguish the arc. 

27.3.6. Upon a sudden increase in the 
resistance in a d-c (direct current) cir- 
cuit from R, to R, the consequent self- 
induced emf is 


wr 
6 = p-te # 


where L = self-inductivity of the cir- 
cuit 
é = emf of the sources inclu- 
ded in the circuit. 


27.8.6. The circuital electric field of self- 
induction, set up in a conductor through 
which an alternating current flows, op- 
poses the current changes in the con- ¥1G,.27.3 

ductor and facilitates the changes near 

its surface. The direction of the lines of force of the circuital 
field upon an increase in current is shown in Fig. 27.3a, and 
upon a decrease in current in Fig. 27.3b. The resistance of the 
mternal portions of the conductor to an alternating current is 
higher than that of the external portions. The density of the 
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alternating current is a maximum at the surface of the con- 
ductor and a minimum at its axis. In the case of high-frequency 
currents, the current density is other than zero only in a thin 
layer near the surface of the conductor. This is called the skin 
effect. Approximate formulas describing the skin effect in homo- 
geneous cylindrical conductors are 


14% atk <1 
a = 4 0.977k+0.277 at4.5<hk< 10 
kt tae at k > 10 


where R,, = effective resistance of a conductor of radius r to 
alternating current with a cyclic frequency w 
R, = resistance of the conductor to direct current 


kak 


5 = 2(2K puppy)? (in SI units) 


6 = c(27K,yw)~* (in Gaussian units) 


° 


= electrodynamic constant 

= magnetic constant 

y = electric conductivity of the conductor for direct cur- 
rent 

= relative magnetic permeability of the conductor 

= skin depth (effective depth of penetration of alter- 
nating current) which is the distance from the sur- 
face of the conductor at which the current density 


falls to + of its value at the surface. 


Oe 


The thinner the conductor, the more pronounced the skin effect 
and the lower the values of w and y at which it should be taken 
into account. 


27.4. Mutual Induction. The Transformer 


27.4.1. Mutual induction refers to the induction of an emf in all 
conductors in the vicinity of other conductors in which the current 
changes in time. For example, upon a change in the current J, 
in the first circuit shown in Fig. 27.4, an emf 6, of mutual induc- 
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tion is developed in the second circuit, producing an induced 
current. ‘Thus 


AP), 9 





Oy =n (in ST units) 
. Pio n . 
€ = — 1 Uhm (in Gaussian 
2 ¢ dt . 
units) 
where @®,,, is the magnetic flux PIG.27 4 


of the field set up by current 
7,, through the surface bounded by the second circuit. 
27.4.2. The magnetic flux ®,,9, is proportional to the current J,. 
Thus 
Pan = Maly (in SI units) 


®,,01 os My 1, (in Gaussian units) 


where M,, is the mutual inductance of the second and first cir- 
cuits. The mutual inductance depends upon the geometry, di- 
mensions, and relative arrangement of the circuits, as well as the 
relative magnetic permeability of the medium surrounding them. 
Similarly, ®,,12 = M,.J., in which J, is the current in the second 
circuit; ®,,.. is the magnetic flux of the field set up by the current 
/, through the surface bounded by the first circuit and M,. 
is the mutual inductance of the first and second circuits. For a 
nonferromagnetic medium (see 28.6.1.) M., = M,,. If the me- 
dium is ferromagnetic, then M,, and M,, depend, in addition to 
the previously mentioned quantities, on the currents in the cir- 
cuits and, due to hysteresis (see 28.6.12.), on the way in which 
the currents change. 

27.4.8. The equation for the emf of mutual induction is 


é, = ~~ (Mo,1,) (in SI units) 
= ~4 i (Mz 1,) (in Gaussian units) 
If Af,, = const, then 
6, = — My, 1 (in SI units) 
by = ie ata (in Gaussian units) 


ixample. Transformers are used to raise or lower (to step up or 
step down) the voltage of an alternating current. Their operation 
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is based on mutual induction. The alternating magnetic field set 
up by current J, in the primary winding produces an emf of 
mutual induction in the secondary winding. The core of the trans- 
former is designed to provide for substantial mutual inductance 
M,,. For no-load operation (at J, = 0) 


N,N 
My = Re 





where N, and NV, = number of turns in the primary and second- 
ary windings 
R,, = reluctance of the core (see 25.5.7.). 


The ratio of the magnitudes of the voltages U, and U, across 
the terminals of the secondary and primary windings at no-load 
operation is called the voltage ratio of the transformer. Thus 


| Uy Ne 


| Uy I M 





27.5. Energy of a Magnetic Field Set 
Up by an Electric Current 


27.5.1. The intrinsic energy of the current I in a circuit with a 
self-inductance L is a value numerically equal to the work done 
in overcoming the emf of self-induction to produce the current 
(it is assumed that the medium is nonferromagnetic, so that J 
does not depend on /). Thus 


Ww, = (in SE units) 


WV, = (in Gaussian units) 


The intrinsic energy of an electric current is the energy of its mag- 
netic field. For instance, in a long solenoid 


Wo =o tok eV (in SI units) 
Ways = an Qan2T2V (in Gaussian units) 
where V volume of the solenoid 


ne number of turns per unit length of the solenoid 
/4) = magnetic constant 
K,, = relative magnetic permeability of the medium. 
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27.5.2. The volume energy density w,, in a magnetic field is the 
energy per unit volume of the field. Thus 
Wn = - dv 


The volume energy density of a magnetic field in an isotropic and 
nonferromagnetic medium equals 





4B 4 4 F : 
Wn = 2 FoR = 1 BH = “e Mo K m H? (in SI units) 
KmH? _ BH 1 p : os ve 
Wm = ge = gt = an Km (in Gaussian units) 
where (9 = magnetic constant 
m = relative magnetic permeability of the medium 
Band H = magnetic induction and intensity at the point 


being considered in the magnetic field. 


27.5.3. The energy of a magnetic field, set up in a nonferro- 
magnetic isotropic medium by n circuits with the currents 
Th, Le, » ++) Ln, is 


4 nm 4 . 
Wa = +5: My 1,1 in SI units 

Q es iktitk ( ) 

ioe si : 2 
Win = gov a Mydile (in Gaussian unils) 


where My, = mutual inductance of the i-th and k-th circuits 
M,, = L,; = self-inductance of the i-th circuit. 


27.5.4. The mutual energy of currents I; an I, is the quantity 


Wie = -22 [ K,(HHy) dV = Mulile (in SI units) 
Vv 

Wie = ge f Kn( Hh) dV = +> Malle (in Gaussian units) 
v 


where izk 
H; and H, = intensities of the magnetic fields set up by currents 
ZI; and J, separately. 


Integration is’ to be extended throughout the whole volume V 
of the field. Therefore, the energy of a magnetic field set up by 
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a system of circuits carrying various currents is equal to the 
sum of the intrinsic and mutual energies of all these currents. 
27.5.5. The volume energy density in an electromagnetic field in an 
isotropic medium, having no ferromagnetic or ferroelectric 
propertics, is 





Kmtto ll? 
itr eae 


+ 


Kyl? | NeE? 
Wy+W, = aa pe 


(in SI units) 


Keto k? 
W = Wy + W, = - on . 


w (in Gaussian units) 


CHAPTER 28 


Magnetic Properties of Matter 


28.1. Magnetic Moments of Electrons and Atoms 


28.1.1. An clectron has an intrinsic angular momentum (mechan- 
ical moment) p, which is called spin. This moment can have 
only two orientations with respect to the external magnetic 
licld directed along the axis z. They are such that ils two possible 
projections on the direction of this field equal 


where k = Planck’s constant (sce 41.2.7.) 
h 
eared 
23.1.2. Corresponding to the spin p, of the electron is the spin 
magnetic moment Pm. Thus 
Pms = 8cPs 


The quantity g, is called the gyromagnetic ratio of the spin moment. 
Thus 


a= (in SI units) 
g. = oe (in Gaussian units) 


Where e 
te 


magnilude of the charge of the electron 
mass of the clectron 
velocity of light in a vacuum, 


owt 
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The projection of the spin magnetic moment of an electron on 
axis z (see 28.1.1.) is numerically equal to the Bohr magneton 
ity. ‘Thus 


Pm = ty = the (in SI units) 
Pm = + i = typ (in Gaussian units) 








m_ -g3 joule _ ? e erg 
where jez = 0.92710-23 tesla 0.927 x 10-20 gauss" 


Electron spin accounts for the fine structure of the spectrum 
lines (see 45.3.5.) and the splitting of these lines in magnetic 
fields (see 45.4.1.). Electron spin influences the distribution of 
the electrons among the energy states in atomic systems. Spin 
also accounts for the magnetic properties of ferromagnetic sub- 
stances (see 28.6.1.). 

The anomalous magnetic moment of the electron is dealt with in 
49.3.8. 

28.1.3. The magnetic moment p,, developed by the motion of 
the electron on its orbit is called the orbital magnetic moment. 
The angular momentum p of the electron equals p = m[rv] 
(see 4.3.1.), where r is the radius vector and v is the velocity of 
the electron. 

28.1.4. The orbital magnetic moment of the clectron and its 
orbital angular momentum with respect to the nucleus are pro- 
portional to cach other and opposite in direction. Thus 


Pm = 8P 
where g = — (in SI units) 
Py (in Gaussian unils) 


The gyromagnetic ratio g of orbital moments is only one half of 
g, (see 28.1.2.). For the steady state of the electron in the atom, 
the quantity p equals 


p= Vi(l+4) A 


where / is the orbital quantum number (see 45.1.9.). Under the 
same conditions 


Pm = Vi(l+4) us 
where gz is the Bohr magneton (see 28.1.2.). 
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28.1.5. The vector P,, of the orbital magnetic moment of an atom 
is the vector sum of the orbital moments of all its Z electrons. 
Thus 


where Z is the atomic number in Mendeleev’s periodic table 
(see 45.6.8.). 

The vector P of orbital angular momentum of the atom is deter- 
mined in a similar manner: 


Zz 
P=) p 
i=l 


where p; is the orbital angular momentum of the i-th electron. 
The proportionality relationship is valid for the alomic moments 
P,, and P as well: 

P,, = gP 


where g is the gyromagnetic ratio (sce 28.1.4.). 

The magnetic moments of nucleons and atomic nuclei are treated 
in 47.3.1. and 47.3.4. 

28.1.6. If an atom is introduced into a uniform magnetic field, 
the latter changes the angular velocity (1.4.3.) with which the 
electrons rotate about the nucleus. This 
change occurs in the process of growth of 
the magnetic field into which the atom is 
introduced and is a result of the develop- 
ment of an induced circuital electric field 
(see 30.2.1.) acting on the electrons. 
28.1.7. If the orbit of an electron and the 
vector p,, of its orbital magnetic moment 
ure arranged with respect to the inten- 
sily vector H of the magnetic field as 
shown in Fig. 28.1, there will be a pre- 
cessional motion (see 4.7.3.) of the orbit 
und vector p, about vector H with an 
angular velocity @, (Larmor precession) 
equal to 





ell 


1 = bo dm (in ST units) ¥ 
A 
oO, = Sas (in Gaussian units) seat 
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where e = magnitude of the charge of the clectron 
m = mass of the electron 
e = velocity of light in a vacuum 
fy = magnetic constant (see 25.2.1.). 


Larmor’s theorem states that the only result of the influence of a 
magnetic field on an electron orbit is the precession of the orbit 
and vector p,, with the Larmor angular velocity @, about an 
axis passing through the centre of the orbit and parallel to 
vector H. 

28.1.8. The occurrence of precession leads to the appearance of an 
additional orbital current A/,,, and an induced orbital magnetic 
moment Ap,, of the electron, having a direction opposing that of 
vector H. Thus 


29S 
4p, =-2*H (in ST units) 

ers : : : 
ADn = — hair W (in Gaussian units) 


where S, = zr? = area of the projection of the orbit on a 

_._ plane perpendicular to the magnetic field intensity 

r? = time-averaged square of the projection of the 
electron’s orbital radius. 


For a spherical symmetrical electron shell in an atom, r? = 2 r, 
where r? is the average value of the square of the orbital radius. 
28.1.9. The total induced orbital moment AP,, of the atom equals 


Zz 
AP. = A mi 
s > p 


where Ap,,; = induced orbital magnetic moment of an electron 
Z = number of electrons in the atom. 


Z 
2 ~~ . . 
AP, = - 2 YH (in SI units) 
t=] 
e2 Ms <5 é 7 . 
AP = — gic a rH (in Gaussian unils) 
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28.2. Classification of Magnetic Materials 


28.2.1. Magnetic materials are all media capable of being magnet- 
ized in a magnetic field, i.e. of creating their own magnetic field. 
According to their magnetic properties, such materials are divided 
into three principal groups: diamagnetic, paramagnetic, and ferro- 
magnetic materials. 

28.2.2. The vector quantity M, called the intensity of magnetiza- 
tion (or simply magnetization), is used to characterize the mag- 
netization of substances. It is the vector sum of the magnetic 
moments of the atoms (or molecules) contained in unit volume. 


Thus 
M = li (\ vp ) 
= hm {> m 
v—> v tel ‘ 


0 


where WN 


ll 


number of particles in volume V of the magnetic 
material 
P,,; = magnetic moment of the 1-th atom (or molecule). 


For magnetic materials in fields that arc not excessively strong 
M = x,,H 


where x,, is the magnetic susceptibility of the substance. For dia- 
magnetic materials x,,<0, while for paramagnetic materials 
Xm O. 

28.2.8. Diamagnetic materials are further classified as “classical”, 
“anomalous” and superconductors. The first subgroup consists of 
inert gases, certain metals (zinc, gold, mercury, etc.), elements of 
the silicon and phosphorus types, and many organic compounds. 
lor these substances, x,,< 0 is of small magnitude, of the order 
af (0.1 to 10) x 10-5, and independent of temperature. The second 
subgroup includes bismuth, gallium, antimony, graphite, etc. 
lor these substances, x, < 0 depends on temperature and has a 
magnitude of the order of (1 to 100) x 10-®. The magnetic suscept- 
ibility of superconductors is dealt with in 28.7.5. 

v8.2.4. Paramagnetic materials are subdivided into normal 
paramagnetic materials, paramagnetic metals with magnetic 
susceptibility that is independent of temperature, and antiferro- 
magnetic materials. 

Normal paramagnetic materials include the gases O,, NO, etc.; 
platinum and palladium; salts of iron, cobalt and nickel and 
these metals themselves at temperatures T > @,, where ©, is 
the Curie temperature (see 28.6.6.); etc. Their magnetic suscepti- 
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bility ,,=- 0 and depends on temperature according to the Curic 
law: 


C 
mn Fp 
or the Curie-Weiss law 
biel 
me T+A 


where C and C’ are the Curie constants. The Weiss constant 
A may be positive, negative or equal to zero. 

Typical paramagnetic metals, in which x,, is independent of 
temperature, are the alkali metals: lithium, sodium, potassium, 
rubidium and cesium. They are very weakly magnetic: x, ~ 1077 
to 10-8. 

Antiferromagnetic substances (crystals of elements of the transi- 
tion groups of Mendeleev’s periodic table, their alloys and chem- 
ical compounds) are normal paramagnetic materials with 4<0 at. 
temperatures above the antiferromagnetic Curie temperature 
O,. (see 28.6.6.). 

28.2.5. Certain transition metals (iron, nickel and cobalt) and a 
number of alloys that possess special magnetic properties (sce 
28.6.1.) constitute a group of ferromagnetic materials. 


28.3. Diamagnetism 


28.3.1. The phenomenon of diamagnetism is the induction of an 
additional magnetic moment in the electron shells of atoms by 
the action of an external magnetic field. Diamagnetism is inherent 
in all substances, but is observed only in cases when the atoms, 
ions or molecules do not have a resultant magnetic moment 
P,, (S- or X-state, see 45.3.4. and 46.3.4.). 

28.3.2. The diamagnetic susceptibility equals 


Zz 
Noe?, ~ . i 
*m dia = ae r; (in ST units) 
Noe? Z, -, e é. e 
Miia = = gk Da tt (in Gaussian units) 


where n, is the concentration of the particles of the substance. 
The rest of the notation is indicated in Sec. 28.1. The formula is 
z 


valid under the condition that )° 7? hasits steady-state value and 
f=:1 
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is not changed by the thermal motion of the atoms. In taking 
the quantum properties of the electron shells of atoms into 
consideration, the formula is valid for nondegenerate S- and 
\-states (see 12.3.1.) and if the atom nucleus or ion has a spher- 
ically symmetric electric field. 

28.3.3. In addition to their paramagnetic properties, the conduc- 
tion electrons in metals (see 21.2.1.) also possess diamagnetic 
susceptibility. Thus 





gond hye 3 : ; 
ty = are. =e (3 ne (in SI units) 
: 
Nous 


Amy ey 


3 nt (in Gaussian units) 


tn = 


2Wr RE 
where Wy, = Fermi energy (see 12.8.6.; here the notation has 
been changed to avoid confusion) 
nm) = concentration of conduction electrons 
ne = mass of the electron 
uy = Bohr magneton (see 28.1.2.) 
h = Planck’s constant. 


28.4. Paramagnelism 


US.4.1 Paramagnetism is the totality of magnetic properties of 
certain substances whose atoms (or ions) have a constant magnetic 
moment P,, that is independent of the external magnetic field. 
This moment P,, is of the order of magnitude of 10-2° erg per 
#auss or 107?3 joule per weber per m?. In the absence of an exter- 
nal field, the disorienting action of the thermal motion of atoms 
does not permit ordered alignment of vectors P,, or magnetiza- 
lion of the substance. 

28.4.2. If a paramagnetic material is placed into a uniform exter- 
nal magnetic field, the electron orbits and the magnetic moment 
vectors of the atoms will precess about the direction of the exter- 
nal field (see 28.1.7.). The combined action of the field and the 
thermal motion of the atoms leads to preferred orientation of 
He meres moments of the atoms in alignment with the exter- 
al herd. 

ws.£.3. The classical expression for the intensity of magnetization 
VW (not taking space quantization, see 45.3.1., into account), 
wilh the assumption that there is no interaction between the 
atoms (or molecules), is 


M = noPpL(a) 
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where n, = number of particles per unit volume 
P,, = constant magnetic moment of the atom (or mole- 
cule) 
L(a) = classical Langevin function (sce 20.7.10.). Here 


L(a) = coth a— 4 
where a= °°." (in SI units) 


a= > (in Gaussian units) 


H = magnetic field intensity 
k = Boltzmann’s constant 
T = absolute temperature. 


At room temperatures, and if the field is not too slrong, the 
condition P,,/f «kT is complied with. In this case L(a) = 3 and 


pz 
M = "nie (in SI units) 
M = NoPin Hl in Gi ae ils 
= oR (in Gaussian unils) 


The paramagnetic susceptibility is 


Py Pee me 
Xm = sae (in SI units) 
Ym pep (in Gaussian units) 


The Curie law states that the paramagnetic susceptibility varies 
inversely with the absolute temperature. 

At low temperatures or in strong fields the value P,,H > kT, 
L(a) +1, and M = nP,, (saturation magnetization). 

28.4.4. The classical expression for the intensity of magnetization 
of a paramagnetic substance, admitting the possibility of any 
orientations of the magnetic moments of the atoms, is replaced 
in the quantum theory of paramagnetism by the formula 


M = nygd peg B,(x) 


where J = inner quantum number (see 45.3.2.) 
(4 = Bohr magneton (see 28.1.2.) 
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g = Landé factor (see 45.4.7.) 
wc = gl oles iv (in SI units) 
vs glity a (in Gaussian units) 


B,(v) = Brillouin function: 


QW +4 eee 1 x 
B,(z) = es coth - oy 2-4 coth j 
Alae«1, B(x) = JD 
The intensity of magnetization is 
J+1 
M = noStts ~ 3 & 
The paramagnetic susceptibility is 
_ Nol pieR)? Ho (in SI its 
a SL units) 
2 < . . 
Xm = PoP eay (in Gaussian units) 


where p = g{J(J + 1)}? is the effective number of Bohr magnetons 
per atom, 

In strong fields and at very low temperatures 2 + oo, B,(z) > 1 
ind the magnetization reaches the saturation valuc: 


M = ngs 


28.4.5. The paramagnetic properties of metals are due to the 
spin magnetic moments of the electrons (see 28.1.2.). The presence 
of a magnetic ficld violates the equal justification of the two 
possible spin orientations. The stable thermodynamic equilibrium 
of the electron gas in metals corresponds to the favoured oricnta- 
lion of the spin magnetic moments of the electrons along the 
licld, i.e. paramagnetic magnetization. The paramagnetic suscepLi- 
bility of the electron gas does not practically depend on tempera- 
ie and is thrice its diamagnetic susceptibility (scc 28.3.2.). 
1us 


-_ Busey Lempert “nyt + in SL ie 
Ba Sy gr (3) nO (in SL units) 
Sno” b2mck pa\b ' Deco! . 

Min gy ee (2) ng (in Gaussian units) 
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where Wy, = Fermi energy (see 12.8.6.) 
nm = concentration of the conduction electrons 
m = mass of the electron 
“4s = Bohr magneton 
h_='Planck’s constant. 


28.5. Magnetic Field in Magnetic Materials 


23.5.1. The magnetic field set up by the molecules (or aloms or 
ions) of a substance is called the intrinsic, or internal, magnetic 
field. This field is due to the existence of magnetic moments in 
the atoms (or molecules or ions) and is characterized by the vector 
of magnetic induction Bin,. 

28.5.2. The induction vector B of the resultant magnetic field in 
a magnetic material is equal to the vector sum of the magnetic 
preuevene of the external (magnetizing) and intrinsic fields. 
Thus 

B = Bo + Bins 


where B, is the magnelic induction of the field in a vacuum: 
By, = (oH (in SI units) and B, = H (in Gaussian units). 

In nonfcrromagnetic substances, the magnetic induction Biny 
of the intrinsic field is proportional lo the magnetization inten- 
sity vector M. Thus 


Bante = MoM (in SI units) 
Biuw = 42M (in Gaussian units) 


23.6.3. The relation between the magnetic induction B, field inten- 
sity Hl and magnetization intensity M is 


2 = HiM (in SI units) 
B= H+4”2M (in Gaussian units) 


28.5.4. The relation between the relative magnetic permeability 
K,, (sce 25.2.2.) and the magnetic susceptibility x, (see 28.2.2.) 
is 


Km = 1+ %m (in SI units) 
K,, = 14+42x, (in Gaussian unils) 


For diamagnetic substances %,,< 0 and K,, <1. For paramagnetic 
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substances %,, > 0 and A, > 1. In either case, A, does not depend 
upon the intensity of the magnetic field in which the substance 
is placed and differs only slightly from unity (Bin <B,). 
28.5.5. The volume energy density (see 27.5.2.) in a nonferro- 
magnetic magnetized medium is 


¢ — 2 . . 
Wm mag = fo Kae (in SI units) 


a 2 . . . 
Wn mag = in (in Gaussian units) 


The volume energy density w,, of the magnetic field in a magnetic 
material is made up of the volume energy density w,,,- of the 
magnetic field in a vacuum (KX, = 1) and the volume energy 
(density Wa mag in the magnetized material. Thus 


Wm = Win vse t Wm mag 


28.5.6. The total current law for the circulation of the magnetic 
induction vector B in magnetic materials (see 25.5.2.) is 


f (Bal) = po(Y I+. Tn) (in SI units) 


where >! = algebraic sum of the conduction currents 
threading through the integration contour L 
D>Jno = algebraic sum of the molecular currents thread- 
ing through the same contour, this being equal 
to the circulation of the magnetization vector 
with respect to the closed curve L. 


L Ino = > (M al) 


L 


Thus 


28.6. Ferromagnetism 


28.6.1. Ferromagnetic materials are magnetic substances in which 
‘he intrinsic (internal) magnetic field may be hundreds or even 
oo of times stronger than the applied external magnetic 
Hele 

v8.6.2. The high value of magnetization (see 28.2.2.) of ferromag- 
netic materials is explained by the existence of a “molecular” 
magnetic field in them. This is due to a specific kind of quantum- 
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mechanical (exchange) interaction (see 45.2.7 and 46.2.3) between 
the uncompensated spin magnetic moments of the electrons (sec 
28.1.2.) in the atoms of the crystal lattices of ferromagnetic 
materials. As a result of this interaction, the stable and energetic- 
ally favourable state of the system of electrons in the crystal is 
an ordered state with parallel alignment (ferromagnetism) or 
antiparallel alignment (antiferromagnetism) of the spins (spin 
magnetic moments) of neighbouring atoms in the lattice. 
28.6.3. Ferromagnetism and antiferromagnetism are observed 
only in the crystals of the transition metals, such as iron, cobalt 
and nickel (ferromagnetism) and the halogen salts of elements 
in the group containing iron, chromium, manganese, etc. (anti- 
ferromagnetism). The lattices of these substances have atoms with 
incomplete clectron shells 3d or 4f (sce 45.6.10.) so that the net 
spin magnetic moment is not equal to zero. 


28.6.4. Ferromagnetism (antiferromagnetism) is displayed under 
the condition that the exchange integral (see 45.2.7.), characteriz- 
ing the specific quantum (exchange) interaction between the 
spin magnetic moments (sce 28.1.2.), is positive (negative). 
28.6.5. Ferromagnetism exists only at definite parameters of 
the crystal latlice. The distances between neighbouring atoms 
should ensure the required amount of overlapping of the wave 
functions of the electron shells. This amount should be such 
that the interaction between neighbouring atoms leads to a-net 
energy of the system of electrons that ensures stability of the 
ferromagnetic (or antiferromagnetic) state. 

The condition of ferromagnetism is complied with only for those 


crystals of the transition metals in which £5 1.5, where d is the 


diameter of the atom and a is the diameter of the incomplete 
3d (or 4f) shell. Hence, for elements of the iron group, ferromag- 
netism is observed only in a-iron, cobalt and nickel. At values 


of é ~< 1.5, the exchange integral is negative and an ordered 


arrangement of the spins corresponds to their antiparallel align- 
ment (sce 28.6.2.). Here, the antiferromagnetism of the magnetic 
structure of the crystal can be regarded as a complex one consist- 
ing of two sublattices with oppositely oriented magnetizations, 
If the magnetic moments of the sublattices are numerically equal, 
there is no spontaneous magnetization of the crystal. If they are 
not equal (due to different numbers of atoms in the sublattices 
or if the atoms are of different species), there will be a difference 
in the magnetic moments of the sublattices. This leads to sponta- 
neous magnetization of the crystal—uncompensated antiferro- 
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magnelism or ferrunagnelism. Such propertics are found, for 
instance, in the ferrites (see 28.6.16.). 

28.6.6. The specific properties of ferro- and antiferromagnetic 
materials are revealed only at temperatures lower than ©, and 
O.., Tespectively, called Curie temperatures (the temperature O,, 
is often called the MNéel temperature). At T < O,, ferromagnetic 
bodies are composed of domains which are small regions of sponta- 
neous magnetization up to complete saturation. In the absence of 
an external magnetic field, the directions of the magnetization 
vectors of the separate domains do not coincide and the resultant 
magnetization of the whole body may be zero. 

28.6.7. Monocrystals of ferromagnetic materials possess sharply 
defined anisotropy of their magnetic properties which is manifest- 
ed in the existence of directions of easy and of hard magnetization. 
The number of easy directions depends upon the crystallographic 
structure of the given substance. In the absence of an external 
magnetic field, the direction of spontaneous magnetization in 
each domain coincides with one of the directions of easy magnet- 
ization of the monocrystal or of a separate grain of a polycrystal 
(see 15.1.2.). The number of domains with different orientation of 
the spontaneous magnetization (number of magnetic phases) 
equals twice the number of axes of easy magnetization. The size 
and shape of the domains, and the location of the boundarics 
hetween them in the absence of an external magnetic field are 
determined from the condition of minimum free energy of the 
crystal. The linear dimensions of the domains range from 10-3 to 
10-2 cm. 

28.6.8. The transition layer between two domains magnetized in 
different directions is called the domain wall. It is of finite thickness 
(about 300 lattice constants for iron) and has nonuniform mag- 
netization. This wall corresponds to the free surface energy cqual 
to the external work done in forming it. In the equilibrium magnet- 
ized state of the crystal, the domain walls pass through the 
parts of the crystal that comply with the conditions of minimum 
free energy of the crystal and the absence of any net macroscopic 
inagnetization in the specimen. 

lixperimental proofs of the existence of regions of spontancous 
magnetization are: (a) discontinuous nature of the technical mag- 
netization curve (see 28.6.9.) in the region of weak external fields 
(near the sharp rise in the curve)—the Barkhausen effect, or jump; 
und (b) nonuniformity in the distribution of finely divided mag- 
uclic powders on the surface of a ferromagnetic crystal (Bitter- 
\kulov bands or powder patterns). : 

YN.6.9. The process of technical magnelisation of ferromagnetic 
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materials is the application of an external magnetizing field to 
obtain a resultant magnetization in the materials. The dependence 
of the magnetization M on the intensity H of the external field, 
Seg = f{(H), is called the technical magnetization curve (Fig. 
There are two types of processes in technical magnetization: 
(a) domain wall motion, consisting in the increase in the volume 
of domains, which are more fa- 
- vourably oriented ens to the 
external field, at the expense of 
— CORRE : neighbouring domains ehich are 
j unfavourably oriented; 
(b) domain rotation, consisting in 
the change in direction of the 
spontaneous magnetization of 
the separate domains or the 
whole crystal by rotation of the 
saturation magnetization vector. 
28.6.10. As the external magne- 
tic field increases, the domain 
walls are displaced ae ae 
, . rate. This process may be either 
Be ee reversible or irreversible. If the 
a walls between the magnetic 
¥IG.28.2 phases are reversibly displaced in 
magnetization, then in a quasi- 
static reduction of the external field, the domain walls are displaced 
in the reverse direction through the same places in the crystal 
and, at H = 0, return to their initial positions. Reversible domain 
wall displacement is observed at the beginning of the technical 
magnetization curve. Irreversible displacement of the walls 
between the domains is not removed when the magnetic field is 
reduced. The initial position of the domain walls can be reached 
in the process of magnetic reversal. The completion of wall displace- 
ment processes in ferromagnetic crystals leads to their technical 
saturation along the one of the axes of easy magnetization that is 
nearest in direction to the magnetizing field. 
28.6.11. A further increase in the intensity of the external mag- 
netic field, after the completion of the processes of domain wall 
motion, leads to the processes of rotation of the magnetization 
vector. These processes end when vectors M and H become paral- 
lel to each other. The division of the technical magnetization 
curve into sections which differ in their origin is of a relative 
nature. In the region of weak ficlds below the maximum on the 
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Stoletov curve (sce 28.6.13, Fig. 28.4), 2,.~>>%g; for fields of 
medium strength [after the maximum on the x(H) curve] on the 
flat portion of the M(H) curve (Fig. 28.2), , >> %,.4, Where 4 
and x, are the magnetic susceptibilities of the ferromagnetic 
substance associated with the processes of wall displacement and 
domain rotation (see 28.6.9.). 

28.6.12. Magnetic hysteresis of ferromagnetic materials refers to 
the lag in the change in magnetic induction B behind the change 
in the intensity of the external magnetizing field, due to the 
dependence of B on its previous values (past history). Magnetic 
hysteresis is a result of irreversible 
changes that take place in magne- 
tization and magnetic reversal. The 
causes of magnetic hysteresis are 
the irreversible processes of wall 
displacement between domains of 
spontaneous magnetization and do- 
main rotation (see 28.6.9.). A hyste- 
resis loop (Fig. 28.3) is a curve show- 
ing the change in magnetic induc- 
tion of a ferromagnetic body to 
which an external field is applied as 
the intensity of this field is varied FIG.28.3 

from +H, to —H, and back again, 

where H, is the magnetic field intensity corresponding to satura- 
lion. The value +B, of magnetic induction reached at an applied 
field intensity of +H, is called the saturation induction. The amount 
of magnetic induction +B, remaining in the specimen after 
the field intensity has been reduced from +H, to 0 is called the 
residual magnetic induction, or remanence. This factor is the basis 
for making permanent magnets. The intensity H, of the reverse 
field, required to reduce the magnetic induction to zero, is called 
the coercive force, or coercivity. The area of the hysteresis loop 
I’, (hysteresis losses) is proportional to the work done in magnetic 
reversal. Thus 





P, = fH dB (in SI units) 


In accordance with their H, and P, values, ferromagnetic materi- 
ils are classified as soft (H, of the order of dozens of oersteds and 
a small area P,) and hard (H, of the order of 10? to 10° oersteds 
und a large P,). 

28.6.13. The dependence of the magnetic susceptibility x,, of a 
ferromagnetic material on the intensity / of the external mag- 
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Amn 9 netizing field is called Stoletov’s eurve 
mae (Fig. 28.4). 

28.6.14. The Curie temperatures 0, for 

ferromagnetic and @6,, for antiferro- 

magnetic materials are points of second- 

= order phase transitions (see 10.9.11.). 

0 # At this temperature the ferromagnetic 

¥1G.28.4 (or antiferromagnetic) properties of the 

crystals are lost and the structure of 

the crystal lattice is changed, as are the heat capacity, electric 
conductivity and other physical characteristics. 

28.6.15. Magnetostriction is the change in shape and volume of a 

ferromagnetic material upon its magnetization. The simplest 


measure of the magnetostrictive effect is lineur magnetostriction 
Al 


1? where Al is the elongation of the specimen and 1 is its initial 
length. Distinction is made between spontancous and true magne- 
lostriction. Spontaneous magnetostriction in cach domain is 
associated with the fact that, upon the appearance of spontaneous 
magnetization, the conditions of equilibrium between the lattice 
points are changed and the lattice is anisotropically deformed. 
If a ferromagnetic crystal is not magnetized as a whole, no spon- 
taneous magnetostriction is manifested. It is found, however, 
in processes of technical magnetization. True magnetostriction is 
the change in the length of ferromagnetic specimens when suf- 
ficiently strong magnetic fields are applied to them. It occurs 
in the process of technical magnetization and is associated with 
parallel orientation of the domain magnetization vector as a 
result of the change in the conditions of equilibrium between 
the lattice points. Magnetostrictive oscillations are mechanical 
vibrations developed in ferromagnetic materials when they are 
magnetized in a periodically varying field. They are employed 
in ultrasonic magnetostrictive oscillators. A phenomenon is observed 
in ferromagnetic materials that is the reverse of magnetostriction. 
This is called piezomagnetism and concerns the change in the 
magnetization of a specimen upon its deformation. 

28.6.16. Ferrites are ferromagnetic semiconductors with the 
general chemical formula MOFe,O,, in which M is a divalent ion 
of some metal (Cut++, Znt+, Ni*+, etc.). Ferrites are distinguish- 
ed for their appreciable ferromagnetic properties and are poor 
conductors of electricity. They are used for magnetic circuits in 
devices operating at high frequencies (in which they ensure 
small eddy current losses, see 27.2.2.). 


Xo 
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28.7. Superconductivity 


28.7.1. Superconductivity is practically complete disappearance 
of electrical resistivity in certain metals (lead, zinc, aluminium, 
ete.) and alloys (bismuth and gold, carbides of molybdenum and 
tungsten, niobium nitride, etc.) at a certain critical temperature 
T, called the transition temperature to the superconductive state. 
Substances having this property are called superconductors. 
The temperature vs resistivity curve of a superconductor (Fig. 
28.5) shows that the transition region in which superconductivity 
appears is of finite width AB and depends upon the presence of 
impurities and internal stresses in the sample. In chemically 
pure superconductors, the interval 4B is of the order of 107 deg. 
The temperatures 7, of pure metals range from 0.35 °K (hafnium) 
lo 9.22°K (niobium), and of alloys from 0.155°K (BiPt) to 
18°K (Nb,Sn). 

28.7.2. The temperatures T, are inversely proportional to the 
square roots of the atomic weights of the isotopes (see 47.1.3.) 
of a single superconductor (isotope effect in superconductivity). 
28.7.3. If a magnetic ficld is applied to the superconductor, the 
critical temperature 7. is lowered. The curves in Fig. 28.6 rep- 





R 
A 
5 
B Oo 
50 100 150. 200 250 
oO Te vid H, oersteds 
FIG.28.5 F1G,28.6 


resent the dependence of the resistance R of white tin (8-Sn) on 
the intensity HZ of the applied magnetic field at various tempera- 
lures. The magnetic field that causes a transition from the super- 
conductive to the normal state at the given temperature is called 
the critical field. With a reduction in the temperature T of the 
superconductor, the intensity H, of the critical field increases 
(ig. 28.7). As a first approximation 


T\2 
H, = H[i-(z,)] 
v8.7.4. The superconductive properties of conductors disappear 
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when a sufficiently heavy current is passed through them. This 
is due to the action on the conductor of a magnetic field, set up 
by the current, that destroys the superconductive state. 





VIG.28.7 FIG.28.8 


28.7.5. Magnetic fields weaker than the critical field (see 28.7.3.) 
do not penetrate into the interior of the superconductor. Hence, 
the magnetic induction B in the volume of the superconductor 
equals zero. In Fig. 28.8 a uniform magnetic field is directed along 
the axis of a superconductor. A superconductor is an ideal dia- 
magnetic material with a magnetic susceptibility ~, = —1 
(see 28.5.4.). The magnetic field intensity in a massive flat super- 
conductor decreases along a normal to the surface according to 
the law ; 


om 
I = Hye 6 
where 2 = distance from the surface 
H, = field intensity at the surface 


constant determining the depth of penetration of 
the magnetic field into the superconductor. 


where m = mass of the electron 
e = charge of the electron 
e = velocity of light in a vacuum 
. Mose = Number of electrons per unit volume participating 
in the superconductive current. 


At T < T,, the value 6 = 10-5 cm; as T > T,, 6 > c9. This indi- 
cates that at temperatures above 7,, the superconductive state 
changes to the normal state and the magnetic field is distributed 
throughout the volume of the conductor, 
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28.7.6. In the presence of a magnetic field, the isothermic transi- 
tion from the superconductive to the normal state is accompa- 
nied with the absorption of heat and with a jump in the heat 
capacity and heat conductivity. The reverse transition is accompa- 
nied with the generation of heat. 

28.7.7. According to the thermodynamic theory of superconductivity, 
the superconductive and normal states are two phases of a sub- 
stance, each being converted into the other at definite values of 
the state variables—the temperature T and the magnetic field 
intensity H—according to the curve H, = /(T) shown in Fig. 28.7. 
The conversion of a superconductor to the normal state by the 
action of a magnetic field, i.e. at T < T,, is a first-order phase 
transition. The same conversion in the absence of a magnetic 
field is a second-order phase transition (see 10.9.11). 

28.7.8. The present-day theory of superconductivity regards this 
phenomenon as superfluidity (sce 14.6.3.) of the electrons in a 
metal. A specific interaction between the electrons (with the 
creation and absorption of phonons) can lIcad to their mutual 
attraction (forming bound pairs). In certain cases, this effect 
may be the cause for the transition to the superconductive state. 
In a system of such interacting electrons, all the conduction 
electrons in the metal form a bound collective which cannot give 
up energy in small portions, i.e. no scattering of the electrons by 
the thermal vibrations of the ions occurs (see 21.2.5.). To disrupt 
the bonds of the electron with the other electrons of the collective 
it is necessary to expend an amount of energy corresponding to 
the average energy of thermal vibrations of the lattice points at 
the temperature T, (see 28.7.1.). Therefore, at T > T,, no bound 
state occurs and superconductive properties are not displayed. 
28.7.9. When a magnetic field of an intensity greater than H, 
(see 28.7.3.) is applied to certuin alloys, a superconductive state 
nay appear which is due to the fact that the magnetic field pene- 
trates the superconductor in the form of thin flux lines that thread 
\hrough the specimen. The matter between the lines is found to be 
superconductive and the resistance of the whole specimen equals 
zero. A number of alloys (Nb,Sn, NbZn, etc.) remain super- 
conductive at field intensities up to 100 oersteds. There are alloys 
that retain their superconductive properties in fields having 
intensities up to 200 oersteds. This feature is used in engineering 
lo obtain strong magnetic fields. Magnets of a design based on 
(he use of superconductive solenoids are being widely applied. 
28.7.10. In the present-day theory of superconductivity, the 
possibility of superconductive phenomena being manifested by 
long organic molecules has been theoretically discussed. Thus if 
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electrons move freely in a long one-dimensional chain of atoms 
having readily polarizable side branches (Little’s model), the 
electrons, in passing near a branch, will polarize it and induce a 
positive charge on the end of the branch nearer to the main 
chain. The attraction between the electrons of the main chain 
and this charge may lead to an effective attraction between the 
electrons that exceeds their Coulomb repulsion. A superconductive 
state has been theoretically predicted for such a system of interact- 
ing electrons with a temperature T, of transition to the super- 
conductive state (see 28.7.1.) near 2000°K. 

28.7.11. Superconductivity has been found experimentally in a 
number of semiconductors (for instance, GeTe and strontium 
titanate SrTiO,). The relative dielectric permeability of strontium 
titanate is very high at low temperatures. This sharply reduces 
the Coulomb repulsion between electrons and facilitates the 
formation of bound electron pairs which provide for supercon- 
ductivity. 


CHAPTER 29 


Electromagnetic Oscillations 


29.1. Oscillating Circuit 


29.1.1. In the general case, an oscillating circuit is an electric 
circuit consisting of a capacitor of capacitance C, a coil of induct- 
ance L, and a resistor of resistance R, all con- 
nected in series (Fig. 29.1.). The variation of the 
charge q on the capacitor plates with time can 


L 
he described by the differential equation R 
a y = q 
L- dz +R toe = 0 F1G.29.4 


The solution of this equation (at R<«2 ie 


r) is of the form 


R 
q= Aye 2! sin (ct-} ay) 


where @ = =Vi ¢ -y is the cyclic frequency of oscillations. This 
equation shows that the magnitude of the charge of the capacitor 
has damped vibrations (sec 6.2.6.). The quantity B = i is called 
the damping factor. 

The amplitude of damped vibrations is 


a —6t 
«lL = Aye 


where Ay is the initial amplitude. 
If at the initial instant of time (¢ = 0) the charge of the capacitor 


he 15009 497 


Electricity and Magnetism LY; 


plates is g = q, and there is no current in the circuit, then 
ye 


yee 
4L 


The initial phase of the oscillation is 
= pe AL 
a, = arctan rales arctan Ve 4 
29.1.2. The votlage U, across the capacitor plates is 
R 


—-—t 
U,= 2 = te * sin (wt+a,) 


The current in the oscillating circuit is 
R 
T=-%eAge * fe sin (wt+a,)—@ cos (cot + a4)| 
is The Dania T of damped vibrations in the circuit is (see 
6.2.9. 
T=*2= 


TEE 
LC ins 


The period T increases with the resistance R of the circuit ands 
at R= oye , becomes infinity. 


29.1.4. At R= 2 yz , the variation of the charge on the plates 


is no longer of an oscillating nature and the discharge of the capaci- 
tor is said to be aperiodic. This is also called overdamping. The 
solution of the differential equation for this case is of the form 


q = Cy eit +C, edet 
where A,=— Rk et =~ Rx ax RL 1 
ToL y &E? 40? “8b 4L? LC’ 


and C, and C, are constant coefficients depending upon the 
selection of the time reference points. 

29.1.5. The periodic variation of the charge on the capacitor 
plates gives rise to an alternating current J, an alternating voltage 
U, across the capacitor plates, and alternating clectric and mag- 
netic fields. The free, or natural, oscillations of g, J and U, are 
called free, or natural, electromagnetic oscillations. When q = q% 
at the instant « = 0, the energy of the oscillation is equal to the 
electric energy of the field. Owing to the gencration of Joule heat 
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in the circuit, the energy of electromagnetic oscillations decreases 
(is dispersed) and the oscillations are damped. 

29.1.6. With R — 0, the electromagnetic oscillations in the circuit 
are undamped (6 = 0). For such oscillations 


q = A, Sin (wot + ay); 
U, = * sin (@9t+ ap); 
I = — Amy COs (aot + ay) 


where @,) = _ is the cyclic frequency of natural undamped 


electromagnetic oscillations in the circuit. The current lags in 
phase by an angle 5 = behind the potential difference between the 
plates. 

29.1.7. The period T of natural undamped oscillations is given 
by the Thomson formula: 


T = = = 2nVLC 


29.1.8. The amplitude J, of the current and the amplitude U,» 
of the vollage are 


I) = Ap@y = a 


Ao 

<=: and U,»=— 

VLC OSE 

29.1.9. With natural undamped oscillations, there is a transfer 
of energy in the circuit back and forth from the electric field of 
the capacitor to the magnetic field of the electric current. At the 


instants of time t = 0, =, T, etc., the energy of the electric field is 
ata 


field equals zero. At the instants of time ¢ = 1/4 T, 3/4 T, etc., 
the energy of the magnetic field is at a maximum and equal 





lo ae while the energy of the electric field equals zero. From 


the condition 
cui, LR 
eT 
it follows that 
U. 
a C 
The quantity V& is called the characteristic, or wave, impedance 


of the circuit. 


we 499 


E lectricity and Magn etism iv. 


29.2. Sustained Electromagnetic Oscillations 


29.2.1. In a real oscillatory circuit, the resistance R does not 
equal’ zero and the natural electromagnetic oscillations are 
damped, ‘lo obtain undamped oscillations it is necessary to deliver 
energy to the circuit to recompence that lost as Joule heat. 
Such forced clectromagnetic oscillations can be sustained in the 
circuit by connecting it to a current source with 
a periodically varying, for example, sinusoidal, 
emf (Fig. 29.2). Thus 


6 = & sin Qt 





where & = amplitude of the emf 


cyclic frequency of the emf. 


An arbitrary continuous emf in the form of the function é = &(t) 
can be represented, according to Fourier’s theorem, as the sum 
(finite or infinite) of simple sinusoidal emf’s with different ampli- 
tudes, initial phases and cyclic frequencies. 

20.2.2. The differential equation of sustained electromagnetic 
oscillations is 


FIG.29.2 


Wl 


a dc : 
Loe tR G+ © = 6, sin Qt 
where the notation is the same as in 29.1.1. The solution of this 
equation is represented as the sum of two terms: the complete 
solution of the corresponding equation without the right-hand 
part (see 29.1.1.) and the particular solution. The first term, 
characterizing the natural damped oscillations in the circuit, can 
be neglected when a certain time has passed after the beginning 
of the oscillations. The current in the circuit, after the sustained 
oscillations have reached a steady state, is 


J = J, sin (Qt+ a) 


where 7, is the amplitude of the current in the circuit. Thus 


where a is the phase shift between the current and applied emf, 
1 
-=—-- QI, 
2C 
a = arctan - pe 
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29.2.3. The quantity 


is called the tnpedance of an a-c electric circuit (oscillatory 
circuil). It is made up of the resistance R, the inductive reactance 


N, = QL, and the capacitive reactance X¢ = an the last two 


being collectively termed reactances X. A purely inductive 
reactance shifts the phase of the alternating current in the cir- 


cuit by a = -5 in reference to the phase of the applied emf (the 
current Jags behind the emf). A purely capacitive reactance 
effects a phase shift in which the current leads the emf by a = : ‘ 
29.2.4. The average power evolved during a period by an alter- 
nating sinusoidal current in a circuit (or any electrical network) is 


N= Pode cos a 
where 7, and é, = amplitudes of the current and emf in the 
circuit 


a = phase shift between the current and emf. 
The effective values of the current J, and electromotive force 
“4 are the values of these quantities for a direct current that 


will develop the same power N (for an alternating current) 
when the effective emf is applied to the same ohmic resistance. 
Mor a sinusoidal alternating current 
I é 
Tegg = 8. and Gy = 28: 
Wy . we Wy 
v9.2.6. The amplitude J, of the current depends, not only on 
the parameters of the circuit (R, ZL and C) and the amplitude 
¢, of the emf, but also on the cyclic frequency 2. Figures 29.3 
and 29.4 show the functions 7,(2) and a(Q) for constant R, L, C 
and 6. 


h 





FIG.29.3 ¥IG.29.4 
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The maximum value of the current 


é 
Io max ae 
is reached when 
1 
Q=2,=-==oa 
r VLC 0 


where w, is the frequency of natural undamped oscillations in 
the circuit (see 29.1.6.). At 2 = Q,, the impedance of the oscillat- 
ing circuit is at the minimum and equal to the resistance R. Here 
a = 0, i.e. the current and the impressed emf are in phase. 

The sharp increase in the amplitude of the current in an oscilla- 
tory circuit as 2+ Q, is called resonance in an electric network. 
The frequency 2, is called the resonance cyclic frequency. The 
I, vs 2 curve (Fig. 29.3) is called the resonance curve. The reso- 
nance frequency 2, is independent of the ohmic resistance R. 
29.2.6. The amplitudes of the voltage drop U, across the induct- 
ance and Ug across the capacitance in a resonant circuit, shown 

in Fig. 29.2, are equal: 


I 
Ry R, Vor = Uoo = LO, Ty = a 
. c L but opposite in phase. Thus U, leads Ug by 2 


so that U,+U, = 0. The total voltage drop 
in the circuit (Fig. 29.2) equals the voltage 
F1G.29.5 drop Ug across the resistance R (voltage re- 
sonance). 
29.2.7. When a sinusoidal emf é = é sin Q¢ is applied in an 
electric circuit consisting of a capacitance C and inductance /, 
connected in parallel (Fig. 29.5), the currents 7, and /, in the 
parallel branches are 


J, = Ty, sin (Qt+a,) and J, = Je sin (Qt-+- ay) 








é é 
where Tuy _ ————— Iu = 
VW ay 1 VR34 72 
y Bit page 
1 QL 
tan a= 2CR, tan dg = Ry 


The current in the unbranched part. of the circuit is 
I = I, sin (Q¢+ a) 
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where 1, = VIR, + Tg + 2Ty1 [pg COS (ag — 0;) 


tan a = jot sin a,+ Ie Sin ag 

‘01 COS a, + Igg COS ag 
If the ohmic resistances of the two branches equal zero (R, = 
= R, = 0), then 


In = Ing = -2-; tana, =co and tana, =—c 


ie. ay = - and a, = ss so that the currents in the branches are 
opposite in phase. The amplitude of the current in the outer 
(unbranched) circuit is 


Ip = Hor-Iorl = & | 90--2| 


AL Q=Q2,= ome Io, = Ing and I, = 0. The sharp decrease in 


the amplitude of the current in the outer circuit which supplies the 
inductive and capacitive reactances connected in parallel, under 


the condition that Q+ Q, = a7 , is called current resonance. 


29.2.8. If an emf, which is the sum of sinusoidal emf’s with 
different cyclic frequencies 2,, i.e. 


é6é= > 60: sin Qua 
t=1 


is applied to an oscillating circuit, then, owing to resonance 
phenomena, the circuit will respond most strongly to that compo- 
nent of the emf whose frequency 2, is equal to or is nearest to 
(he resonance frequency 2, of the circuit. In radio receiving sets 
hased on this principle, the resonance frequency is varied by 
changing the capacitance or inductance of the circuit. 
20.2.9. In an oscillating circuit, the influence of applied emf’s 
whose frequencies differ from Q, is the weaker, the sharper is 
(lw peak on the resonance curve J,(Q) near the value 2 = Q, = 
«). The sharpness of the resonance curve is characterized by 


us relative half-width 2 : 
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where AQ = Q,-2, = dilte- 
rence — between 
the cyclic frequ- 
ency values cor- 
responding — to 
dg =o RB mat 
(Fig. 29.6) 
f + damping factor 
of the circuit (see 





29.1.1.) 
Q, = resonance frequ- 
1V1G.29.6 ency. 
The quantity 
yp Q, 
Q= oe R : 
L 
is called the Q-factor of the circuit. 
Consequently 
AQ _ 4 
a Q 


29.3. Electronic and Semiconductor Rectifiers 
and Amplifiers 


29.3.1. Electrical circuits, called rectifiers and amplifiers, are 
used to rectify alternating current and to amplify electromag- 
netic oscillations. The principal component of such circuits are 
electronic tubes and semiconductor devices. 

29.3.2. Electronic tubes are based on the phenomenon of thermionic 
emission (see 24.4.1.). The simplest two-electrode electronic 
tube—the diode—is shown schematically in Fig. 29.7. At a 





v4 il R 
A 
ce T OM 
FIG.29.7 FIGS 
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constant temperature of the cathode (filament) of the tube, the 
SEE} ZI, in a diode depends upon the anode voltage U, (see 
24.4.2.). 

29.3.3. Diodes have unipolar conductivity: a current is possible 
in the tube only under the condition that the voltage over the 
cathode and anode, or plate, U, > 0. This enables these tubes to 
be employed for rectifying alternating current. A two-electrode 
vacuum tube that serves to rectify alternating current is some- 
times called a kenotron. 

29.3.4. Shown in Fig. 29.8 is the circuit of a half-wave vacuum-tube 
rectifier (kenotron). The primary winding J of transformer T is 
connected to a source of alternating current. The secondary 
winding J7I supplies the filament of the tube. The leads of another 
secondary winding IJ are connected to the cathode and anode 
(plate). The current in the tube and load FR has a single direction 
(shown by arrows), and its magnitude varies (pulsating current). 
The variation in this pulsating current during a cycle is illustrated 
in Fig. 29.9. During the first half of the cycle U, < 0 and J = 0. 
The pulsations of the rectified current are smoothed out by means 
of a filter, which is cither a capacitor or choke coil, connected in 
parallel or in series with the load #. The smoothing action of a 





z 
G9 tp 7 47 2T Zp 
2 2 2 
FIG.29.9 ¥IG.29.10 


choke coil is based on the phenomenon of self-induction (see 
27.3.1.). In full-wave vacuum-tube rectifiers a diode with two 
anodes (double diode) is used. This enables rectified current to be 
obtained in both half-cycles (Fig. 29.10). 

29.3.5. The action of semiconductor rectifiers, which may be of 
(he copper-oxide, selenium or germanium type, is based on the 
unipolar conductivity at the p-n junction between a hole and an 
electron semiconductor (see 24.2.141). The symbol of a semi- 
conductor diode is shown in Fig. 29.11 and the circuits of half- 
wave and full-wave semiconductor rectifiers, in Figs. 29.12 
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and 29.43. The rectifying action of semiconductor diodes is 
sensitive to temperature changes and is reduced as the tempera- 
ture is raised. ‘Che working temperatures for various types of 
semiconductor diodes range from —60°C to +(50 to 90)°C. 


a OCT Get 


via, 29.14 FIG.29.12 FIG.29.18 








29.3.6. Ilectromagnetic oscillations are amplified by means of 
electronic and semiconductor triodes, as well as various mulli- 
electrode vacuum tubes (tetrodes and pentodes). In a three-electrode 
tube, a control grid G is inserted between the cathode C and 
anode A, near to the former (Fig. 29.14). The dependence of the 
plate (anode) current J, on the voltage U, across the grid and 
cathode (grid-to-cathode voltage), for a constant voltage U, 





FIG.29.44 F1G.29,15 


across the anode and cathode (anode voltage) and constant tem- 
perature of the filament, is called the static grid characteristic 
of the vacuum tube. The static grid characteristics of a triode 
at various anode voltages U , are shown in Fig. 29.15. The negalive 
grid-to-cathode voltage at which the plate current drops to zero 
is called the cutoff voltage of the tube. It increases in magnilude 
with the anode voltage. 

The quantity S, numerically equal to the tangent of the angle 
of inclination of the grid characteristic in reference to axis Ug is 
called the mutual conductance, or transconductance, of the triode. 


Thus 
5 = (eu, 


29.3.7. The dependence of the plate (anode) current I, on the 
plate voltage U, at Up = const and a constant filament tempera- 
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ture is called the static plate characteristic of the tube. A family 
of characteristic curves for various Ug values is shown in Fig. 29.16. 
The quantity R;, numerically equal to the cotangent of the angle 
of inclination in reference to axis U, is called the internal resist- 
ance of the triode: 


29.3.8. For a constant filament voltage 
Ig = f(U4, Ue) 
The increment of plate current in a triode is 
aly = -p- (dU gt de) 
where «= ApS is called the static amplification (mu) factor of a 
three-electrode vacuum tube. 


The quantity D = 7 = its is called the penetrance of the tube. 


YU, 


Ug Ue, Voy 


"% + 
¥1G.29.16 F16.29.47 





20.8.9. The circuit of the simplest amplifier of alternating voltage 
is given in Fig. 29.17. The alternating voltage U, to be amplified 
is applied across the grid of the triode. The amplified voltage U, 
is taken from the leads of the ohmic resistance R, connected into 
the plate circuit. Batteries By and By, set up a constant negative 
voltage Uco between the grid and cathode and a positive voltage 
(/, between the anode and cathode. Thus 


Ug = Uegt+ U, = -€,4+ Uy and U4 = 6,-L4(Rat+ra) 


where 6, = emf of battery Bg 
é, = emf of battery By 
r, = internal resistance of batlery By 
J4 = plate (anode) current, 
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Since rg « Ry, 
UO, =6,-14R, = €,-U, 


At constant é, and R, the plate voltage decreases with an in- 
crease in Ug. The relationship 7, = f(U¢) at constant 6 and Ry 
is called the dynamic characteristic of the triode (shown by the 
dash line in Fig. 29.15). 

29.3.10. The amplification factor K is the ratio of the change in 
the output voltage U, to that in the input voltage U,. Thus 


At R, > R,, the factor K = wu. 

29.3.11. To increase the static amplification factor, the mutual 
capacitance Cyc of the anode and cathode (output capacitance) 
is reduced. This is done by inserting a screen grid between the 
control grid and the anode (tetrode, Fig. 29.18). The potential 
of the screen grid is constant and lower than that of the anode. 
This weakens the electric field of the anode near the control 
grid and cathode, and increases ju. 


Up=0 
ub = canst > Uy, 






Seren grid 4 





YU; 


¥1G.29,18 F1G.29.19 


29.3.12. The dependence of the plate (anode) current 74 on the 
plate voltage U, at constant voltages across the control grid 
(U,) and screen grid (Ug), shown in lig. 29.19, is not monotonic. 
As U,—> U4, secondary electrons, released from the anode, 
accelerate toward the screen grid, reducing the plate current J, 
(dynatron effect). In the dynatron effect region, from U4, to Ug», 
the signals being amplified are distorted and the tetrode cannot 
operate. 

29.3.13. To eliminate the dynatron effect, a third, suppressur 
grid is inserled belween the plate (anode) and the screen grid. 
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This third grid is connected to the cathode (pentode, Fig. 29.20). 
The electric field between the suppressor grid and plate repulses 
secondary electrons toward the plate, thereby providing for a 
monotonic increase in plate current J, with the plate voltage U4. 
29.83.14. Semiconductor triodes (transistors) contain two electron- 
hole junctions (p-n junctions) (see 24.2.9.). A potnt-contact 
germanium triode is illustrated schematically in Fig. 29.21. 





Suppressor 
grid 
ty = Z 2 
Ed eZ 
Prmaeay, «||P 
tex 
a 
0 Br 
dereen grid By ote 
F1IG.29,20 FIG.29.21 


Gerinanium crystal A, having electron (n-type) conduction (see 
23.2.3.) is soldered to the base O. In the vicinity of the two pvint 
contacts (electrodes)—the emitter E and the collector C—there 
are regions of hole (p-type) conduction (see 23.2.4.). The voltage 
U, to be amplified is applied across the emitter. The amplified 
voltage U, is taken across the loading resistor R. The voltage 
Uxo between the emitter and base is positive. Therefore, the 
electric current J in the emitter-base circuit is always from L to 
O in the germanium crystal, in the direction of conduction of 
the p-n junction near the emitter (see 24.2.12.). The voltage Uva 
between the collector and base is negative and the electric current 
in the collector-base circuit through the germanium crystal is 
only from O to C, i.c. in the direction corresponding to the high 
resistance of the p-n junction near the collector (see 24.2.11.). 
29.38.15. The vollage Uge between the emitter and collector is 
positive. Even for small values of Ugg and Ugo, the intensity of 
the electric field near the sharp point of the emitter is very high 
and positive holes are formed in the p-type germanium adjacent 
to the emitter (see 23.1.3.). The flow of holes from the p-type 
germanium to the main part of the crystal (which is of the n-type) 
is called the injection of holes. The emitter and the adjoining p- 
type germanium are the source of mobile current carriers, ie. 
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they act as the cathode in an electronic tube (sce 29.3.2). The 
contact of the p- and n-type germanium near the collector has a 
very low resistance to hole flow. The increase in current J. in 
the collector circuit and the voltage drop over the resistor R 
depend upon the number of holes flowing per unit time to the 
p-n junction near the collector and reducing the height of the 
potential barrier. In its turn, the number of holes depends upon 
the intensity of the electric field near the emitter, i.e. it varies 
in accordance with the oscillations of the voltage U, being ampli- 
fied. Thus, the value U, of the output voltage of the amplifier (Fig. 
29.21) depends upon the input voltage U,. 

29.3.16. At temperatures close to the conditions for the occurrence 
of intrinsic conduction of the semiconductor (see 23.1.2., about 
100°C for germanium) the number of free current carriers sharply 
increases in the semiconductor and any control of their number, 
required for the operation of the amplifier, becomes difficult. 
The uuper operating temperature limit for germanium triodes 
ranges from 55° to 75°C. The lower limit of operating tempera- 
tures (usually about —55°C) corresponds to such thermal motion 
of the particles for which it is impossible to release the necessary 
number of current carricrs from within the volume of the semi- 
conductor. This increases the resistance of the device and impairs 
its operation. 

29.83.17. In junction-lype semiconductor triodes, or simply junction 
transistors, having higher output power than the point-contact 
type, either a narrow n-type region (produced by doping of impu- 
rities) is sandwiched between two p-type regions, or a p-type 
region between two n-type regions. These semiconductor regions 
are commonly fabricated in a single crystal. The first kind is 
called a p-n-p transistor, or triode based on an n-type semicon- 
ductor; the second kind is called a n-p-n transistor, or triode 
based on a p-type semiconductor. The principal and circuit dia- 
grams of such transistors are shown in Figs. 29.22 and 29.23. 
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CHAPTER 30 





Fundamentals of Electrodynamics 
of Stationary Media 


30.1. General Features of Mazxivell’s Theory 


30.1.1. Mazwell’s theory and field equations are systematic gener- 
alizations of the fundamental laws describing electric and electro- 
magnetic phenomena: the Ostrogradsky-Gauss theorem (see 
20.3.3. and 25.5.4.), Ampere’s circuital law (total current law) 
(see 25.5.2.) and Faraday’s law of electromagnetic induction 
(see 27.1.2.). Being concerned with electromagnetic fields, Max- 
well’s theory enables problems to be solved related to the deter- 
mination of electric and magnetic fields set up by some given 
distribution of electric charges and currents. 

30.1.2. Maxwell’s theory is phenomenological. The electric and 
magnetic properties of the medium are described in this theory 
by three quantities: the relative permittivity A, (see 20.1.5), 
the relative magnetic permeability ,, (sce 25.2.2.) and the 
conductivity y (see 21.2.7.). The dependence of these quantities 
on the properties of the medium, the internal mechanism of the 
phenomena that occur in the medium and set up the electric 
und magnetic fields, are not dealt with in the theory. 

40.1.3. Maxwell’s theory is macroscopic since it treats of fields set 
up by macroscopic charges and currents concentrated in volumes 
I)’ > V,,, where V,, are the volumes of separate atoms and mole- 
cules. Moreover, it is assumed that the following conditions are 
complied with: 

(1) r>>d, where r are the distances from the sources of the fields 
lu the points of space being considered and d are the linear dimen- 
sions of the atoms and molecules; 

(bh) T >> T,,, where T and T,, are characteristic times for the changes 
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of the electric and magnetic fields and for the intramolecular 
processes, respectively. 

30.1.4. The macroscopic charges and currents are the totalities 
of the microscopic charges and currents which set up variable 
electric and magnetic fields (microfields, see 30.7.2.). Maxwell’s 
theory deals with averaged fields. Averaging is done by the time 
intervals t>> 7, for portions of the field with volumes V > V,, 
(see 30.1.3.). 

30.1.5. Maxwell’s theory is one of short-range action. According 
to this theory, the rate of propagation of electric and magnetic 
interaction is equal to the velocity of light in the given medium. 
Maxwell’s theory reveals the electromagnetic nature of light. 


30.2. Maawell’s First Equation 
30.2.1. According to Maxwell, the law of clectromagnetic induc- 
tion in the form (see 27.1.6.) 
f (E dl) = - oe (in ST units) 
L 


er (1) 
f (E dl) = — 1 -%m (in Gaussian units) 


is valid for any closed circuit (not only a conducting circuit) select- 
ed arbitrarily in a variable magnetic field. A variable magnetic 
field at any point in space sets up a rotational electric field. 
Kquations (1) express Maxwell’s first equation in integral form. 
30.2.2. Using the following relationship for the magnetic flux: 


&,, = { (Bd8) = [ B, ds 
8 S 


where B, is the projection of the magnetic induction vector on 
the unit normal n to the element of surface dS, and the Stokes’ 
theorem 


f (E dl) = f (curl Eds) 


where dS = dSn, we can write Maawell’s first equation in the 
differential form: 


curl B= —-28 (in STI units) 
at ‘ 
1 OB m 
curl E=— | -5 (in Gaussian units) 
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30.3. Displacement Current. Maxwell’s Second 
Equation 


30.3.1. Ampere’s circuital law (total current law) in the form (see 
25.5.2.): 


> (Hdl) = ¥ Is (in SI units) 

L kal 

p (H dl) = sa y I, (in Gaussian units) 
L coe 


asserts that a magnetic field is set up by the ordered motion of 
electric charges—conduction currents and convection currents 


(see 21.1.2.). Here f (H dl) is the circulation of the intensity vector 


L 
with respect to the closed contour L through which the currents 
flow. According to Maxwell, a reason for the occurrence of a 
rotational magnetic field is also the variable electric field whose 
magnetic action is characterized by the displacement current. 
30.3.2. The displacement current density is 


ia. = 2 (in SI units) 
1 aD : ; F 
hace = 5 er (in Gaussian units) 


The displacement current through the arbitrary surface $ is 


Tan = § (leu 8) = § 222 as = % (in SI units) 
8 8 








lite = J (jae @8) = J 4 one dS = a we (in Gaussian units) 
8 Ss 


where ®, = JD. dS is the flux of the electric displacement vector 


s 
) through the surface S. The displacement currents ensure the 
closure of the circuits of any unsteady currents. For example, in 
charging or discharging a capacitor a displacement current is 
induced between its plates that closes the circuit. 
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80.3.3. In a dielectric (see 20.7.15.). 

D = ¢«E+P, (in SI units) 

D = E+ 4aP, (in Gaussian units) 
where ma = polarization vector (see 20.7.10.) 


= permittivity of free space (see 20.1.3.). 
The displacement current density in a dielectric is 


aE , ap, 
Jae = €0-5r t+ ae {in SI units) 


1 OE ee 


= = ae ort coe (in Gaussian units) 


where & = ce E in SI units) or — 1 9 (in ees the displace- 


an ot 
ment current density in a vacuum, and 
current density. 


The displacement current does not evolve Joule heat in a vacuum. 
The polarization current generates heat associated with friction 
in the process of polarizing the dielectric. 

30.3.4. The generalized total current law (Ampere’s circuital law) is 


re is the polarization 


$ (H dl) = x tlie (in ST units) 
. k=) 


L 

c 4n[< , : , 

$ (H dl) = a Y det Jun) (in Gaussian units) 
L k=l 


Equation (2) is Mazwell’s second equation in integral form. 
Making use of Stokes’ formula $ (H dl) = f curl, H dS and the 
L s 


total current relation 


Tig = 2. Ita = J Gintin ave) as 
= 8 


where j is the conduction current density, we can write Maawell’s 
second equation in tas form: 


curl H = ea ——s (in SI units) 
(2 


curl H = — <j ee : (in Gaussian units) 


& 


514 


30. Electrodynamics of Stationary Media 


30.4. Complete Set of Maxweil’s Equations for an 
Electromagnetic Field 


30.4.1. In addition to equations (1) and (2) the system of Maxwell’s 
equations includes the Ostrogradsky-Gauss theorem for electric 
and magnetic fields (in SI units): 


, = $ D, dS = 4q (3) 
8 

b,, = $ Ba dS = 0 (4) 
8 


where ®, and @,, are the fluxes of electric displacement D and 
magnetic induction B, respectively, across the closed surface 
enclosing the free charge g. Equation (4) expresses the fact that 
there are no free magnetic poles. If the volume density o of free 


charges is introduced: q = f odV (where dV is an element of 
Vv 
volume V) and the Gauss theorem pA, dS = f div AdV is made 
8 Vv 


use of, then equations (3) and (4) can be converted into Mazwell’s 
third and fourth equations in differential form (in ST units): 


divD = » (3’) 
divB =0 (4’) 
30.4.2. The complete set of Maxwell’s equations: 
curl B = — 3, divD = 9 
ae + (in SI units) (5) 
curl H = i+-x; divB = 0 
curl E =-+ S; div D = 4xe 
; en (in Gaussian units) (5’) 
curl H = j4+—4; divB = 0 


is supplemented by the constitutive equations that relate the vec- 
lors E, D, H and B with quantities describing the electric and 
magnetic properties of the medium: 


Db e)K,E; B= y,k,H and j= yE (in SI units) 
) KE; B= K,H and j= yR (in Gaussian units} 
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where K, 


m 


relative dielectric permittivity 
relative magnetic permeability 


nied dd 


& = permittivity of free space 
y = electric conductivity 
Hy = magnetic constant (permeability of free space), 


Here and in the following the medium is assumed to be isotropic, 
nonferromagnetic (see 28.6.1.) and nonferroelectric (see 20.8.1.). 
30.4.3. At the interface between two media, the following bound- 
ary conditions are complied with: 


Day— Daz = 7 
aes (6) 
Bn = Bre 


(in SI units) 


(in Gaussian units) 


where o = surface density of free charges 
n = vector of the normal to the interface drawn from 
medium 2 to medium 1 
t = vector tangent to the interface. 


Equations (6) express the continuity of normal components of 
the magnetic induction vector and the jump of the normal compo- 
nents of the displacement vector. Equations (7) establish the 
continuity of the tangential components of the vector of electric 
field intensities at the interface and the jump of these components 
for the intensity of the magnetic field (j,,, is the projection of 
ae me vector of surface conduction currents in the direction 
of [tn]). 

30.4.4. For given initial conditions (values of vectors E and H 
at the initial instant of time ¢ = 0), the system of Maxwell’s 
equations has a unique solution. Maxwell’s equations are invari- 
ant with respect to the Lorentz transformations (see 32.3.1.). 
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30.5. Solving Maxwell’s Equations by the Retarded 
Potentials Method (at K, and Km = const) 


40.5.1. To solve a system of Maxwell’s equations, a scalar potential 
y and a vector potential A are introduced. Thus 


B= curl A and E = --grad g— a (in SI units) 


B= curl A and E = —grad g-+ = (in Gaussian units) 


Such an introduction is not single-valued. Vector potential A is 
introduced with an accuracy within grad yp, where y is an arbi- 
lrary scalar function of the point: 


A =A,-grad y 


The scalar potential is introduced with an accuracy within the 
time derivative of the scalar function of the point: 


A oy 
P= Pot or 


To make a single-valued determinatiun of the potentials, the 
Lorentz condition is imposed on A and @: 


div Ate'w = 0 (in SI units) 
div A+HeKm 2F _ 9 (in Gaussian units) 


This condition is satisfied if y satisfies the equation 


Ay —e'p! SY = div Ag+e'y! (in SI units) 
where @» and A, are particular values of the potentials, satis- 
fying the equations 
curl curl A+ eu’ grad eel! a = WW Veona 
(in SI units) 


_ oA 4 
do + div = =-se 


where — ¢” = e5K. absolute dielectric permittivity of the medium 
: absolute magnetic permeability of the medium 


A= Laplacian operator (see 19.3.2.). 


eI 
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30.5.2. The vector and scalar potentials satisfy d’ Alembert’s 
equations: 








4A — ae =~ Veona ; ; 
Pea (in SI units) 
40~ or ae =e 
1 ofA 4nK, 
AA a OE =-“> 4.0 
— me (in Gaussian units) 
se a ea 
where v = y = = rate of propagation of electromagnetic 
elim 


waves in the given medium 
c= rate of propagation of electromagnetic 
waves in a vacuum 
g = volume density of free charges 
= conduction current density. 


In Slunits e= -2— ~ 3x108m per sec; in the Gaussian system of 


foo 
units c~3 X10" cm per sec and is the electrodynamic constant 
(conversion coefficient) (See 25.1.2.). 
30.5.3. Potentials g and A can be regarded as being retarded or 
delayed. This means that the finite velocity v of the propagation 
of electromagnetic signals is taken into consideration. Thus 


4 etx’, y’, 2, 1-1) : . : 
p(x, y, 2, t) = ie dV’ (in Craussian units) 
7 


1 o(z’, y’, 2, t-) 
av’ (in SI units) 





pz, y, 2, t) = “hne’ Tr 
vy 


A(x’, y’, 2’, t-— 
A(z, y, z, t) = 7m ev tg) dv’ (in Gaussian units) 
c Tr 
y 


bo dig oe 
Pe a(x’, uv’, 2’, “) 


A(z, y, 2, t) = 7 av’ (in ST units) 





T 
Vv 
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where z, y and z = coordinates of the point at which the poten- 
tials g and A are determined for the instant 
of time ¢ 
a’, y’ and z’ = moving coordinates of the arbitrarily located 
element of volume dV’ 
r = distance from the element dV’ to the obser- 
vation point. 


Ata point which is at a distance r from the charges and currents 
that set up the field, the potentials g and A at the instant of 
time ¢ will be determined by the values of o and j at the instant 


. Tr 
of time t—-— . 
v 


30.6. Conservation Laws for an Electromagnetic 
Field 


30.6.1. The law of conservation of electric charges, asserting that 
electric charges are neither destroyed nor created, establishes 
that the decrease in charges qg in a closed volume V per unit time 
equals the current 
r=-%4 
Ot 


I'he differential form of the law of conservation of charge is the 
continuity equation for the volume density of charges: 


div j+ =0 


where j= density of the conduction currents 
ge = volume density of the charges. 
40.6.2. The energy of a variable electromagnetic field, localized 


within a space with the volume density of w = Holt Kato 


(nee 27.5.5, ), is propagated with the group velocity (see 34.1.13.). 
Tho amount of energy flowing through unit area, perpendicular 
\o the direction of energy propagation, per unit time, is deter- 
mined by the Poynting vector (instantaneous energy flux density). 


Vhus 
S = (EH) (in SI units) 


S= =; (EH) (in Gaussian units) 
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The law of conservation of energy in an electromagnetic field (in 
integral form) is 


-2 fuav= faav+$5,as 
v v 8 


where «= volume density of the thermal power of a current 
(see 21.2.8.) 
S, = projection of the Poynting vector on the outward 


normal to the element of surface dS. 
The energy in the volume V of the field is decreased owing to its 
expenditure in evolving Joule heat in the conductors located in 
the field and in the propagation of energy through the closed 
surface S which bounds the volume. The differential form of the 
law of conservation of energy in a field is the continuity equation 
for the volume energy density w: 


div s+ 2 26 


30.6.3. Transferred together with the energy of an electromag- 
netic field is the momentum of the field, distributed in space with 
a volume density g (momentum density). 

Thus 





Be oe = < (in SI units) 
oa [ie (EH) =§ (in Gaussian units) 


The total momentum of the field in the volume V is 
G= |gdVv 
J 


The fact that an electromagnetic field has a momentum G is 
manifested in the pressure of light (see 42.3.1.). 
The law of conservation of momentum of the electromagnetic field is 


4 feav= —(F.+F,)+ > 7, dS 
Vv 8 


where F, and F,, = forces acting on the charges and currents, 
respectively, located in the volume V 


momentum transferred per 1 sec through 
the closed surface S bounding the volume 


T, = external force acting on unit area along 
the outward normal n to this area. 


pT, dS 
& 
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The law of conservation of momentum in an electromagnetic 
field is complied with, not only when account is taken of the 
mechanical momentum p (see 2.3.4.), associated with the forces 
acting on the charges and currents: 

op _ 

Ot F,+F,, 
but of the momentum G of the electromagnetic field as well. If 


the surface S encloses the whole field, then the total momentum 
in the volume V will be 


G+p = const 


30.7. Fundamentals of the Electron Theory. 
The Lorentz Equations 


30.7.1. The Lorentz theory of electrons is a development of Maxwell’s 
electromagnetic field theory. The Lorentz theory is based on 
certain conceptions of the structure of matter (making it a 
microscopic theory). In the electron theory, matter is regarded as 
consisting of moving charged particles. The electron theory does 
not employ the quantities K, and K,, (see 30.4.2.), characteriz- 
ing matter in Maxwell’s phenomenological theory, to describe 
electromagnetic phenomena in media. The electric and magnetic 
properties of substances and all the electromagnetic phenomena 
that occur in media are explained by the nature of the spatial 
arrangement of electric charges making up atoms and molecules, 
the motion of these charges and their interaction. 

30.7.2. At each point in space there are microfields: an electric 
microfield of intensity e and a magnetic one of intensity h, 
which satisfy the Lorentz equations: 


curl @ = ~My Sr; dive = 2 
° (in SI units) 
curl h = §+& 373 divh = 0 


1 oh 


curle=—— =~; dive = 4x0 
c at : 3 
r oe (in Gaussian units) 
curlh = —j+— 3 div h = 0 


‘I'he current density j{ = ev, where gis the volume charge density 
and v is the velocity of the charges. 
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30.7.3. The Lorentz equations are supplemented by an equation 
for the volume density of the Lorentz force f (see 26.1.1.) acting 
on the charges and currents: 


f = oe+ e[vu,h]) (in SI units) 


f= ee+< [vh] (in Gaussian units) 


The conservation laws (see Sec. 30.6.) are valid for microfields e 
and h. 

30.7.4. The volume energy density w of an electromagnetic field 
(see 27.5.5.), instantaneous energy flux density (Poynting vector) 
S (see 30.6.2.), and the volume momentum density g (see 30.6.3.) 
of microfields are: 


w = + (ee? + Hoh?) (in SI units) 
w= (e2+ h?) (in Gaussian units) 
S = [eh] (in SI units) 
Ss = oo [eh | (in Gaussian units) 
g= (el = aA (in SI units) 
g= pylebl = (in Gaussian units) 


30.8. Averaging the Microfield Equations 


30.8.1. The macroscopic fields E, H, D and B, which are observed 
experimentally, can be obtained by the space-time averaging of 
the microfields e and h (see 30.7.2.). The averaged system of 
Lorentz equations is of the form 


curl 6 = — Ht 2B; div 6 = 
£ (in SI units) 


curl h = «2° +6¥; divh = 0 


curl 6 = -+ a; div @ = 46 
a. ah 12 (in Gaussian units) 
curl h = = O+— Sp divh = 
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in which the lines above the symbols indicate that averaged values 
are referred to. 

30.8.2. Charges in a medium are divided into free and bound 
charges (see 20.2.5.). Thus 


© = Of, + oa 


The averaged density of bound charges is expressed by means 
of the polarization vector P, (see 20.7.11.): 


Ova = — div P, 


40.8.3. The averaged current density j = ov is the sum of the 
current density of the free charges jy, = @,v and the current 
density of the bound charges j,; = 0;,V . Thus 


‘he average current density of bound charges j,, is the sum of 
the polarization current density j,,, and the magnetization current 


density fmag- Thus Jog = JportJnas- The polarization current is 
due to the displacement of the charges in nonpolar molecules or 
the alignment of the axes of polar molecules in the polarization 
process. Thus 

: aP. 

Joo - “at. 


The magnetization current appears as a result of the existence of 
circulating molecular currents (see 25.2.2.) associated with the 
orbital motion of electrons in atoms and molecules. Thus 

Imag = curl M 


where M is the magnetization vector (see 28.2.2.). 


Substituting the expressions for 6,, and j into the Lorentz equa- 
tions, the equations for macroscopic fields are obtained: 


2 re) — 
curl € = —-5- (ugh) 
curl (h—-M) = i+Z (6 +P.) (in SI units) 
div (ee+P.) = 0; divh=0 
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curl (h— 4M) = +7 j+tt é (6+ 4nP,) (in Gaussian units) 


div (€+47P,) = 4x0; divh=0 


where @ = volume density of free charges 

j = current density of these charges (macroscopic 
currents, see 25.2.2.). 

30.8.4. A comparison of the Lorentz averaged equations with 

Maxwell’s equations yields the following formulas: 


é=E and h= * (in SI units) 
@=E and h=B (in Gaussian units) 


and the following relations between the polarization and magnet- 
ization vectors, P, and M, and the macroscopic fields (see 20.7.15. 
and 28.5.3.): 


D=«E+P, and H-= =—M (in SI units) 
‘0 
D=E+42P, and B= H+42M (in Gaussian units) 


30.8.5. The electron theory reveals the physical meaning of the 
macroscopic constants K,, K,, and y of substances located in 
various steady and variable electric and magnetic fields. 
30.8.6. As in Maxwell’s phenomenological theory, the electron 
theory deals with continuous fields. Problems in which discrete- 
ness of the field is cssential (photoelectric effect, see 42.1.2.; 
thermal radiation, see 41.2.7. and the Compton effect, see 42.2.1. j 
cannot be explained i in the classical electron theory. These difficul- 
ties are overcome in the quantum theory. 

30.8.7. The classical electron theory of conductivity (see 21.2.1.) 
deals with the properties of a classical gas of free electrons. 
This leads to various difficulties (see 21.2.10.) which are success- 
fully handled by the Fermi-Dirac statistics for the degenerate 
electron gas in metals (see 12.8.6.). 


CHAPTER 314 


Fundamentals of Magnetohydrodynamics 


31.1. Magnetohydrodynamic Equations 


31.1.1. Magnetohydrodynamics studies the interaction between 
electromagnetic fields and liquid and gaseous media having consid- 
erable electric conductivity. Examples of such media (fluids) arc 
plasma (see 22.8.1.) and liquid metals. 
31.1.2. In magnetohydrodynamics, the medium being studied is 
assumed to be continuous (i.e. a continuum, see 18.1.1.). No 
distinction is made between the intensity H of the magnetic 
field and the magnetic induction B of the medium (in the Gaussian 
system of units) since for all conducting fluids, the magnetic perme- 
ability K,, = 1. It is also assumed that the real part of the dielec- 
tric permittivity of the medium K, is constant. 
The following assumptions are made with respect to the electric 
conductivity y of the medium (fluid). 
(a) "ghe value of y is uniform and isotropic throughout the medium 
and independent of H. This is valid if the following condition is 
complied with: 
@zt «<1 
where wy, = = = Larmor precession frequency for electrons 
(see 28.1.7.) 

t = mean free time of the electrons in the medium. 
This condition is violated in highly rarefied media and at ex- 
lremely high magnetic field intensities. 


* This chapter employs the Gaussian system of units. 
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(b) The value of y is sufficiently large so that. 


where w is the frequency of processes occurring in the medium, 
for instance, that of electromagnetic waves propagated in a 
plasma. 

It is further assumed that the mean free path of the electrons in 
the medium is much less than a certain characteristic length in 
the given problem, for instance, the distance between two conduct- 
ing plates that the fluid flows between by the action of the applied 
magnetic field. 

This condition cannot be complied with in highly rarefied media. 
Finally, it is assumed in nonrelativistic magnetohydrodynamics 
that the velocity v of motion of the fluid is much less than the 
velocity of light c in a vacuum. 

31.1.3. The magnetohydrodynamic equations are a combination 
of Maxwell’s equations for an electromagnetic field (see 30.4.2.), 
hydrodynamic equations of motion (see 19.3.1.), thermodynamic 
equations of state of the medium (see 7.1.10.), and the equation 
of the law of conservation of energy (see 19.4.2.). 

Upon the motion of a conducting fluid in a magnetic field a cur- 
rent is induced, whose density is 


Jina = a {vH] 


where v is the velocity of the fluid. The action of the magnetic 
field on the currents in the fluid develops an electromagnetic 
volume (mass) force in the fluid of the intensity 


t,, = B+ (JH) 
in which j is the density of the total current, 
j= Jina t+ OV+ vE 


where g, = electric charge density in the fluid 
E = intensity of the electric field. 


The quantities j,,¢ and f,, express the relation between hydro 
dynamic and electromagnetic phenomena. 

With the assumptions of 31.1.2, the first two terms of the equa- 
tion for j are neglected and only the conduction current density 
is retained: { = yE. In nonrelativistic theory, the first term in 


526 


31. Magnetohydrodynamics 


the equation for f,; is also neglected, retaining only the Lorentz 


force (see 26.1.1.), f= + (jHI. 
81.1.4. The complete set of magnetohydrodynamic equations is 
of the form 
& = curl(vH]+», 4H; div H = 0 
oY Sees nde a 
+(VV)V = ; grad p ine (H curl H+ - av 


+4 (¢ +2) grad div v 
(an analogue to the Navier-Stokes equation, see 19.3.2.) 


e 7 + div (ev) = 0 (continuity equation, see 19.2.2.) 


Fy = p(oe, T) (state equation of the medium) 


s (S + out =) = —div w (equation of the law of conservation 


of engey, see 19.4.2. ) where w is the energy flux density: 


w= ~ ov(u+ 2 By) K grad r+ {2% (22)° + (ev 
s(aylellage ea atest 


+(e + oe) ]-3 z (div v)? }v+e(div v)Pv 
os [H[vH]]~ (4 curl H| 





where 1, = iw = “magnetic viscosity” 
n and ¢ = first (dynamic) and second (bulls) viscosities of the 
fluid (see 19.3.2 and 19.3.3.) 

v = density of the fluid 

Pp = pressure 

u = internal energy of unit mass of the fluid (see 19.4.2.) 

K = thermal conductivity of the fluid (see 11.4.3.) 

T = absolute temperature 

v = velocity of the fluid. 
Precise solutions of the magnetohydrodynamic equations have 
been obtained only for the simplest types of motion of the fluid. 
31.1.6. If ZL and V are the characteristic linear dimension and 
velocity in the magnetohydrodynamic problem being considered, 
then the quantity 
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is called the magnetic Reynolds number (see 19.5.8.). In many 
cases Re,, >> 4 and the electric resistance of the medium (fluid), 
and the associated Joule heat losses (see 21.3.8.), as well as dissi- 
pation of energy of the magnetic field, can be neglected. 
31.1.6. For an ideal fluid (7 = € = K = 0 and y + oo) and with 
the assumption that heat exchange with the surroundings is 
immaterial, i.e. the motion of the fluid is adiabatic, the system 
of magnetohydrodynamic equations takes the form: 
oH 


cape curl [vH]; div H = 0 


0 1 1 
ort (vv)v =—-+ grad p- 77 (H curl HJ 
22 +div (ev) = 0; p= ple,T); $2+(vv)s = 0 


in the last equation s is the entropy of unit mass of the fluid 
(see 10.4.3.) and the equation expresses the conservation of entropy 
in adiabatic motion of the fluid (see 19.4.3.). 

31.1.7. The first equation of 31.1.6. (at y =0oo) is an expression 
of the law of conservation of a magnetic flux through any surface 
that moves together with the fluid. This enables the conception 
of magnetic lines of force “frozen in” the fluid to be introduced. 
In this sense, a magnetic line of force is a line linked to particles 
of the fluid and moving together with them. 


ae For an incompressible fluid (see 18.1.3.), using the vari- 
ables 


i we and wey 


Vine Vine 
the magnetohydrodynamic equations can be written in the sym- 
metric form: 
a (wVv)u = —grad ®+ A(au+ Bw) 


oF 4 (uy)w = —grad ©+ A(aw+ Bu) 


divu=0; divw=0 
where 
O= Py (u-—w)?2 | _ »t¥m. B _ vem 


ee’ 8 > @ 2 P= 2 








jel 


= kinematic viscosity (see 19.3.2.) 
Mm = “magnetic viscosity” (see 31.1.4.). 
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In this form of the equations, the total energy density is of the 
form : : 
H ee 
te = 7 (u2+ w?) 

and the differencegbetween the kinetic and magnetic energies is 

gv HH? _ e 

2 x 7 2 
31.1.9. The Kelvin circulation theorem (law of conservation of 
velocity circulation in an ideal fluid) (see 19.3.12.) is not valid 
in magnetohydrodynamics. In the presence of a magnetic field, 
velocity circulation along a material contour, or curve, is con- 
served only in the particular case when force f,,, referred to unit 
mass, has the potential 


curl {+ Court nH} =0 


(uw) 


31.2. Magnetohydrodynamic Waves 


31.2.1. Upon the interaction of electromagnetic and hydro- 
dynamic phenomena, small disturbances in steady flow of the 
fluid are propagated in it in the form of magnetohydrodynamic 
waves. In the general case, these waves cannot be divided into 
longitudinal and transverse waves (see 33.1.2.). 

31.2.2. In the case of an ideal fluid and with magnetohydrodynam- 
ic waves of small amplitude, their frequency w, is determined 
by the equation 


cop {cog — (Ku)? ] [cog — A? (c? + u?)eng + hc? (u)*] = 0 
where k= wave vector (see 33.4.6.) 
H 
w= — 
c, = velocity of sound in the fluid in the absence of a 
magnetic field (see 33.2.1.). 
This equation has four different solutions for w, and thus distin- 
yuishes four different types of magnetohydrodynamic waves 
propagating in a fluid, each with its phase velocity V = 3 (see 
43.4.3.). 
41.2.3. The solution 
W) = 0 


corresponds to a disturbance which is stationary with respect 
(o the fluid, i.e. one carried together with the fluid in its motion. 
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Such a wave is called an entropy wave: in it only the density and 
entropy vary. The conception of a wave in this case is only condi- 
tional since the velocity of its propagation V = 0. 
81.2.4. The solution 
wo, =+(ku) and V =+—% 
Vine 
where 0 is the angle between the direction of wave propagation 
and that of the magnetic field, corresponds to deviations in the 
velocity of the fluid and in the intensity of the magnetic field in 
it. Such a wave is said to be magnetohydrodynamic in the narrow 
sense. These waves are purely transverse; oscillation in them 
occurs in directions perpendicular to that of the initial magnetic 
field. They propagate without variations in density and therefore 
exist in both compressible and incompressible fluids. The group 
velocity (see 34.1.13.) of such waves is independent of the direc- 
tion of the wave vector k and is always equal to u = ee: Conse- 
1 
quently, the direction of propagation of a magnetohydrodynamic 
wave (which is understood to be the direction of its energy trans- 
fer) coincides with that of the initial magnetic field H. 
31.2.5. The solution of the biquadratic equation of 31.2.2. also 
describes magnetosonic waves, propagating with two different 
velocities: 


cos 4 





1 a 
V4 = 5 (co? + u2 +V(c2 + u?)* — 4cPu? cos? 6} 
wherein 
max (u*, c?) = V2 =<c?+u? 
and 
U0 =< V2 =< min (u? cos? 0, c?) 


The first of these solutions corresponds to an accelerated and the 
second to a retarded magnetosonic wave in comparison with an 
ordinary sound wave or magnetohydrodynamic wave. The only 
invariable quantity in magnetosonic waves is the entropy. These 
waves are neither purely longitudinal, nor purely transverse. 
At@ = 0, an accelerated magnetosonic wave becomes an ordinary 
sound wave if c, > u, or amagnetohydrodynamic wave if c, < wu. 
Under the same conditions, a retarded magnetosonic wave 


becomes a magnetohydrodynamic or a sound wave. At 0 = =, 


the velocities of propagation of magnetohydrodynamic and re- 
tarded magnetosonic waves become zero and both these waves 
reduce to a removable (first-order) tangential discontinuity (see 
31.3.4). 
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31.2.6. In the general case, with waves of considerable amplitude 
or with considerable magnetic fields, the division into magneto- 
hydrodynamic and ordinary sound waves is impossible. In an 
incompressible fluid (c, + co), only one type of plane wave with 
two independent directions of polarization remains (see 34.1.8.). 
The velocity vector v of the fluid and the vector h of the deviation 
of the magnetic field in the fluid from the initial uniform field 
are perpendicular to the wave vector k and related by the equation 


These magnetohydrodynamic waves are called Alfvén waves. 


31.3. Discontinuities and Shock Waves 


41.3.1. In magnetohydrodynamics, a discontinuity surface is a 
material surface in an electrically conducting medium on which 
there is a jump, or discontinuity, in the values of either the thermo- 
dynamic or electromagnetic quantities, or both, that character- 
ize the medium. 

31.3.2. The following relations are valid for the discontinuity 
surface of a conducting medium: 


{v,H, -—V,H,} = 0; {H,} = 0 
{ovn(3+ w) +2 [HO — (vE)H,)} =i 
{evn} = 0; {p+ ont ze} =0 


{ovn¥e— 7 H,H,\ =0 


i which the quantities in the braces (curly brackets) denote the 
difference between the corresponding quantities on both sides 
uf the discontinuity surface designated by the subscripts 1 and 
2 (for example, the condition {H,} = 0 is equivalent to the con- 
dition Hy,—H»o, = 0 or Hy, = H2,). The subscripts n and + 
correspond to the normal and tangential components of the 
vectors with respect to the discontinuity surface (or their pro- 
jections in these directions). The remaining notation is given in 
S144, 

41.3.8. If the discontinuity surface is fixed with respect to the 
uid, ie. v, = 0 and H, # 0, then 


i= On = 0; {v,} = 0; {o} #0; {p}= 0 and {H,} = 0. 
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Together with o, discontinuities (called contact discontinuities) 
occur in s, T and other thermodynamic quantities. The discon- 
tinuity surface here is’ the boundary between two fixed media 
with different values of @ and T. 

eres If v, = 0 and H, = 0, the following relationships are 
valid: 


. Ht 
j= 0; fv} 0; (x0; {p+ett}=o and (1) <0. 


Here the velocity and intensity of the magnetic field are parallel 
to the discontinuity surface and on it they may be subject to 
discontinuities which are arbitrary in magnitude and direction. 
These are called tangential discontinuities and can occur in both 
compressible and incompressible fluids. The pressure jump, or 
discontinuity, is related to the intensity jump of the magnetic 
field by the equation 


1 
P2-Pi = ~ By (Hj, — Hj,) 


The jumps in the other thermodynamic quantities are determined 
from the jumps in p and @ with the aid of the state equation (see 
31.1.4). 

31.3.5. The condition {0} = 0 leads to the following relationships 


J#0; {v,}40; {p}=0 and H, #0 


Here all thermodynamic quantities, as well as H2, are continuous 
at the boundary. This is called a rotary discontinuity. The mag- 
netic field rotates about a normal to the discontinuity surface 
without varying in magnitude (|H,| = const). 

Discontinuities are possible that combine the properties of the 
tangential and rotary types. Here v and H remain tangent to the 
discontinuity surface and only rotate in their planes without 
varying in magnitude. 

31.3.6. A discontinuity in which v, # 0 is called a perpendicular 
shock wave. It satisfies the condition {v,} = 0. If H, = 0, the 
relationships at the discontinuity surface can be written in a 
system of coordinates in which v,,; = Vor = 0, assuming that 
v =v, and H = H,. Thus 


{2} = 9; {ov} = 0 


e 
v H? ; », HY 
{= +w+ ac} = and {n+ ov? 4 a = 0 
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The discontinuity is a two-dimensional compressional shock 
wave whose direction of propagation is perpendicular to that 
of the magnetic field. 

At H = 0, the perpendicular shock wave becomes an ordinary 
hydrodynamic shock wave (see 33.12.1.). A perpendicular shock 
wave of small amplitude coincides with an accelerated magneto- 
sonic wave (see 31.2.5.) which propagates transversely across 
the magnetic field (6 = $) with the velocity V2. = c?+u?. 

if H, ~ 0 in the system of coordinates in which v||H and which 
moves parallel to the discontinuity surface with the velocity 


the following relationships are valid at the discontinuity surface: 
{H,} = 0; {$+u} = 0; {ov,} = 0 
2, HY _ 4 ea 
P+ Qatsre = 0 and O0.V,— 7, HH, = 0 


41.3.7. A discontinuity in which the density of the fluid is sub- 
ject to a jump 
{o} #0 and j #0 


is called an inclined shock wave. In discontinuities of this type, 
(he compressional shock wave interacts in a complex manner 
with the magnetic field. In the case when H, = 0 and H, = 0, 
the inclined shock wave becomes a parallel shock wave, propagat- 
ed along the direction of the magnetic field and not interacting 
with it. If they have small amplitudes, inclined shock waves 
hecome either accelerated or retarded magnetosonic waves (see 
$1.2.5.). 

41.3.8. In magnetohydrodynamics, the equation of the shock 
adiabatic (Hugoniot adiabatic) curve (see 33.12.4.) is 


1 4 1 


Uy — Wt (P2+P1) (4--+)+76 (4-2 


= ) (Hep — Hie)? = 0 


where uw is the specific internal energy of the gas. 
he entropy jump in a shock wave of small amplitude is 


sy) 





1 1 
ee aks js: cal (22 ‘ 
127 \ap? |, ( P2— Pi) — Tent \ap ,(P2~Ps) (Ha ~ H,,;)* 


CHAPTER 32 





Fundamentals of the Special Theory of 
Relativity 


32.1. Einstein's Principle of Relativity 


42.1.1. The restricted or special theory of relativity is based on 
two postulates: 

(a) All physical phenomena (mechanical, electromagnetic, etc.) 
proceed in exactly the same way, under the same conditions, in 
all inertial frames of reference (see 2.1.3.), or, in other words, 
it is impossible to ascertain, by means of any experiments what- 
soever, conducted in a closed system of bodies, whether the 
system is at rest or is travelling at uniform velocity in a straight 
line with respect to some inertial frame of reference. 

(b) The speed of light in a vacuum is independent of the speed 
of the source of this light and is the same in all directions. Accord- 
ing to the first postulate, this speed is the same in all inertial 
frames of reference, being, thereby, a universal constant. 

32.1.2. In Newton’s classical mechanics, the description of the 
interaction of bodies by means of the potential energy assumes 
instantaneous propagation of all kinds of interaction. In actuality 
there exists a maximum finite velocity c of propagation of inter- 
actions, and interaction at a velocity exceeding c is impossible. 
The maximum velocity of propagation of interactions is a uni- 
versal constant which is the same in all inertial frames of refer- 
ence. It equals the velocity of light in a vacuum (invariance of 
the velocity of light). A combination of the postulate of relativity 
and the statement of the finiteness of the maximum velocity of 
propagation. of interactions is called Einstein’s special principle 
of relativity. 

32.1.3. Time in classical mechanics (in contrast to the coordi- 
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nates) is regarded as being independent of the frame of reference. 
Two events which are simultaneous in one inertial frame are 
considered to be simultaneous in any other inertial frame of 
reference. This contradicts the special principle of relativity 
which leads to the relativity of simultaneity (of events). As a 
matter of fact, it follows from the law of composition of velocitie 
in classical mechanics (see 1.6.1.), when applied to the propaga 
tion of light, that the velocity of light should differ in dificren 
inertial frames. It should be different, for example, in the directiont 
of the earth’s motion and in the opposite direction. This, however, 
is not confirmed by experiments which, on the contrary, indicate 
that the velocity of light does not depend upon the direction of 
its propagation. 

32.1.4. According to the special principle of relativity, time 
elapses differently in different frames of reference, and the specif- 
ication of an interval of time between 
two events has a meaning only if the 
frame of reference is indicated. 
Assume, for instance, that the coordi- 
nate system X’Y’Z’ travels at constant 
velocity V with respect tosystem XYZ 
along axis X (Fig. 32.1). A light sig- 
nal, originating at A, reaches points B 
and C, located at equal distances from 
1, simultaneously (points A, B, C and FIG.3 2A 

the observer all being insystem X’Y’Z’). 

To an observer in system XYZ, the light signal is seen to reach B, 
which moves toward the signal, sooner than it reaches C, which 
moves away from it (the velocity c of the signal is the same in 
all directions in both systems). 





32.2. Intervals 


$2.2.1. Four-dimensional space is an imaginary concept of a 
space having four dimensions on whose axes the three coordi- 
nates z, y and z, and the time ¢ are plotted. Any event is represented 
by a point in four-dimensional space (world point). The motion 
of a certain particle in space and time is represented by a line 
in four-dimensional space (world line). 

42.2.2. If x1, yi, 21, t; aNd 2, Yo, Ze, te are the coordinates of two 
events in four-dimensional space, then the quantity 


Sto = Ve? (tg — t))? — (2 — 2)? — (Ye — 1)? — (Z— 21)? 


1s called the interval between the two events. 
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The interval between two infinitesimally close events is 


where dl? = dx? + dy?+ dz. 

If the variable + = ict (where i = ¥—1) is plotted instead of ¢ 
along the time axis, the value —ds? = dx?+dy?+dz?+dzt? can, 
be regarded as the square of an element of length in four-dimen- 
sional space. 

32.2.3. The interval between two events is the same in all inertial 
frames of reference (invariance of a four-dimensional interval). 
The invariance of an interval is a mathematical expression of the 
invariance of the velocity of light. The concept of the four-dimen- 
sional interval enables the space-time relations between events 
to be studied and their causality relationships to be established. 
32.2.4. If x1, yj, 21, t; aNd 2X, Ya, Ze, t, are the world points of two 
events in a certain frame of reference K, then, under the condition 
that s?, > 0 (realness of the interval), there exists a frame of ref- 
erence K’ in which both events take place at a single point in 
space (xj = x3, yi = yz and 2; = 2;). Real intervals are said to be 
time-like. The time ti), = t,—t; that elapses between the two 
events in frame K’ is equal to t,, = “2. The condition 


rae 
sfo = c*#?, —12, = const > 0 


where ty). = t—t, and Uj, = (x_—2,)?+ (yz—y1)?+(22—%)?, can 
be represented graphically as hyperbolas if / = l,. and ct = ctyy 
are plotted along the coordinate axes (Fig. 32.2), where J,. and 
ty, correspond to the two given events in 
an arbitrary inertial frame of reference. 
Points A and A, correspond to event 2 
which occurs at the same point in space as 
event 1 (point O), but either later (point 
A) or earlier (point A,). For example, in 
a causality relationship, if event 2 is the 
effect of event 1 (point A) it must occur 
later. If two events that occur in a certain 
frame at a single point of space are cau- 
sally related, then, in any other inertial 
frame of reference, they are related in 
exactly the same way (for instance, the 
Absolute switching of a galvanometer into an elec- 
past tric circuit and the deviation of its hand). 

FIG.32.2 Causally related events may also occur at 


ct , Absolute 
future 
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different points in space, but in such a way that the effect is 
related to its cause by some process of propagation (for instance, 
turning on the light switch and the ignition of the electric lamp). 
Two causally related events correspond to one branch of the 
hyperbola. The region above the upper asymptotes of the hyper- 
bola is called the “absolute future” in relation to the initial event 
O. The sequence of cause and effect is determined by the direc- 
tion of time. It is objective in nature and the theory of relati- 
vity, consequently, does not contradict the objective nature of 
causality. 

32.2.5. There are events between which the interval, or separa- 
tion, is imaginary. Thus 


Sip = c*tf,—I}, < 0 


Imaginary separations are said to be space-like. They relate 
such events that cs?, < 12, (for example, two events that occur 
nonsimultaneously on two planets under the condition that 
Cty, < 1,,). In no system of coordinates do these events occur at 
the same point in space. They occur in regions absolutely remote 
from the reference point O (elsewhere region in Fig. 32 2). The 
time sequence of such events is nonunique: coordin’ .: systems 
exist in which one of the events occurs later thar. .ue other and 
such systems in which the first event occurs before the second 
one. In one frame of reference, both events occur simultaneously 
(points O and B in Fig. 32.2). The conception of the simultaneity 
of two events that occur at different points of space and are 
separated by an imaginary interval is of a relative nature. For 
instance, event B (Fig. 32.2) lies on the hyperbola which is both 
in the past and the future in reference to O. Events O and B 
are not related causally. 

32.2.6. For the asymptotes to the hyperbolas, / = +ct and s? = 0. 
The asymptotes describe events related by the propagation of 
electromagnetic signals. Owing to the invariance of the velocity 
of light, s = 0 for such events in any frame of reference. The locus 
of the zero intervals in four-dimensional space (x, y, 2, ict) is 
called the light cone for the given world point O. 


32.3. Lorentz Transformations and Their 
Consequences 
$2.3.1. Relativistic formulas for the transformation of coordi- 
nates that comply with the requirements for the invariance of 
intervals (see 32.2.3.) are called the Lorentz transformations. 
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They express the transformation from an inertial frame of refer- 
ence K to a frame K’ which travels with respect to A at the 
velocity V in the positive direction along axis Y. The transfor- 
mation equations are of the form 








The Lorentz transformations are symmetrical and retain their 
form in the transformation from Kk’ to K except that the sign 
of V is changed. Thus 


The Lorentz transformations are linear and at low velocities 
(~ « 1) they become the Galilean transformations (see 2.9.1.). 


32.3.2. The invariance of any physical theory with respect to 
the Lorentz transformations—relativistic, or Lorentz, invariance— 
is a necessar’ condition for the validity of this theory. The lack 
of relativistic invariance of any physical law means that it must 
be differently formulated in different inertial frames of reference. 
This violates the principle of relativity by making inertial sys- 
tems nonequivalent physically. The violation of the Lorentz 
invariance by any physical theory indicates that the given theory 
is at best approximate and is valid only to a definite degree of 
accuracy and under certain conditions. For example, the Shrédin- 
ger equation (see 44.2.4.)—the basic equation of nonrelativistic 
quantum mechanics (see 44.1.1.)—does not possess relativistic 
invariance and has a strictly limited field of application. The 
equations of relativistic dynamics (see 32.6.1.) are relativistically 
invariant and at v«c are converted into Newton’s laws of mechan- 
ics. The latter are relativistically noninvariant and valid only 
at v<«e. 

32.3.3. Time measured on a clock that travels together with a 
system is called its proper time. In this frame of reference ds = 
= cdt’. It follows from the Lorentz formulas that the following 
relation exists between an interval of proper time dé’ and an 
interval of time dt in the frame of reference with respect to 
which motion at the velocity V is observed: 
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Proper time noted by a moving observer is always less than the 
corresponding interval of time in a stationary frame. A stationary 
observer finds that a moving clock runs slower than a stationary 
one. 

Example. The mean proper lifetime of a positive mu meson (see 
Table 1, Sec. 49.1.) is 2.2010~® sec. The average path of such 
a particle, travelling at a velocity near to c, should be 660 m 
in air before decaying. Actually, the average path of a mu meson 
in air is much longer because its mean lifetime, measured in a 
stationary frame fixed in the earth (in the air) is substantially 
longer than 2.20X10-® sec. 

32.3.4. Another consequence of the Lorentz transformations is 
the contraction of a moving measuring rule or length standard 
in the direction of its motion (Lorentz contraction). Thus 


where Az 
Ax’ 


length of the rule at rest in the A frame 
length of the rule measured in the K’ frame which 
travels at the velocity V with respect to frame KX. 


The proper length is the linear dimension J, of a body in the system 
of coordinates in which it is at rest (l, = Adz). The length J of 
the same body, measured in a frame of reference K’ which moves 


relative to the body, is reduced in the ratio V1 -¥ . Thus 


1=14,~1-% 


The transverse dimensions of the body do not change, i. ec. 
Ay = Ay’ and 4z = Az’ 


32.4. Transformation of Velocities 


32.4.1. The projections of the velocity v of a body on the coordi- 
nate axes in a stationary frame of reference K are related to the 
projections of its velocity v’ in the frame K’, travelling at the 
velocity V in the positive direction along axis XY, by the equations 


’ ye , ve 
v+V ie or et are 


v;V 
z +5 
c ¢ ce 
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These formulas represent the law of the composition of velocities 
in the theory of relativity. As c + co, they are converted into the 
law " the composition of velocities of classical mechanics (see 
1.6.1.): 


vz, = UZ+V; vy = Vy; v, = Vv; 
When the body travels along the x axis (v, = v, v, = v, = 0, 
, , ta ’ 
vz; = v’ and v, = v, = 0), then 
v+V 
vv 
co 


1+ 








The formulas for the transformation froin v to v’ differ from those 
given above only by the sign of V. If, in particular, v = ec, then 

‘ = c. The sum of two velocities, lower than, or equal to ec, is 
a velocity not higher than c. It follows from the Lorentz trans- 
formations that v < c in all cases. An exception is the velocity of 
the photon (see 42.1.1.) which equals c. 


32.4.2. The following approximate formula is valid when Aa «i, 
for an arbitrary velocity v, with an accuracy to members of the 
order of Y: 


=W+V-4 (Wi) 


32.5. Four-Dimensional Velocity and Acceleration 


32.6.1. The vector of four-dimensional velocity (velocity 4-vectur) 
is a vector with the components 


dx, : 
u, = —! (j = 4, 2, 3, 4) 


where 2, = &; %_ = Y}; %3 = 3; 4% = ict; ds = edt V1 -3; and 
v is the velocity of the body. 
For example: 
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The relation of the components of the velocity 4-vector is 
j=ua 


The velocity 4-vector is a dimensionless quantity. 
32.5.2. The four-dimensional acceleration (acceleration 4-vector) 
is defined as a vector with the components 


di d?x. i 
a= 2 = SF (fj = 1,2,8, 4) 


32.6. Relativistic Dynamics 


32.6.1. Mechanics, based on the special principle of relativity 
and invariant with respect to the Lorentz transformations, is 
called relativistic mechanics. Relativistic mechanics is converted 


into the classical kind when 2 <1, where vis the velocity of the 
moving body (or particle) and c is the velocity of light in a va- 


cuum., 
32.6.2. The Lagrangian function (see 5.1.5.) for a free particle is 


L = ~—m,c? j1-% 


where m, is the mass of the particle measured in the coordinate 
system with respect to which the particle is stationary (rest 
mass). 

32.6.8. The momentum vector p (see 2.3.4.) is 


MV 


Yes 


The relativistic expression for the mass is 


Mo 


v 
ji-3 
where my is the rest mass. 
\s v > c,m — coand p > oo, provided that m, ~ 0. The dependence 
of the mass on velocity is shown in Fig. 32.3. In the case of the 
photon (see 42.1.1.), v= c¢ and-m, = 0. The momentum of a 
photon is determined on the basis of its energy (see 32.6.9.). 
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m A velocity higher than ¢ leads to an 
Mg imaginary momentum (or imaginary 
mass). ris is meaningless physically. 


When ~ ~<« 1, the equation for the mo- 


5 

4 

3 mentum is reduced to the classical equa- 
; tion 

a p = mv 

7 

0 


a (the difference between m and m, when 


02040608 10 «4 is insignificant). 
FIG.32.3 In classical mechanics, the ratio of the 
force F = o to the acceleration a of 
a body is constant. (see 2.4.1.). In relativistic mechanics 


when F {| ¥ F = 








when F {i v F = pail Nae a 


$2.6.4. The total energy of a body (or particle) in the theory of 
relativity is 


BE = (pv)-L= Bee = me" 


This expression is called the relativistic equivalence of mass and 
energy and plays a fundamental part in nuclear physics. In 
particular, when v = 0 the energy of a hody at rest (rest energy) is 


Ey, = moc? 
In addition to y moc”, Where mo; is the rest mass of a particle 
of the body, the energy of a body at rest is made up of the 
kinetic energy of its particles and the potential energy of their 
interaction. Hence 


N 
moc? # Y moc? and mo # Y mu 
fel t 


The law of conseryation of the rest mass is invalid in relativistic. 
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mechanics. For instance, the mass m, of a particle, capable of 
spontaneous decay, is greater than the sum of the rest masses 
of the decay products mp, and mo . Thus 


My > Mo t+ My: 


32.6.5. The kinetic energy of a body (or particle) is 


When i« 1, this expression becomes the classical equation: 


T == (the difference between m and m, at 21 is in- 
significant). 


32.6.6. The Hamiltonian function (see 5.3.1.) for a free particle 
(the total energy expressed in terms of the momentum) is 


E = H = Vp*c? + mie! 
while at low velocities (p « myc) 
2 
E=H= mye? + or 


With an accuracy to the value of the rest energy, this is the 
classical expression of the Hamiltonian function for a free par- 
ticle. For a photon, which has no rest mass (m, = 0). 


E = cp 


42.6.7. The relationship between the total energy #, the momen- 
tum p and the velocity v of a free particle is 


$2.6.8. In relativistic mechanics, the momentum p and the total 
energy E can be represented as the components of the 4-vector 
py. Thus 


Pi = Mocuy 
where mg, = rest mass 
e = velocity of light in a vacuum 
u,; = velocity 4-vector (see 32.5.1). 


Three components of the 4-vector p, coincide with the components 
of the momentum p, i.e. py = pz, Pe = py and ps = p,. The 
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fourth (time) component is related to the total energy of the 
particle as follows: 

iE 
7 


82.6.9. In transforming to the stationary coordinate system K 
from the system K’ which moves with uniform velocity V in a 
straight line along the X axis with respect to system K, the Lo- 
rentz transformations are valid for the components of the momen- 
tum p and the energy £. Thus 





Py = Pys Pe = Ds) EF = 


where p,, p, and p, = components of the momentum in the 
K system 

Pz, Py and p; = components of the momentum in the 

K’ system 


E and &’ = energies in the A and K’ systems. 


32.7. Lorentz Transformations 
for,an Electromagnetic Field 


32.7.1. The properties of an electromagnetic field differ in differ- 
ent inertial frames of reference. In particular, one of the fields, 
either electric or magnetic, may be absent in one coordinate 
system and present in another. 

32.7.2. The Lorentz transformation formulas for the components 
of vectors E, H, D and B in electric and magnetic fields in trans- 
forming to a stationary coordinate system K from system K’, 
moving at uniform velocity V in a straight line along the X axis, 
are of the following form in the Gaussian system of units: 





0 Vo gee aes carry, 

Eyt-~ H; E}-— Hy, 

E, = Ej; Ey = SF} E, = 7 
1 ji 

pe Hit gr, 
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form 


: Ey+VB, E,-VB, 
E, = Fx; Ey = es ear = 


ee, gy 2 pe 
pe Vie 
cz ce 


: H,-VD; Hj+VD, 
Pos Hye ee Fee 
ye ye 
= 1 
ce ce 
Dy+ x MN, Die Hy 
D,2 06 Destin a Se 
V vz V vez 
I--. i- 
C2 ce 
fs i ety 
By Bit-g Ey 


B, = Bi; By =~ 


Kor the components of vectors parallel (||) and perpendicular 
(1) to V, the vector form of the transformation formulas in SI 


units is 


D, = Di; 
A, = Hi; 
E,, = Ej; 
B, = Bi; 








1 me 
D’—-, [VH’] a 
Dp, = {{ 2 : 
= j= ayn 
1-—- al 
e 4 ee He 
H, = (v7) aa 
va 
jie L wy 
E, = (=e) 3 
yz ee Se 
ye), BRE 
1 as 
B+ 4 (VE) : 
By 4 % 


ct a RQ 


he unprimed components belong to system K, and the primed 


ones to system K’. 


Wu.7.8. If = «1, the formulas can be simplified and will be accu- 


tule to terms of the order 


Ih — 15009 


of x . In the vector form, in SI units, 
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and neglecting the term ( a) , We can write 

D- D4 (VW); We = W4[VD) 

E=W-[VB]; B= B+), [VE 


These formulas show that vector H of the magnetic field plays 
a part similar to that of vector D in the electric field, and vector 
B similar to that of vector FE. 

In vector form and in the Gaussian system of units 


R=F+L(9V]; W=W-+ [RV] 


Tf there is no magnetic field in system A’ (H’ = 0), then in sys- 
tem # 


1 
H= ! [VE] 


If, on the other hand, there is no electric field in system K’ 
(K’ = 0), then in system A 


1 
B= —) [VA] 


The intensities of the electric and magnetic fields are mutually 
perpendicular in the frame of reference K. Inversely, upon mutual 
perpendicularity of the intensities of the electric and magnetic 
fields in a certain frame of reference K, there exists a frame of 
reference A’ in which the electromagnetic field has one compo- 
nent. This is purely electric or purely magnetic. The velocity V 
of frame K’ is determined by the preceding formulas. 


32.8. Vavilov-Cherenkov Radiation 
32.8.1. According to the special theory of relativity, the velocity 
v of an electron cannot exceed c, the velocity of light in a vacuum. 
Thus p = - < 1. But if an clectron (or another charged particle: 


proton, meson, etc.) moves in a medium with a refractive index n 
(see 35.2.2.) its velocity v may turn out to be greater than the 


phase velocity of light < in the given medium, i.e. < <v<ce.In 


this case, an electromagnetic radiation is ohserved that is called 
Vavilov-Cherenkov radiation. 
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Vavilov-Cherenkov radiation is similar to the Mach sonic shock 
wave developed when bodies travel at velocities greater than 
the a velocities of elastic waves in the given medium (sce 
33.12.8 
32.8.2. Vavilov-Cherenkov radiation is contained within a cone 
whose elements make an angle 0 with the direction of motion 
of the electron. Thus 
seal aif A 4 
cos 0 = sy +-3, (1-52) 
where fp = = 
n = refractive index of the medium 
.l = .~- = de Broglie wavelength of the moving electron (see 
44.1.1.) 
A = wavelength of the radiated light. 


Radiation is possible under the condition that Ba > 1 ( > *) 


and is limited with respect to short wavelengths by the value 
Anim at which cos 6 = 1. The energy radiated by the elcctron 
in unit time equals 


w, 
4 =P alta t= a tA] 


where o = maid is the cyclic frequency of the radiation 
(nat = kara) 
max nin if 
In the nonrelativistic case (2 « 1), the condition Bn => 1 implies 
that >> 41. Neglecting quantum corrections (recoil of the clectron 


in radiation) 4 + 0 and the preceding formulas are simplified to 


cos 6 eGR sae 
ie ay 
GE = Fol Sh] a 
0 


The frequency 2 is determined from the condition Bn(wm..) = 1, 
where n(@az) lakes intu account the dispersion dependence 
uf n on @ (see 40.1.1.). 
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32.9. Doppler Effect in Optics 


32.9.1. The Doppler effect in optics refers to the change in the 
frequency of light waves perceived by an observer upon a relative 
motion of the observer and the source (the Doppler effect in 
acoustics is dealt with in 33.8.1.). 

32.9.2. If the source and receiver of light waves move at uniform 
velocity in a straight line with respect to an inertial frame of 
reference (see 2.1.3.), then the observed frequency »v of the light 
is related to the frequency »,, observed in this frame when both 
source and observer are stationary, by the equation 

ve 


as 





v= My 
v 
it- cos 6 


where 0 


: 
li 


angle between the line of observation and the direc- 

tion of motion of the source with respect to the 

observer, measured in a coordinate system fixed 

to the observer 

v = magnitude of the velocity of relative motion of the 
source 

ce = velocity of light in a vacuum. 


82.9.8. At 6 = > or si and ~ «1, » = », and the Doppler effect 
is not observed. If 0 = 0 (mutual recession of the source and 
observer), then » < », A> A, anda “red shift” of the spectrum of 
visible light is observed. 

If 6 = x (mutual approach of the source and observer), then 
v >, A< A, anda “violet shift” is observed in the spectrum of 
visible light. 


32.9.4. At 2 x1, the Doppler effect is observed even when 
6 = 5 or 3 | Thus 
v= % yi-= 


a 
This is called the transverse Doppler effect. The cxperimental 
detection of this transverse shift was one of the proofs of the theory 
of relativity. 

32.9.5. At = 1, the Doppler effect is not observed in directions 
for which cos @ = -4 (4-1 — 62), where b= a 


es 
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PART FIVE 





Wave Phenomena 


CHAPTER 33 





Fundamentals of Acoustics 


33.1. Introduction 


33.1.1. Waves are disturbances in the state of matter or a field 
propagating in this matter or field. 

Elastic waves are mechanical disturbances (deformations) propa- 
gated in an elastic medium. External bodies which cause these 
disturbances in the medium are called the sources of disturb- 
ances, or of the waves. The propagation of elastic waves consists 
in the excitation of vibrations of particles of the medium which 
are farther and farther away from the source of the disturbance. 
The basic difference between elastic waves in a medium and any 
other ordered motion of its particles is that for small disturbances 
wave propagation does not involve (in the linear approximation) 
any transport of matter.* 

33.1.2. An elastic wave is said to be longitudinal if the particles 
of the medium vibrate in the direction of wave propagation, and 
is said to be transverse if the particles vibrate at right angles to 
the direction of propagation. 

‘l'ransverse waves can be evoked only in a medium having elas- 
licity of shape, i. e. one capable of resisting shear deformations 
(see 15.7.12.). Only solids possess this property. Longitudinal 
waves are associated with volumetric deformations of the medium 
(periodic changes in its density). Therefore they can be propa- 
yated in liquids and gases as well as in solids. An exception to this 
tule is the superficial, or surface, waves evoked on the free sur- 


* In the case of heavy disturbances, a slight transport of matter occurs. 
Itis duc to the nonlincar nature of the vibrations of particles of the mediuin. 
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face of a liquid or at the interfaces between immiscible liquids. 
Here the particles of the liquid vibrate simultaneously in both 
the longitudinal and transverse directions, describing clliptical 
or more complex paths. The special properties of surface waves 
are due to the fact that the forces of gravity and surface tension 
play a definite part in their generation and propagation. 
33.1.3. Sonic, or acoustic, waves are weak disturbances—mechan- 
ical vibrations of small amplitude—propagated in an elastic 
medium. The branch of physics dealing with the properties of 
sonic (sound) waves, and the laws of their excitation, propagation 
and action on obstacles, is called acoustics. 


33.2. Rate of Propagation of Sonic Waves 
(Velocity of Sound) 


33.2.1. The velocity of waves in liquids and gases equals 


V ik 
C= = 
e 


where A = bulk modulus (see 15.7.11.) 
ge = density of the undisturbed medium. 

The process of deformation of the liquid or gas upon the propaga- 
tion of sonic waves in it can be regarded as adiabatic (see 7.1.11.). 
For an ideal gas, the bulk modulus in an adiabatic process is 
K = xp, where p is the pressure of the undisturbed gas and x 
is the adiabatic exponent (see 9.4.5.). The velocity of sonic waves 
in an ideal gas equals 


where JT = absolute temperature of the gas 
B = specific gas constant (see 8.1.3.). 
33.2.2. In an isotropic solid medium, the velocity of transverse 
waves equals 
+ 
qQ= ce 


where G = shear modulus (see 15.7.12.) 
e = density. 
The velocity of longitudinal waves in such a medium is 


_ Eu 2¢ E 1-4 
a= Vato 0 -/2 he (+) 12h) 


where FE :: Young's modulus (see 15.7.6.) 
je = VPoisson’s ratio (see 15.7.7.) 
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In solid media the velocity of longitudinal waves is always 
greater than that of transverse waves. 
The velocity of longitudinal waves in a thin rod whose transverse 
dimensions are only a fraction of the wavelength (see 33.4.5.) 
equals ; 

i 


Ci i 


The rate of propagation of transverse waves in a stretched string— 
a thin flexible cord in which a high tension is produced by exter- 


nal forces—equals 
joy eae 
“ eo es 


where @ = normal stress 


F = tensile force 
S = cross-sectional area of the string 
o = density of the string material. 


33.2.3. In solid anisotropic bodies the elastic properties are not 
the same in various directions. ITence the velocity of longitudinal 
and transverse waves depends upon the direction of their propa- 
gation and, in the case of transverse waves, upon their polariza- 
tion as well, i.e. upon the orientation of the plane passed through 
the wave velocity vector and the displacement vector of particles 
of the medium at the point being considered (this plane is called 
the vibration plane). 


F 


33.3. Wave Equation 


33.3.1. Helmholtz’s theorem states that any single-valued and 
continuous vector field F which vanishes at infinity can be repre- 
sented and, what is more, solely, as the sum of the gradient of a 
certain scalar function g and the curl of a certain function A 
whose divergence equals zero. Thus 


= grad m+curlA and div A= 0 


Function @ is called the scalar potential of field F, and function 
A is its vector potential. 

33.3.2. For acoustic waves in solid media the scalar potential » 
of the vector field of displacement S of particles of the medium 
from their equilibrium position characterizes the longitudinal 
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elastic waves and satisfies the following differential equation, 
called the wave equation: 





ep , Bp Pp 1 do * _ 1 Op 
“aut tye toast = ce art Ns AP = gy aie 
or 
fle = 0 


where c, = velocity of longitudinal waves (sec 33.2.2.) 


A = Laplacian operator 
o = 4—-+ & = a@’Alembertian operator. 


The vector potential A characterizes the transverse elastic 

waves and satisfies the differential equation 

4 eA 
ck Ol? 


1 3A 
curl curl A = or 4A = a ar 
where c, is the velocity of transverse waves (see 33.2.2.). 
33.3.3. Acoustic waves in fluids* are characterized by the scalar 
potential p of the velocities vw’ of vibrational motion of particles 
of the medium (see 19.1.1.). Thus w’ = grad 9. 

It follows from the continuity equation (see 19.2.1.) and the 
motion equations (see 19.3.1.) that for acoustic waves propagated 
in a fixed homogeneous infinite ideal fluid (see 18.1.3.), not 
subject to the action of mass forces (see 18.2.1.), potential @ 
complies with the wave equation 


ae , op, He _ 1 ote 
ax? " dy? " az? ~ c® at? 


where c is the rate of propagation of the waves (see 33.2.1.). 
Each compy»nent of vector v’ complies with such an equation. 
33.3.4. Ti pressure p’ of the fluid, in excess of the equilibrium 
pressure, is related to m by the equation 


; é@ 
Pp =-0n 


where @ is the equilibrium density of the fluid. The pressure p’ 
satisfies the wave equation 


* Here, as in Part Three and elsewhere, fluids are understood to include 
both liquids and gases (incompressible and compressible fluids). 


Ww 
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33.3.5. The deviation o’ of the fluid density from the equilibrium 
value equals 


-— PL ek Op 
rr ne 
and the wave equation 
,_ A oe’ 
Ag’ = ce at? 


is also valid for 9’. 

33.3.6. A longitudinal wave is said to be plane if the potential o 
and other quantities characterizing the wave motion of the medi- 
um depend only on time and on one of the Cartesian space co- 
ordinates, for example, z. 

The wave equation for a longitudinal plane wave is 


oe _ 1 ee 
ax? ~ ce? att 
Its general solution is expressed as 
p = filet—a)+f,(ct+2) 


where /f, and /f, are arbitrary functions, f,(ct—z) is the potential 
of a plane wave propagated along the positive direction of axis 
Ox, and f,(ct+) is the potential of such a wave propagated in 
the opposite direction. Both waves, in contrast to standing 
waves (see 33.7.1.), are called travelling, or running, waves. 
33.3.7. In a longitudinal travelling plane wave in which g = 
= f(ct—x), the displacement vector of particles of the medium 
S = Si, where iis the unit vector along axis Oz and S is the alge- 
braic value of the displacement which complies with the wave 
equation 


In a fluid, the velocity v’ of vibrational motion of particles of 
the medium is related to the excess pressure p’ and the change 
in density o’ by the equations 


p’ = gov’ and 9’ = °° 


The product gc of the density of the medium by the rate of 
propagation of longitudinal waves in it is called the wave resist- 
ance (impedance) of the medium. 

33.3.8. A longitudinal wave is said to be spherical if the potential 
gy and other quantities characterizing the wave motion of the 
inedium depend only on time and on the distance r from a certain 
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point in space called the wave centre. Spherical waves are evoked 
in a homogeneous and isotropic medium by a point source, which 
is a vibrating body whose dimensions are small in comparison 
with the distance to the point being considered in the medium. 
The wave equation for a longitudinal spherical wave is 


A £( 2 20) _ 1 &e 
or 


Its general solution is of the form 
4 4 
gp = + filct—r) tt flet+r) 
where 7, and f, are arbitrary functions. Here + f,(ct—r) is the 


potential for a divergent spherical wave and + fleet r) is the 


potential for one converging at the centre. 

33.3.9. The principle of superposition of waves states that if a 
number of n different waves, described by the scalar potentials 
Qi, ---, Y, and vector potentials A,, ...., A,, are propagated 
simultaneously in a medium, the potentials g and A of the result- 
ant waves are equal to the sums of the corresponding potentials 
of all the waves in the system. Thus 


p=> ym and A= yA 
rs ‘s1 


In other words, each of the waves is propagated in the medium 
independently of the others, i.e. as if there were no others. The 
resultant velocity, displacement and acceleration of each particle 
of the medium are equal to the vector sums of the respective 
quantities due to each of the waves taken separately. 

The principle of superposition of elastic waves is valid only for 
so-called linear media which obey Hooke’s law, i.e. within the 
limits in which the rate of propagation of waves in the medium 
does not depend upon their intensity (see 33.5.5.). 


33.4, Longitudinal Sine Waves 


33.4.1. A longitudinal wave equation is the dependence of the po- 
tential y of the velocity of disturbed motion of the medium on 
the coordinates and time or any other quantity that uniquely 
characterizes this motion. 
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33.4.2. A longitudinal wave is said to be sinusoidal, or harmonic, 
if the vibrations of the particles of the medium are harmonic 
and have the same cyclic (circular) frequencies w (see 6.1.3.) 
so that 


| a(z, y; 2) sin [ot — a(x, ¥y, 2)] 


with the functions a and a of the coordinates complying with 
the following differential equations: 


Aa,+k?a,= 0 and Aa,+k*a, = 0 


where a, = a Cos a 

a,=asina 

k= . = wave number 

c = wave velocity 

w = cyclic frequency of the wave. 


Function a(z, y, 2) is called the amplitude of the wave, function 
P(x, y, 2, t) = wt—a(x, y, z) is called its phase, and a(z, y, 2) 
its initial phase. 
Helmholtz’s equation 

Ap+k*p = 0 


is valid for a sinusoidal, or sine, wave. 

$3.4.3. The wave surface, or wave front, is the locus of all points 
in the medium at which the wave phase has the same value 
at the instant of time being considered. Different values of the 
phase correspond to a family of wave surfaces. When a short- 
duration disturbance is propagated in a medium, the wave 
front is the boundary between the disturbed and undisturbed 
regions of the medium. 

The equation of a family of wave surfaces is of the form 


at—-a=C 


where C is a constant playing the part of a parameter. 

Wave surfaces are continuously displaced in the medium and, 
generally speaking, are deformed in the process of propagation. 
For a homogeneous and isotropic medium, the velocity of each 
point of the wave surface is directed along a normal to the sur- 
face and is numerically equal to the wave velocity c (see 33.2.1.) 
which is called the phase velocity of the wave. 

33.4.4. The wave surfaces of a plane wave (see 33.3.6.) constitute 
u system of parallel planes. In a homogeneous, isotropic medium, 
wave surfaces of a plane wave are perpendicular to the direction 
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of propagation of the wave (direction of energy transport), called 
the ray. In anisotropic media, the angle between the wave surface 
and the ray equals 90° only for certain definite directions of 
plane wave propagation. 
The equation of a plane sine wave propagated along the positive 
direction of the Ox axis is of the form 

y = asin (wt—kx+ a) 
and for a wave propagated in the opposite direction it is 

gy = asin (wt+kx+ ay) 
where a, is the initial phase of vibration of the points of the me- 
dium that lie in coordinate plane yOz. If the wave is propagated 
in an ideal medium, not subject to internal friction or heat 
conduction, then the amplitude a of the wave is independent of z. 
33.4.5. A characteristic of a sine wave is the wavelength A, equal 
to the distance between any two adjacent points in the medium 
at which the initial phases of the wave differ by 27. Thus 


where T = = period of the wave 
@ 


y= $ = frequency of the wave. 


33.4.6. The equation of a plane sine wave in exponential form is: 
p= Aell (Br) - 08] 


where A = ae! = complex amplitude 
a=2-a 


2 
Q 

k= = nN = wave vector 

n = unit vector indicating the direction of wave propaga- 
tion 


r = radius vector drawn to the point of the medium 
being considered 


i=V-1. 
The exponential form is convenient for differentiating in linear 
wave equations. Only the real part, however, of the exponential 
expression has a physical meaning. Thus 
gy = Re { Aeil(kr) - ot} 


(the symbol Re denoting the real part of the complex expression). 
This is used in finding the physical quantities. 
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33.4.7. Any arbitrary wave can be represented as a totality of 
plane sine waves with different wave vectors, frequencies, ampli- 
tudes and initial phases. Such a concept is based on the possibility 
of expanding a periodical function into a Fourier series or on 
expressing a nonperiodical function by a Fourier integral (see 
40.2.3.), or on the principle of superposition of waves (see 33.3.9), 
The totality of sine waves that are superimposed to obtain the 
wave under consideration is called the spectrum of the latter. 
The totalities of amplitude and frequency values of these waves 
are called the amplitude and frequency spectra, respectively. 
33.4.8. The wave surfaces of a spherical wave (see 33.3.8.) are a 
system of concentric spheres. The equation of a divergent spher- 
ical sine wave is 


= to. sin (wt — kr + ap) 


where a, = initial phase of vibration of the wave source 
r = distance from the source 


@ = amplitude of vibration of points of the medium 
located at the distance r, = 1. 


The exponential form of the spherical wave equation is 


ef(kr—at) 
ASS 
A Go 4, . 
where — = =; e@ = complex amplitude 
7 
a 27% 
ti=V-14. 


Everywhere, except at the singular point r = 0, the function t) 
complies with the wave equation Ap+k?p = 0. 

33.4.9. A wave is said to be cylindrical if its wave surfaces are 
circular cylindrical surfaces with a common axis of symmetry. 
The equation of a divergent cylindrical wave at a distance from 
this axis is of the form 


= 2 sin (wt —kR + ay) 


YR 


where R = distance from the axis 
a, and a, = constants 


k= 4° = wave number. 


ART 


Wave Phenomena Vv. 


In exponential form, the equation is 


eltkR— wt) 
7 VR 
A % ta j 
where -— = —* ef = complex amplitude 
YR YR 
a 
a = gM. 


33.5. Energy of Acoustic Waves 


33.5.1. The volume energy density w of a medium is the limit of 
the ratio of the energy AW of the medium, enclosed within the 
volume AV, to the magnitude of this volume as AV approaches 
zero, Thus oe 
= dim, 4% 
ome 
33.5.2. The volume energy density of acoustic waves in a fluid is 
equal to the difference between the volume energy densities of 
the fluid in the disturbed and undisturbed states. It is expressed 
by the equation 


w= 48e = £famagied (5) 


where o = density of the undisturbed fluid 
c = wave velocity 
v’ = velocity of vibratory motion of particles of the 
fluid 
e’ = deviation of the fluid density from the equilibrium 
value. 


The first term represents the volume kinetic energy density of 
the fluid particles, and the second the volume potential energy 
density of deformation of the fluid. 

33.5.3. For a longitudinal plane wave (see 33.3.6.) 


py’? = oe and w = ov” 

If the plane wave is sinusoidal, i.e. p = a sin (wt—ka+ay,), then 
w = oka? cos? (wt —kax+ ay) = ew*a? cos* (wt — kx + ay) 
where a, = + is the amplitude of vibrations of particles of the 

medium. 
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For an arbitrary longitudinal wave 


— 2 — — 
gv? = <9? and w= ov? 


rT 
where v? = + f v? dt 
0 


ti 

0? = +f eo” dt } = average values in an interval 
0 of time equal to the period T 
. of the wave. 

w= +f w at 
0 


33.5.4. The propagation of waves in an infinite elastic medium 
involves the setting up of vibratory motion in regions of the 
medium farther and farther away from the wave source. This 
requires the expenditure of energy furnished by the wave source 
and transmitted from certain regions of the medium to more 
distant regions. 

The law of conservation of energy is 


ow . és 
a t+ div U=0 


where U = p’v’ = energy flux vector of acoustic waves (Umov 
vector) 
p’ = pressure in the fluid in excess of the equilibri- 
um pressure, 


For a plane wave, U = we = ov’’c, where ¢ is the velocity vector 
of wave propagation. 

33.5.5. Acoustic wave intensity I (sound intensity) is the amount 
of energy transmitted by a wave per unit time through a unit 
area perpendicular to the direction of wave propagation. Thus 


1=|0| = [pl = % 








T 
few dt 
0 


The intensity of a sine wave (see 33.4.2.) is proportional to the 
square of its amplitude. Thus 


I= ne ew |grad a| a? = 2 ock |grad a| a? 


ar 
cr 
ao 
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where k = = is the wave number. For plane and spherical sine 
waves, |grad a] = k, 


i 


Pesy 


I= - eck*a? = + oa? and J= ie 


mie 


— 2. 
where poy = Vp" = y/ Pie = root-mean-square (effective) sound 
pressure of the acoustic wave 


Pmoz = amplitude of excess pressure of the medium due 
to its wave motion. 


33.5.6. The wave energy flow through a certain surface S is the 
aun of energy transmitted through this surface in unit time. 
us 


b= J 14s cos B = fras, 
8 8 


where £ = angle between the normal to area dS and the 
direction of wave propagation 

dS, = dS cos 8 = area of the projection of area dS on 

a plane perpendicular to the direction of wave 


propagation (as, <0 when 7 <f< =). 


33.6. Reflection and Refraction of Longitudinal 
Acoustic Waves (in the Absence of Diffraction 
Phenomena) 


33.6.1. If an acoustic wave, propagated in a certain medium 41» 
reaches the boundary of this medium with another medium 2, 
reflection and refraction of the wave will occur. A reflected wave 
is one propagated from the boundary, or in- 
terface, in the same medium 1 as the primary 
(incident) wave. A refracted wave is one pro- 
pagated in the second medium. 

The angle of incidence is the angle i (Fig. 33.1) 
between the direction of propagation of the 
incident wave (incident ray SO) and the nor- 
mal ON to the boundary between two media 
at the point of incidence O being considered. 
The angle of reflection is the angle i’ between 
¥1g.33.1 the direction of propagation of the reflected 
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wave (reflected ray OS’) and the normal ON. The angle of refrac- 
tion is the angle r between the direction of propagation of the 
refracted wave (refracted ray OS’’) and the normal OM. 
33.6.2. The laws of reflection are: 

(a) The reflected ray lies in a plane passing through the incident 
ray and a normal to the interface between the media at the 
point of incidence. 

(b) The angle of reflection equals the angle of incidence: i’ = i. 
33.6.3. The laws of refraction are: 

(a) The refracted ray lies in a plane passing through the incident 
ray and a normal to the interface between the media at the 
point of incidence. 

(b) The ratio of the sine of the angle of incidence to the sine 
of the angle of refraction equals the ratio of the wave velocities 
urn first and second media. 

Thus 


sini oy 


sinr Ce 


= Ney 


where nz, is the refractive index of the second medium with 
respect to the first (relative refractive index). 

33.6.4. The relations between the amplitudes and phases of the 
incident, reflected and refracted waves are determined by the 
boundary conditions: the excess pressures in both media should 
be the same at the interface between two fluid media, as should 
the normal components of the velocities of vibratory motion of 
the particles. 

The following relations are valid for plane waves and a plane 
boundary (in the absence of absorption): 


ox(Ai +i) = @242 and 8! (A,— Aj) = SS" A, 
where .1,, 4; and A, = complex amplitudes of the velocity 
potentials of the incident, reflected 
and refracted waves 
i and r = angles of incidence and refraction 
o, and g, = densities of the media 
c, and c, = wave velocities in these media. 
Then 
Ae _. 022 COS i — Q1¢1 COS Ay 


- and 
C2Cy COS t+ Q,C, COST an 


2 ey COS i 


Ay = ik ie Ay 
U2Cg COS 14 Gycy COST : 
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or 
Os cotr 
+. _@1  coti _ riers. 
Ay = an cote A, and A, = ee) tr «ly 
@, coti Q, coti 


If 0, = 2, then 4 - 3 aS . If exc? = ogc} (equal elasticities 
of the media), then 4i = #22@—”) 


A, tan (i+r)° 
33.6.5. The reflected plane wave is completely absent under the 
condition 





(2)'-1 (c?}—c3) @2 
cot? i = Tay 7 CON CINE 
@ Ce 


This is feasible when c, > c, and ¢,c. > Q,¢; Or, inversely, c, < c, 
and @.¢,~< 0,c,. For normal incidence (}=r=0), A,=0 if 
Q2l2 = 01}. Pi 

33.6.6. The refracted plane wave is completely absent if c, > c, 
and t > tm, Where ij;, is the limiting (critical) angle of incidence. 
It is determined from the relation 


out Le Cy 
SIN lim = Go Nar 


This phenomenon is known as total internal reflection. 

33.6.7. Let us consider phase relations for the case of normal 
incidence of a plane wave on the plane boundary between two 
media. If g,c, > 0,¢c,, then the phase difference at the boundary 
of the media between the reflected and incident waves equals 
zero for the velocity potentials (their amplitudes A; and A, 
have the same sign) and the excess pressures. This difference 
equals x for the velocities of vibratory motion of the particles of 
the first medium. 

If @o¢2. < Q,¢,, then the phase difference at the boundary of the 
media between the reflected and incident waves equals x for 
the velocity potentials (their amplitudes A; and A, are opposite 
in sign) and the excess pressures. This difference equals zero for 
the velocities of vibratory motion of the particles of the first 
medium. 

The phase difference of any like quantities in the refracted and 
incident waves equals zero at the boundary of the media, regard- 
less of the properties of the media and the magnitude of the anglé 
of incidence. 
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33.6.8. The reflection coefficient R is the ratio of the intensities 
of the reflected and incident waves. For plane waves 





R= JAP ( gz Lan r— tani ) _ ( 0xC2 COS i— e, VeR—c} sin? ) 
bart ez tan rt a land CxCe COS i+ Q, VeF rd sin? i 


For normal incidence 
= (£72101) 
Q2Cot O11 
If Qo, > O10, OF 040) >> Oot, thenR & 1. 
The transmission coefficient D is the ratio of the intensities of the 
refracted and incident waves. For plane waves 


D= 0201 | Ae? a 4 Q1@2C1C2 
ee |Ai|? ( Seer oer’ 
O2Co b O1Cy cus i 


forts 


TAT aa? 
Q2Ce [! +--L V@) —sin® i] 
2 COSi Co 


It. follows from the law of conservation of energy that, in the 
absence of absorption, 





cos r 
D COS +R=1 

For normal incidence D+R = 1. 
The reflection coefficient R remains unchanged in magnitude 
upon the reversal of the direction of propagation of the wave, 
i.e. it is the same for cases of the incidence of a plane wave at 
the angle i from the first medium on the boundary with the sec- 
ond as for cases of incidence of a plane wave at the angle r 
from the second medium on the boundary with the first. 
33.6.9. The pressure p exerted by a plane wave on the boundary 
between two media equals: 
(a) for oblique incidence (i # 0) 


P = x [(1+R) cot i (1—R) cot r]sin 21 


(b) for normal incidence (z = 0) 
— 2a (eres)? + (exes)? —2e1 One) 
Cy (e@xC1 + @2C2)* 


where I, = W,c, = intensity of the incident wave 
c, = velocity of the incident wave 
ww, = average volume energy density of the incident wave. 
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$8.6.10. Upon reflection of a spherical wave from a plane bound- 
ary between two media, the reflected wave is also spherical and 
has its centre at point O’ which is symmetrical, with respect to 
the boundary MN, to the centre O of the incident wave (Fig. 
33.2). The amplitude of the re- 

‘ flected wave is inversely propor- 

Reflected Incident tional to its distance from point 
wave wave — O’. If ¢, > ¢, then, in addition 
to the reflected spherical wave, 
a lateral, or side, wave is propa- 
Lateral gated in the first medium. The 
wave surface of such a lateral 
wave is the frustum of a cone 
MV 7p N_ whose axis coincides with the 





hy oe perpendicular OO’, and whose 
yy generatrix AB is tangent to the 
o' corresponding wave surface of the 
FIG.33.2 reflected wave and makes an 

angle y with plane MN, comply- 

ing with the condition sin y =“. The amplitude of the lateral 


a 
wave at an arbitrary point C depends upon <OO’C and is in- 
versely proportional to the square of the distance r’ = O'C. 


33.7. Standing Waves 


33.7.1. A standing, or stationary, wave is one resulting from the 
superposition of two waves propagated in opposite directions and 
complying with the following conditions: the waves have the 
same frequency and their amplitudes are the same functions of 
the coordinates. In the case of transverse waves, it is also neces- 
sary for both waves to have the same polarization (see 33.2.3.). 
The occurrence of standing waves is a special case of wave inter- 
ference (see 36.1.4.). 

33.7.2. A plane longitudinal standing wave results, for example, 
upon the superposition of incident and reflected plane waves 
if the angle of incidence equals zero and the reflection coefficient. 
R = 1, i.e. if the wave is reflected from a medium with a very 
large or very small wave resistance (impedance) (see 33.6.8.). 
The equation of a plane longitudinal standing sine wave, occur- 
ring upon the superposition of a direct wave 9, = asin (et — ka +- 
-++a,) and a backward wave g, = asin (wt+ ka+ a.) 
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is of the form 

gy = 2acos (a5 - kat) sin (ot+ 5%) 
33.7.3. The amplitude a,, of a plane standing wave is a periodic 
function of coordinate x and is independent of time. Thus 


a, = 2a | cos (“5" — ka) | 


The points in space at which a,, = 0 are called the nodes of the 
standing wave, and the points where a, reaches its maximum 


value (d4;)maz = 2a are called antinodes. For the nodes “=? — ka = 
= (2m+1) >, and for the antinodes “=*-kz = 2m 7, where 


m= 0, +4, 42, .... 
33.7.4. The length Au of a standing wave is the distance between 
lwo adjacent nodes or antinodes: 


1 a 

haa 
where A is the wavelength of the running waves. The distance 
between a node and the adjacent antinode equals wat, 


The nodes of the velocity and displacement of the particles of 
the fluid coincide with the antinodes of the velocity potential 
and pressure. 

33.7.5. In a standing wave all the particles of the medium between 
two adjacent nodes vibrate in the same phase, but with different 
amplitudes. In passing through a node the phase of vibration 
varies discontinuously by 2 since the sign of cos (15? - ke) is 
reversed. 

33.7.6. As opposed to running waves, there is no energy trans- 
mission in a standing wave. This, in particular, is manifested 
in the fact that the position of the nodes and antinodes in space 
remains constant in time (for which reason these waves have 
been named standing waves). Energy transmission is absent in a 
standing wave because the direct and backward waves forming 
the standing wave transmit energy in equal amounts but in 
opposite directions. 

43.7.7. A spherical standing wave occurs upon the superposition 
of divergent and convergent spherical sine (harmonic) waves: 


¢1 = sin (wf--kr-bay) and gy, = “0. sin (cot-+ kr + ag) 
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The equation of this ee wave is of the form 

gy = “2 cos (5% - kr) sin (on + oa) 
The conditions for nodes and antinodes are: 


(2m 4-41) a nodes 

ATE ep (m = 0, +1, +2,...) 

2m 5 antinodes 
33.7.8. If the fluid fills only a restricted portion of the available 
space, then the frequencies of its free vibrations (see 6.1.9.) 
assume an infinite series of definite discrete values called the 
natural frequencies. In such cases a complicated system of stand- 
ing waves is set up in the fluid and depends essentially on the 
shape and size of the vessel. 
The natural frequencies of vibration for certain particular cases 
are given in the following. 
(a) Consider a cylindrical column of gas in a pipe of length 1. 


If both ends of the pipe are either closed or open, then » = ae 


2° 
if one end is closed and the other open, then » = (2m—1) = (m= 
= 1, 2,3, ..., e = phase velocity of the waves in the gas). The 


nodes of velocity (as well as of displacement) of the gas particles 
and the antinodes of pressure are at the closed ends of the pipe; 
the pressure nodes and velocity antinodes are at the open ends. 
The conditions written above for pipes open at one or both ends 
are only approximate, since they were derived under the assump- 
tion that there is no energy flow through the open ends of the 
pipe. These conditions are complied with when the pipe radius 
R<A (A being the wavelength). In the general case, for pipes 
open at both ends 
mec 


" = O04 2bR) (m= 1, 2,...) 


and for pipes open at one end 


_— Qm-)e Pe 
» = T40R) (m = 1, 2,...) 
where b = 0.63 when there are no flanges at the open ends of 
the pipe, and b = 0.80 when there are. 
(b) If the fluid is in a vessel having the shape of a right parallelepi- 


566 


54: Acoustics 
ped with the sides a, b, and d, then 





where m, n and p are arbitrary integers. 
(c) The natural frequency of a resonator having a long narrow 


pipe, or tube, is _ 
pee V Ss 
~ Wn VW 


where V = volume of the resonator cavity 

S = cross-sectional area of the pipe 

1 = length of the pipe (/>>a,, where a, is the amplitude 

of vibration of gas in the pipe). 

Hollow spherical resonators of this type are known as Helmholtz 
resonators. 
33.7.9. The natural frequencies of transverse vibrations of a 
stretched string of length J (see 33.2.2.) are 


rah VS (n = 4,2,...) 


The displacement nodes and the deformation and stress anti- 
nodes are at the ends of the string. 

33.7.10. The natural frequencies of longitudinal vibrations of a 
thin rod of length J are: 

(a) For a rod fixed at the middle: 


fart 2 (n = 0,1,2,...) 
where go = density of the rod material 
E = Young’s modulus of the rod material. 
The nodes of deformation and antinodes of displacement are at 
the ends. 
(b) For a rod fixed at one end: 


_ nt+14/E 
~ Al e 

Al the fixed end there is the displacement node (and deformation 

antinode); and at the free end the deformation node (and the 

displacement antinode). 

(c) For a rod fixed at both ends or suspended freely from non- 


clastic cords: _ 
n E 6 
yo aye (mn = 4,2,...) 


(n = 0,1,2,...) 
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In the first case the displacement nodes (and deformation anti- 
nodes) are at the ends of the rod; in the second the deformation 
nodes (and displacement antinodes). 


33.8. The Doppler Effect 


33.8.1. The Doppler effect refers to the dependence of the fre- 
quency of waves perceived by an observer on the velocities of 
the wave source and receiver with respect to the medium in 
which the waves are propagated. If the wave source, vibrating 
at a frequency », travels at a velocity u, relative to the medium, 
and the observer at a velocity u., then the frequency » perceived 
by the observer equals 
14+ 2 cos 6, 

v= %— 

1+-— cos 9, 
c 

where velocity of the waves in a fixed medium 
angles made by the vectors u, and u, with 
vector R connecting the receiver with the 
wave source. 


33.8.2. The following approximate formula is valid when 3 «1 


ol 


c 
0, and 0, 


Us 
and ae 1: 


y= v(4 —< cos 0) 


where u = relative uae! of the source and receiver (u = 
= U,—U, 
6 = angle between vectors u and R. 
If the source and observer are approaching each other, angle 0 is 
obtuse, cos 6 < 0 and » > 1); if the source and observer are reced- 
ing from each other, then angle @ is acute, cos? > 0 and »< 1», 
The Doppler effect in optics is dealt with in Sec. 32.9. 


33.9. Absorption and Scattering of Sound Waves 


33.9.1. The propagation of sound waves in a homogeneous me- 
dium is accompanied by dissipation of energy (see 3.6.3.) duc 
to viscosity (internal friction) and heat conduction of the 
medium. This phenomenon is called the absorption of sound 
waves. 
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The amplitude a and intensity J of a plane wave, propagated 
along the positive direction of the Oa axis, depend on 2 according 
to an exponential law 
a(x) = ae-v* and I(x) = Iye7?r= 
where a, and 7, = amplitude and intensity at the point « = 0 
y = sound absorption coefficient. 
For longitudinal waves in gases and liquids 


ll 


ow 4 ie Cp—Cy 
v= 2ecd [+ nt o+ CpCy | 
where wand e = cyclic frequency and velocity of the 


waves 
o, n, and K = density, dynamic viscosity (sce 19.3.2.), 
second viscosity (see 19.3.3.), and ther- 
mal conductivity, respectively 
c, and ey = specific heats of the medium in isobaric 
and isochoric processes. 


These relations are valid under the condition tha 


for a low relative reduction of the amplitude of the wave at a 
distance equal to the wavelength. 

33.9.2. High absorption occurs when a sound wave is reflected 
from a hard wall. The reason for this is that the temperature 
gradients near the wall and the component of the velocity of 
the liquid or gas particles, tangent to the wall (upon oblique 
incidence of the sound waves), are considerable in value. 

The fraction of the energy absorbed in the reflection of a sound 
wave from a hard wall equals 


ay AY Uys sin i+ (2-1) Val 


WwW ccosi 


Cc 
t «4, ic. 





where wo and ce = cyclic frequency and velocity of the incident 
sound wave 
i = angle of incidence 
c, and cy = specific heats of the liquid or gas in isobaric 
and isochoric processes 
vy and a = kinematic viscosity (see 19.3.2.) and thermo- 
metric conductivity (see 15.3.1.) of the 
liquid or gas. 
This formula is valid if i« at the wave resistance (impedance) 


of the wall is much greater than that of the liquid (or gas), and 
the wall temperature is constant. 
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33.9.3. The attenuation of sound in closed rooms after the action 
of the sound source has ceased is characterized by the reverbera- 
tion time. This is equal to the time required for the volume energy 
density of the sound waves to be reduced to i of its initial 
value. 

33.9.4. The scattering of sound is the process of converting a 
sound wave into a greal number of waves propagated in all 
possible directions. Sound is scattered as a result of the interac- 
tion of the sound wave with numerous obstacles it encounters in 
its travel. 

The ratio a of the power of the scattered waves to the intensity 
of the initial wave (falling on the obstacle) is called the total 
effective sound scattering cross-section. If the size of the obstacle 
is small in comparison with the wavelength of the sound, then 
o & ow, where is the cyclic frequency of the ineident wave. 


33.10. Elements of Physiological Acoustics 


33.10.1. Sound waves of a frequency within the range from 16 to 
20,000 hertz (cps) are called audible sounds, or sounds in the 
audible frequency range, because they are capable of producing 
the sensation of sound when they act on man’s organs of hearing 
(see also 33.10.3.). Sound waves with frequencies r<16 hertz are 
called infrasonic; those with frequencies » > 2X104 herlz are 
called ultrasonic. 

$3.10.2. The nature of sound perception by the human car 
depends upon the spectrum of frequencies of the sound (see 
33.4.7.). Noise has a continuous spectrum, i.e. the frequencies of 
its simple sine waves form a continuous series of values that com- 
pletely fili a certain interval. Musical sounds (tones) have a 
line spectrum of frequencies: the frequencies v; of the sine waves 
that compose these sounds form a series of separate discrete 
values. Musical sounds correspond to periodic or almost periodic 
vibrations. 

Tach sine sound wave is called a tone (simple, or pure, tone). 
The pitch of the tone depends on frequency: the higher the fre- 
quency, the higher the pitch. The fundamental tone of a complex 
musical sound is the one corresponding to the minimum frequency 
of its spectrum. Tones corresponding to the other frequencies of 
the spectrum are called overtones. If the frequencies of the over- 
tones are multiples of the frequency », of the fundamental tone, 
the overtones are called harmonics. The fundamental tone with 
the frequency », is called the first harmonic, the overtone with 
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the next higher frequency 27, is called the second harmonic, etc. 
Musical sounds having the same fundamental tone may differ 
in timbre, or tone colour. Timbre is determined by the composition 
of the overtones, i.c. by their frequencies and amplitudes, as 
well as by the nature of the growth in amplitudes when the sound 
begins and the drop when it ends. 
33.10.3. A measure of the intensity of the auditory sensation is 
the loudness of sound. The loudness of a sound depends upon 
its effective acoustic pressure p,jy (sce 33.5.5.) and frequency. 
The threshold of audibility is the minimum value p, of the effective 
pressure at which the sound is perceived by the human ear. 
The threshold of audibility depends upon the frequency of the 
sound, reaching its minimum value, of the order of 210-5 N 
per m? at frequencies vy = 700 to 6 000 hertz (cps). The standard 
threshold of audibility p} is taken equal to 2X10-5 N per m? at 
vy = 1000 hertz. 
The threshold of feeling (pain threshold) is the maximum effective 
acoustic pressure at which sound is perceived without the sen- 
sation of pain. If the acoustic pressure exceeds this value normal 
auditory perception becomes impossible. The threshold of feeling 
also depends upon the frequency of the sound. 
33.10.4. The acoustic pressure level of a sine sound wave is the 
quantity L which is proportional to the common (Briggs) loga- 
rithm of the ratio of the effective acoustic pressure p,y of this 
a to the audibility threshold p, at the given wave frequency. 
my us 
=2 Desf 
L = 2k log me 


where k is a proportionality factor depending upon the choice 
of the units of measurement for L. 

The selection of the logarithmic dependence of L on py is 
based on the Weber-Fechner law which states that the increase 
in the intensity of a sensation is proportional to the ratio of the 
intensities of two stimuli being compared that evoke the sen- 
sation. 

3.10.5. The Weber-Fechner law is a physiological relationship 
and only approximate. In the region of energies of stimulation 
near to the threshold values it appreciably disagrees with the 
experimental data. In application to physiological acoustics, 
this law does not, with sufficient accuracy, allow for the influence 
of the frequency of a sound on its loudness. Hence, to compare 
the loudness of acoustic waves of all possible frequencies use is 
made of a quantity which is called the sound loundness level 
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and is expressed as follows: 


* 
L* = 2k log ea 
Do 


where pj = standard threshold of audibility 
py = effective pressure of a sound of standard fre- 
quency, v = 1000 hertz, which is of the same 
loudness as the sound being investigated. 


For sound waves with a frequency of 1000 hertz, the loudness 
level coincides with the acoustic pressure level. 


33.11. Ultrasonics 


33.11.1. Ultrasonics deals with clastic waves of frequencies 
from 2X104 to 10! hertz. Ultrasonic waves with frequencies of 
the order of 10° hertz and higher are sometimes called hyper- 
sonic. The upper limit of ultrasonic frequencies (101? to 10% 
hertz in crystals and liquids, and 10° hertz in gases at standard 
conditions) corresponds to frequencies at which the ultrasonic 
wavelength becomes commensurable with the intermolecular 
distances (with the mean free path of the molecules in gases). 
Ultrasounds are generated by mechanical or electromechanical 
oscillators. An example of a mechanical oscillator for low-fre- 
quency ultrasounds (vy = 20 to 200 kilohertz) of high intensity is 
the siren. The “sounding” of a siren is the result of periodic 
interruption of powerful jets of compressed air or steam as they 
pass through holes drilled in two coaxial disks, one of which 
(stator) is fixed and the other (rotor) rotates at high speed. 


The frequency of the sound produced by a siren is » = 5, 


where w is the angular velocity of the rotor and N is the number 
of holes spaced equally around a circumference in the stator 
and rotor. 

Electromagnetic ultrasonic oscillators are classified into two 
main types: magnetostrictive and piezoelectric oscillators. 
Magnetostrictive oscillators are used to generate low-frequency 
ultrasounds (up to 200 kilohertz). Their operation is based on 
the phenomenon of magnetostriction (see 28.6.15.) in a variable 
magnetic field. The simplest oscillator of this kind is a ferromag- 
netic rod which is the core of a solenoid through which a high- 
frequency alternating current is passed. 
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Piezoelectric oscillators are used for generating ultrasounds of 
frequencies up to 50 megahertz. The basic element of a piezo- 
electric oscillator is a plate of piezoelectric material which accom- 
plishes forced mechanical vibrations in an alternating electric 
field due to the inverse piezoelectric effect (see 20.8.5.). 
33.11.2. Ultrasounds are detected and analysed by means of 
piezoelectric and magnetostrictive transducers, or pickups. 
The former use the direct piezoelectric effect (see 20.8.5.) devel- 
oped in a plate of piezoelectric material subjected to forced 
vibrations by the action of the ultrasonic waves being detected. 
Magnetostrictive transducers are based on the phenomenon of 
the change in the induction of the magnetic field of a ferromag- 
netic body when it is subjected to deformation. The alternating 
compressional and tensile stresses developed in a ferromagnetic 
rod upon the action of an ultrasonic wave on its end face set 
up an alternating emf of electromagnetic induction in the wind- 
ing of a coil put on the rod. 

33.11.38. Owing to their small wavelength, ultrasounds can be 
emitted in the form of narrow well-defined beams similar to a 
pencil of light rays. The reflection and refraction of ultrasonic 
beams at the boundary of two media take place according to the 
laws of geometrical optics (see Chap. 38). 

The direction of ultrasonic rays is changed and they are focused 
by mirrors of various shapes, acoustic lenses, radiators of special 
shapes, etc. The mirrors should reflect the ultrasonic waves as 
completely as possible and they should therefore be made of 
substances whose acoustic resistance is many times greater than 
that of the surrounding medium. Acoustic lenses, on the contrary, 
are made of substances whose acoustic resistance is near to that 
of the medium. The converging (or diverging) properties of 
acoustic mirrors and lenses comply with the same laws as the 
corresponding optical devices. 

33.11.4. The amplitudes of the velocity and acceleration of the 
vibrational motion of particles of the medium, as well as the 
amplitude of acoustic pressure in ultrasonic waves are many 
limes greater than the corresponding values for audible sounds. 
Owing to the large amplitude of acoustic pressure developed by 
powerful ultrasonic oscillators, the phenomenon of cavitation 
occurs in liquids located in an ultrasonic field. This means that 
in the liquid internal discontinuities are continually being form- 
ed and then disappear. The disappearance of these disconti- 
nuitics, which are in the form of minute bubbles, is accompanied 
by instantaneous increases in pressure up to hundreds and even 
thousands of alinospheres. Consequently, ultrasounds have a 
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crushing action—they can break up solid bodies, living organisins, 
large molecules, etc. in the liquid. 

33.11.5. Ultrasounds are very intensively absorbed by gases and 
many times less intensively by liquids. For instance, the absorp- 
tion coefficient of ultrasound in air is 1000 times greater than 
that in water. One of the reasons for this is that the kinemalic 
viscosity of water is substantially less than that of air. 

#3.11.6. Ultrasonics finds application in engineering for measur- 
ing and detection (sonar, flaw detection, measuring the thickness 
of tubing walls, layers of scale in tubing and boilers, ctc.), as 
well as for realizing and accelerating various production proc- 
esses. 

33.11.7. The principle of sonar (derived from SOund Navigation 
And Ranging) is similar to that of radar (see 34.3.7.) and consists 
in determining the distance to a body deep under the water by 
measuring the time interval between the generation of a short 
ultrasonic pulse and the reception of the echo-signal due to the 
scattering of the ultrasound by the body being located. The 
change in frequency of the echo-signal, due to the Doppler 
effect (see 33.8.1.), enables the radial velocity of the body to be 
determined, i.e. the projection of the velocity of the body, with 
respect to the observer, on the straight line joining the body 
and observer. 

$3.11.8. Ultrasonic flaw detection consists in the detection and 
location of hidden (internal) defects (cracks, blowholes, structu- 
ral inhomogeneities, etc.) in solids by means of ultrasonic tech- 
niques. It is based on the scattering of ultrasonic waves by the 
surfaces of defective regions in the body. 

33.11.9. The crushing action of ultrasonic waves is used in various 
processes: for producing emulsions and suspensions, for removing 
oxide films from and degreasing the surfaces of machine parts, 
for sterilizing liquids, pulverizing photoemulsions, etc. The 
destructive action of ultrasonic waves in a liquid at the surface 
of a solid is appreciably increased if a slurry of finely divided 
abrasive particles is introduced into the liquid. This phenomenon 
is made use of in ultrasonic grinding and polishing, as well as 
for “drilling” holes of various shape in glass, ceramics, superhard 
alloys and crystals. ; 
38.11.10. Ultrasonic techniques accelerate the processes of diffu- 
sion, dissolution and chemical reaction. The influence of ultra- 
sonic waves on the progress of chemical reactions is chiefly duc 
to the formation of free ions. Ultrasonic waves are used for gas 
purification since they coagulate minule solid particles and 
droplets of liquid contained in the gas. 
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33.11.11. Ultrasonic waves are widely employed in molecular 
acoustics for investigating the structure and properties of sub- 
stances by acoustic methods. 


33.12. Shock Waves in Gases 


33.12.1. A shock wave is a wave surface propagated in a gaseous, 
liquid or solid medium, at which there is a discontinuous increase 
in pressure (jump) accompanied by changes in the density, tem- 
perature and velocity of the medium. This surface is called the 
discontinuity surface, or pressure shock. Shock waves are produced, 
for example, by detonations, explosions, travel of bodies in air 
at ultrasonic velocities, etc. The rate of propagation of a shock 
wave with respect to the undisturbed medium is greater than 
the velocity of sound in this medium. 

33.12.2. The following relations are valid at the discontinuity 
surface in gases: 

. Vin Ven 
OPin = O2Peny ~g tha = the 
Pit OWin = P2-t Q2P¥n aNd dyy = Vez 


where and p = density and pressure of the gas 
v, and v, = projections of the velocity of the gas (in a 
coordinate system rigidly fixed to the ele- 
ment of the discontinuity surface being 
considered) on the normal to the element of 
discontinuity surface and on the plane tan- 
gent to this element 
h = enthalpy (see 9.1.6.) of unit mass of the gas. 


The subscripts 1 and 2 refer to the states of the gas on different 
sides of the discontinuity surface, i.e. in front of and behind the 
pressure shock. 

33.12.38. A pressure shock is said to be normal if its surface is 
normal to the velocity of the oncoming gas flow. Then v,; = 0, 
Py, = Vy ANd V9, = Vo. Otherwise, it is said to be oblique. 
3.12.4. Certain relations for a pressure shock are 


- a ‘ 4 1 
Bia = (01012)? and Vin — Van = V (p2—ps) (~~) 
Q1 C2 


The equation of a shock adiabatic (Hugoniot adiabatic) curve is 


1 1 1 
hy—ha+-> (P2-P:) (ate) =0 
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or 
Uy — Ug + +h (Pit Pe )(----4) =0 


where u is the internal cnergy (sce 9.1.1.) per unit mass of the gas. 
For an ideal gas with constant specific heats e, and ey (see 9.4.5.) 


(x1) 22-(4-1) (x+4)- ed ce 1) 
(x+4)—(x—1) 2. a eC 
Qa Pr 


Pe 
Pi 


‘D 


where x = a is the adiabatic exponent. 


Upon an unlimited increase in the pressure jump (= : oo), the 
ratio of the gas densities ooere and after the jump approaches 
a finite limit, equal to * “tt . This results from the irreversibility 


of the process of adiabatic compression of the gas by the shock 
wave, such a process being accompanicd by the dissipation of 
energy and an increase in entropy. If the gas flow preceding the 
shock wave is potential, then behind the wave it becomes rota- 
tional, or vortex flow (see 19.1.3.). 

The entropy jump in a low-intensity shock wave is proportional 
to the cube of the pressure jump. Thus 


(“2 
zs gl @ 3 
127, Op i (P2—P1) 


where 7, = absolute temperature of the gas preceding the shock 
wave 
sand @ = specific entropy and density of the gas 


at 
ae, >0. 


33.12.5. Consider a normal pressure shock. The velocity of gas 
flow following the normal shock becomes subsonic. The gas 
velocitics preceding (v,) and following (v,) the pressure shock 
comply with the equations 





S2—S, 


Vy. = Ch; vy > cy and vw.< Cc, 


where c, and c, = velocities of sound preceding and following 
the pressure shock 
Cy = critical velocity (see 19.7.8.). 
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For an ideal gas 
aaa 
meV dot 
(x— ie ‘toe ty 
Yale? 1 FG] 
rr | ¢ Pp t 
fe SN Sy tage yeh [(-1) pi - («+1)} 


The relations between the state variables are of the form 


Dg = Cy 








Pa lm go M1 te (% +1) M2? 


Dy xt4 : ; (1) MBF 2 


mtd 01 (%—1)M?+2 
T, _ [2x M2—(x—1)] [(x—1) M2+2] 





T, (x+1)? M? 
v (%—1)M2+42 
here M, = — = oe. 
* a ee Qn M2—(x—1) 
v. 
M, = a 


The changes in the state variables of an ideal gas and in the veloc- 
ily are 


_ 2 ; 1) _ > (M2 — 
Po- Pv = ne Pi(Mj—1) = i ei(! Fa) = 01¢%(Mi, —1) 


Mz-1 


C201 = QQ C= (Mis — 1) 
ot tad 
2 
1-7, = *2 7, Mi A! gd (Mix—1)T, 
as gee 7 me aa 


where My, = ae is the velocity coefficient (see 19.7.8.) of the 
flow in front of the shock, related to M, by the equation 


2 (%+41) MZ 
Pe os 
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33.12.6. Consider an oblique pressure shock (Fig. 33.3) in an 
ideal gas. The angle a between the vector v, of the gas velocity 
in front of the shock and the shock-wave surface may have any 
value in the range from a, to 2— a), where sin a, = ae As a result 
Q . of their passing through the shock-wave 
a, eee" surface (discontinuity surface), the stream 
lines (see 19.1.4.) are “refracted” (8 <a). 

Thus Bs 

_ 2(x-1) Misin?a+4 
at lis (+41) M? sin 2a 





2 gin? q— 
tan (ap) = MES ot cota 
FIG.33.3 1+“ —sin? «) ; 


Ifa= $ (normal shock) or a = arcsin A , then B =a. 

The relations between the velocity components normal to the 
discontinuity surface are 

x—1 


mat V1C0S A; Vin > Cy; and Von < Cy 


VinVon = Ch — 
Depending upon the magnitude of the tangent component v, = 
= v, cos a, the velocity v, behind an oblique shock may be either 
subsonic or supersonic. Thus 





_ 2+(x—1) M2 
M, = 2x M3 sin? a—(x —1) 


2M? cos?a 
2+(*—-1) M2? sin? a 





+ 


The ratio of the gas pressures is 


De 2x a x—4 

Bi Bae Opa 
33.12.7. A shock polar curve is one representing the relationship 
between the projection v,, of the velocity v,, behind the compress- 
ion shock, on the axis Oy, perpendicular to the velocity v, in 
front of the shock, and the projection v., of velocity v, on the 
a parallel to v,. The equation of a shock polar curve is of 
the form 


2 
22) = 2 ViVen— Ce 
vy = (V1 — Vez) 


2 2 
x+1 VI VyVazt Cy 


A shock polar curve is shown in Fig. 33.4. It intersects the Or 
axis at points Q(ves = ) and P(v,, = v,). The former corre- 
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sponds to a normal pressure shock and the latter, to a shock 
wave of zero intensity: v, = v,. Arbitrary point A of the shock 
polar curve corresponds to an oblique pressure shock. The method 
of determining angles a and f for this shock is clear from Fig. 
33.4. The distance OA = vp. 





FIG.I3.4 ¥10.33.5 


$3.12.8. If a body travels in a gas al a subsonic velocity (v<c), 
then weak (acoustic) waves are propagated in the gas in all 
directions. This includes waves which outstrip the travelling 
body and reach portions of the gas located in front of the body. 

If a body travels at supersonic velocity (v>c), the acoustic waves 
reach only the portion of the gas located behind the travelling 
body and bounded by a certain surface called the characteristic 
surface or small-discontinuity surface. With the supersonic rectilin- 
car motion of a body of vanishingly small size, the character- 
istic surface wil be a circular cone (Fig. 33.5) whose vertex 
coincides with the travelling body O. The angle « between the 
yeneratrix of the cone and the path of the body complies with 


the condition: sin a = - This angle is called the angle of small 


disturbances, or the Mach angle. The small-discontinuity surface 
is a limiting case of an oblique pressure shock. On the shock 
polar curve it corresponds lo a point where v,, = v, = v. 


Ji* 
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Electromagnetic Waves 


34.1, General Characteristics 


34.1.1. The propagation of an alternating electromagnetic field 
in space constitutes a phenomenon called electromagnetic waves. 
Electromagnetic waves are transverse since the electric and mag- 
netic intensity vectors E and H of the wave fields are mutually 
perpendicular and lie in a plane perpendicular to the velocity 
vector v of wave propagation. Vectors v, E and H form a right- 
handed system: from the head of vector v the smallest angle of 
rotation from vector E to H is counterclockwise. Thus 


A ray is a line whose tangent at cach point coincides with the 
direction of wave propagation at that point, i.c. with the direction 
of energy transfer. 

34.1.2. The relations between E and H in an electromagnetic 
wave propagated in a nonconducting medium are determined 
by Maxwell’s equations (see 30.4.2.) in which g and j are assumed 
equal to zero. Thus 


culk =~F; divD = 0 
is (in SI units) 
culH =? ;  divB = 0 


curl E =-i$; div D = 0 
(in Gaussian units) 


curl Ho == are div B = 0 
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where ¢ = 3X10 cm per sec is the electrodynamic constant 
(conversion coefficient) (see 25.1.2.). For a homogeneous, isotropic, 
nonconducting medium, which has neither ferromagnetic (sce 
28.6.2.) nor ferroelectric (see 20.8.1.) properties 

D = K,eE; B= Kyu 

‘ oH oy 

curl B= — Kartty carrie div K = 0 (in SI units) 


cur = Key; div = 0 


D = KE; B= K,|l 
curl B= a ae 3 div E= 0 (in Gaussian units) 
curl He = i a ; div H = 0 | 
where € and “ty = permillivily of free space and the mag- 


netic constant 
AK, and K,, = relative permittivity and permeability 
of the medium. 


The vectors E and H of the ficld of the electromagnetic wave 
can be expressed in terms of the scalar g and vector A potentials 
(see 30.5.1.). Thus 


—'_curl A (in SI units) 


ll 


peace OAL : 
KSs-5 grad 9; H 


‘Kmi'o 
; 1 dA 4 Pe nee Hs 
Kos ---45- grad g; Hl =-,--curl A (in Gaussian unils) 
c ot Km 


and in both systems of units 





Ag he Se ip Behe Oe 








ea ? ce 
. _ KeKm OE , _ KeKm OH 
AE = a" op 3 AW = a" op 


where 4 = Laplacian operator (see 19.3.2.) 


e=—t. = 3x10? m per sec (in SI units). 
Veoro 


‘Thus m and each of the projections of the vecturs A, E and Hon 
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the axes of a Cartesian coordinate system comply with the wave 
equation is 
as, ‘ 
As, = <2 Get (i = 4, - + +, 10) 


where v = 











= phase velocity of the electromagnetic wave 


¢ 
VE.Kn 
$,= 9, S,=A,, 8 = Ay,..., Sy = Az. 


In a vacuum (K, = K, = 1), v =e. For all media except 
ferromagnetic ones (see 28.6.1.), K, = 1 and v = oe 

34.1.3. An electromagnetic wave is said to be plane it vectors # 
and H depend only on time and on one Cartesian coordinate, 
for instance, z. In a plane wave, all rays are parallel to one an- 
other. 

The following relations are valid for a plane wave propagated 
along the positive direction of axis Ox of a right-handed coordi- 
nate system: 








E,=H,=0 
aEy an ak, ant 
ae Kd gy 3 pg = Katto “Gy 
aH an au aE 
—* K.€5 —* ’ a — = Ke > = . = . 
ax at ax at (in SI units) 
a coe us : 
H,= (2s ae hy; Hy = Kea E 
B= YX ny = vce leur! An 
Ke VK, 
E, = H, = 
ay Km OH, | Ob, Ky Olly 
| an a a) | 
aHy Ky, OK, | dil, “Ke OKy 
ax ec a ° ox c at (in Gaussian units) 
“Ke” Ke pp 
H, = Kn Ly; H, = kK 4, 
1 : 
B= V >in = —---[ourl An] 
E.Kn 
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where n is a unit vector in the direction of wave propagation. 
Consequently, the plane wave can be completely described by 
means of the vector potential A only. In a vacuum 


H,=-V2E,; H, = j= E,; Vig =VaE (in SI units) 
H, = —E,; H, = E,; H=E (in Gaussian 
units) 


34.1.4. An electromagnetic wave is said to be monochromatic 
if the components of the vectors E and H of the wave’s elcctro- 
magnetic field oscillate with sinusoidal motion (see 6.1.3.) of the 
same frequency, which is called the frequency of the wave. 
A monochromatic wave is unlimited in space and time. 

An arbitrary nonmonochromatic wave can be represented as a 
lotality of monochromatic waves (see 33.4.7.). 

34.1.5. The vector potential of a plane monochromatic wave is 


A= A,e7 lot (ny) 


where A, = certain constant complex-valued vector 
w = cyclic frequency 

= radius vector drawn to the point of the field being 
considered 
k = wave vector (see 33.4.6.). 


In turn 
2 
k= “n= "7 n = const 
v Aa 
where n= unit vector in the direction of wave propagation 
v = phase velocity of the wave 


A = vT = wavelength 

T = period of oscillation. 
34.1.6. The intensities of the electric and magnetic fields of a 
plane monochromatic wave are 


E = Re {Eye tote} 
H = Re {HyeW tot k)]} 
where E, and H, are constant complex-valued vectors. Thus 


E, = A, = —“—aA,; H,= ae [kA,] (in SI units) 
mEOQ 








¥ Km 
. ik i ; : 
BK, = “iA, = —4— A; wo = —"-[kA,] (in Gaussian 
c VK.Km  °’ 8 Km units) 


The meaning of the symbol Re is given in 33.4.6. 
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34.1.7. The vector F, can also be written as 
Ky == aye! 4 ae" 
where a,anda, = two mutually perpendicular real vectors 
lying in a plane perpendicular to wave 
vector k 
a, and a, = real scalars. 


If the Oy axis passes along vector a, and the Ox axis in the diree- 
tion of wave propagation, then 


EF, = a, cos (mt—ke+a,) and F, = +a, cos (wl — ha + ay) 


where the plus (minus) sign is for the case when the vector ag: 
is along the positive (negative) direction of axis Oz. 
34.1.8. At each point of the field of a plane monochromatic wave, 
the head of vector E describes an ellipse lying in plane yOs. The 
equation of this ellipse is of the form 

Ej EF og EyE: bod lg 

ge COS (ag—4a,) = sin? (a,—a;) 
Such a plane wave is said to be clliptically polarized. If a, = az 
and a,—a, = (2m+1) $ , where m = 0, +1, ..., the plane wave 


is said to be circularly polarized. If, separately, either a, = 0 or 
a@,= 0 or a,—ay = ma, where m = 0, +1, ..., then the plane 
wave is said to be linearly, or plane-, polarized. Ina linearly polar- 
ized wave, the vectors E at 

¥ | Direction of propagation all points of the field vary 
——> along parallel straight 

lines. A plane passed 
through vector E and the 


erence a tay (see 34.1.1.) is called 
P Malt HD F/M A \_7 the plane of vibration of the 


linearly polarized wave. 


WA, YP NUH, Wa ff Z The plane of polarization* 
H E is the one passed through 
Plane of polarization the vector H and the ray. 


The planes of vibration and 
Zz polarization are mutually 
FIg.34.4 perpendicular (Fig. 34.1). 





se ik of vibration 






* In the recent literature, the plane of polarization is often referred to as the 
one passed through the vector K and the ray. 
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An arbitrary plane wave can be represented as the combination 
of two plane waves linearly polarized in mutually perpendicular 
planes. 

34.1.9. The amplitude a of a linearly polarized monochromatic 
electromagnetic wave is the maximum value of the magnitude 
of vector E. Thus a = |E|,,2- 

The intensity I of an electromagnetic wave is a quantity numeric- 
ally equal to the energy transported by the wave per unit time 
through a surface of unit area perpendicular to the direction of 
propagation. The intensity J is related to the Poynting vector 
S (see 30.6.2.) by the equation 


= |8| = +|fsw 








where T is the period of the wave. 

For a linearly polarized plane monochromatic wave, J o a?, where 
ais the amplitude of the wave. For an arbitrary plane wave 
in a homogeneous nonabsorbing medium, J = const. 

34.1.10. An electromagnetic wave is said to be spherical if its 
intensity depends only on the distance r from a certain point 
called the wave centre. It follows from the law of conservation 
of energy that for a spherical wave in a homogencous nonabsorb- 
ing medium, I = const 

34.1.11. The dependence of the phase velocity of an clectromag- 
netic wave in a medium on the frequency of the wave is called 
dispersion. Media in which this phenomenon is observed are 
said to be dispersive. Only in a vacuum is there no dispersion 
of electromagnetic waves. 

34.1.12. Real electromagnetic waves are not monochromatic, 
if for no other reason than that they always are of limited extent 
in space and of limited duration in time. Such waves can be 
represented as a totality of monochromatic waves which are 
called a wave train, or packet. As it is propagated in a dispersive 
medium, the shape of a wave train is distorted because of the 
different phase velocities of the monochromatic components of 
the train. The conception of the phase velocity is therefore 
insufficient to characterize the propagation of a wave train and 
its on of energy transport, i.e. the rate of propagation of a 
sign 

341.18. As a first approximation, a linearly polarized plane 
wave train, produced by a source with sinusoidal amplitude 
modulation and propagated along the positive direction of the 
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Ox axis, can be represented in a form complying with the ampli: 
tude-modulated oscillations of the field at cach point in space. 
Thus 
‘E = ali+m cos (Qt— Kx)] cos (wt — kz) 
where m= = «K«1;2«o 
a’ and 2 = amplitude and cyclic frequency of modulation 
a and w = amplitude and frequency of the modulated (“carrier’’) 
wave 


K= £ (ky — ke), k, ky and k, = wave numbers correspond- 
ing to monochromatic waves of frequencies w 
@, = 0+ Nando, = wo—2. 
The linear dimension of a wave train along the Oz axis is 


The rate of energy transport by a wave train is called the groug 


velocity u. Thus 


For small values of 2 


dw d 
u= —Ge=v-A- Sree Se Sea 





where v = phase velocity of the modulated wave 
A= ze = its wavelength. 
If there is no dispersion, then 2. = oe = Oandu=v. 
Normal dispersion (see 40.1.1.) corresponds to 
£ <0; > 0 and u<v 


Anomalous dispersion (see 40.1.1.) corresponds to 

dv dv 

I 7% a <9 and u>v 
34.1.14. The results given in 34.1.13 are sufficiently accurate 
only in the region 
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where a -: distance to the wave source 


Aw = length of the wave train 
Au = difference in group velocilies at the frequencies m 
and wtQ. 
Near_the frequencies at which electromagnetic waves arc absorb- 
ed by the medium, | e | is very large and the concept of a group 
velocity becomes meaningless. 
$4.1.15. Depending on their frequency » = a (or wavelength in 


a vacuum A = +) electromagnetic waves are divided into several 


types. A scale of electromagnetic waves is given in Fig. 34.2. The 
divisions between the different kinds of waves are purcly formal. 


34.2. Radiation of Electromagnetic Waves 


4.2.1. According to classical electrodynamics, electromagnetic 

waves are originated by accelerated electric charges. Electro- 
magnetic waves can also be produced in substances by charges 
with zero acceleration, but whose velocity exceeds the phase 
velocity of light in the given substance (Vavilov-Cherenkov 
radiation, see 32.8.1.). The process of emitting electromagnetic 
waves by an electric system is called radiation, and the system 
is called a radiating system. The electromagnetic field of the waves 
radiated by the system is called the radiation field. The following 
treats of certain data on the radiation field in a vacuum. 
34.2.2. A wave zone is a region of space located at a distance from 
the radiating system that considerably exceeds the size of the 
system and the length of waves it radiates. Within small portions 
of the zone, electromagnetic waves can be dealt with as plane 
waves. The electromagnetic radiation field of a system can be 
determined in the wave zone by means of the retarded vector 
potential A (see 30.5.3.). 
If the origin of coordinates is chosen within the limits of a radiat- 
ing system whose size is small compared to the length of waves 
it radiates, then in the wave zone the vector potential of the 
ficld of the system is of the form 


A(R, t) = 4 fi(’+) av’ (in SI units) 
; 

A(R, t) = ae fale +2) dv’ (in Gaussian units) 
: 
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where R = radius vector of the point of the field being consid- 


ered 

R= |R| 
R 

n= R 

r’ = radius vector of an element of volume dV’ of the 
system 

v=t-— x < 


c 
Since (r’n) <A, it usually proves sufficient to limit the expression 
for A to one (first approximation) or two (second approximation) 
lerms of the expansion of the integrand into a series of the powers 


of i . Thus 


A(R, 0) = ioe sie dV’ + (cs fie (r’n) dV’ (in SI units) 


A(R, t) = ae {uevares or _ fi (’) (rn) dV’ ce 


For a system ot point charges q1, qz, -- +) Qn 
ie : » qv; and Jaw’ n) dV’ = Pa qv¥,(tn) 
=I 


where r; and v, are the radius vector and velocity of charge q. 
$4.2.3. As a first approximation, the radiation of an electric 
system is due to the change with time of its electric, or dipole, 


moment p. = ) gat, where q,, ...,q, are charges making up the 
i=l 


system and r, is the radius vector of charge g;.Such radiation is 
called dipole radiation or electric dipole radiation. In the wave 
zone, the field of dipole radiation of a system of charges whose 
velocities are low in comparison with the velocity of light in a 
vacuum (v;<«c)* is of @e form 


A(R, t) = ,{9, b(t *) 
KR, ) = 285 [[B.(--2)RR] (in SI units) 
WIR, }) = acne [R(t FR] 


* This is equivalent to the condition that the size of the system is small in 
comparison with the length of the waves it radiates. 
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A(R, }) = sy B(t-2) 
B(R, 0) = Asp [[e-(--2)R]R] (in Gaussian units) 
HR, t) = pe [B.(t—-)R] 


where R = radius vector drawn from the radiating system to 
the point being considered in the field 





R= |R| 
= ODe 
Pe = “at 
ae 2p, 
Be = “ae 


fy = magnetic constant. 
In particular, for the radiation of a point charge q, 


Pe = gt, Pe = ga and 
K(R, 1) = - “4, [faRTR] } 


4nk3 


(in ST units) 
H(R, 4) = pepe fal | 


F(R, t) = 21, [[aRIR] 
H(R, t) = ~sape [AR] 


where a is the acceleration of charge g at the instant of time pt ~ 
34.2.4.In the wave zone the Poynting vector for dipole radiati ion is 


S(R, t) = | p(i— 2 ~ yy sin?0 (in ST units) 


“isate 


|! (in Gaussian units) 





S(R, t) =- p(1-2 ) |’ sine ne (in Gaussian units) 


ee 





where 0 is the angle between vectors p, (:-~) and R. 


The instantaneous power of dipole radiation in an element dQ 
of solid angle, and in the direction determined by angle 0, is 





~(, 2 P 
dN = 5 6°s b(¢-4)[° sin? 0 dQ (in ST units) 
dN = gis i(¢-%) ’ sin? @ dQ (in Gaussian units) 
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The instantaneous power of dipole radiation in all directions is 


HP aA tales 
N= - |p,l (in SE units) 
N= a Ip. (in Gaussian units) 


Example 1. ‘he instantaneous power of radiation of charge q, 
travelling with acceleration a, is 


7 volta? (in SI units) 








(in Gaussian units) 


For harmonic oscillations of a charge with the cyclic frequency w 


and amplitude a, the instantaneous (NV) and average (V) powers 
of radiation are 





2q2ms. re 22 yd “ . 

N = 5" sin? wt and WN = ie (in SI units) 
Qq2ar%wt . ae 2q2ut ‘ : 

N= ie sin?wt and N = ar (in Gaussian 


units) 


The relaxation time t, i.e. the interval of time required for the 
amplitude of free oscillations of the charge to be reduced to 4 of 


its initial value due to the loss of energy on radiation, and the 
number n of full oscillations during the time z are 


- 2nem at sen (in SI units) 
Mg?’ Hoo 
3 3. . * 1 
pee gia yee: (in Gaussian units) 
wg’ Qnwq? 


where m is the mass of the charged particle. 

In the classical theory of the radiation of light by an atom, 
q = e and the quantity t characterizes the length of time required 
for the atom to emit one wave train. It is called the mean life- 
time of the radiating atom. For the frequencies of visible light 
(w ~ 4X10 sec1), t ~ 1078 sec and n ~ 107. 

Example 2. The Hertzian oscillator (dipole) is a short wire (in 
comparison with the length 4 of waves it radiates) having equal 
lumped capacitances at its ends and a spark gap in the middle. 
An alternating voltage is applied to the oscillator. Since the length 
of the oscillator 1«< A, the current J = J, sin wt in the oscillator 
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can be assumed to be quasi-steady, i.e. the same along the whole 
circuit, p, = 12! and the average radiation power is 





dt 
N= nore XB (in SI units) 

Ay Po? 2 i : . 
N= Ge Ki (in Gaussian units) 


It is common practice to characterize the energy expended on 


radiation by means of the quantity R,.g = 2N | which is called 





Be? 
the radiation resistance. Thus 
2, 2 2 . . 
Pra = “2 = 80n%(1) (in SI units) 
22w? 82? (1\? . Fo 3 
Ra = - a Ge (5) (in Gaussian units) 


34.2.5. As a second approximation, the vector potential of the 
field in the wave zone of a system of point charges 1 Yar «+ +9 Ins 
travelling at velocities v;<«<c, can be written in the form 


Ho , KM 
A(R, t) = 4 ae p(t “)4 Ay a -[p,,(¢ yn] + sae Di’) 
(in SI units) 
A(R, t) ee * p(t +o LP,,(?” yn] +- can Div) 
(in Gaussian units) 


where t’ 


T 
oe 


os qi,{t’) = electric (dipole) moment of the system 


p(t’) 
Pn(t’) = magnéeie moment of the system 


D(t’) = product of the unit vector n = z by the tensor of 


the quadrupole electric moment of the system. 
¥rom the foregoing, the magnetic moment is 


Pall’) = re adele’) vile’) (in SI units) 
Pall’) = : 3 gilt,(t’) vi(t’)] (in Gaussian units) 


mae 
oe 
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and the other terms are 


D(’) = ¥ ql 3ri(mr,) — 770] 
1 
is. op. hd Pm ‘ n) aD 
P. ie ae vn, = “at and D aaa at 


Accordingly, the intensities K(R, ¢) and H(R, t) of the clectromag- 
netic radiation field are of the form: 


B(R, ) = 38% { [Lie mdm) +5 np, (711+ 
+5; [lw)nIn]} 
HR, 1) = ty, {U.(e)n] +2 [LB,,(¢n n+ 
+4 _ Lbwm]} 
BIR, 0) = {LLB mda] + Ln, (@) 1 
+4, [Liwmn]} 
HR, = ary {LB(¢)n]+ [Lba(¢ mn] + 
+&(wm)} | 
The second and third terms of the equations for A(R, 1), E(R, é) 


and H(R, ¢) characterize the magnetic dipole and electric quadru- 
pole radiation, respectively, of the system of charges. The average 


power of these types of radiation is approximately only - of that 


of the dipole radiation of the system. Hence magnetic dipole 
and electric quadrupole radiation are of significance only when 
the electric (dipole) moment of the system equals zero or is 
constant, so that electric dipole radiation is completely absent. 
bea In the wave zone, the Poynting vector for magnetic dipole 
radiation is 


(in SI unils) 


(in Gaussian 
units) 


S(R, t) = Te Ip. (?’) ee (in SI units) 


S(R, ¢) = rae -|n( “yl sip* “0, (in Gaussian units) 


Y= LOQ09 593 
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where 0 is the angle between the vector p,,(’) and. the /radius 
vector R drawn from the radiating system to the point being 
considered in the field. 

The instantaneous power of magnetic dipole radiation into an 
element d2 of solid angle, and in the direction determined by 
angle 0 is 





aN = ~gcser |Pa(t’)|*sin?0dQ (in SI units) 
dN = a |p,,(t’)|? sin? @ dQ (in Gaussian units) 


The instantaneous power of magnetic dipole radiation in all di- 
rections is 


N=; lp,,(t’)|? (in SI units) 
N= a |p, (t’)|? (in Gaussian units) 


Example 3. A frame (loop) antenna is a closed a-c circuit. Here, 
div j = 0 (where j is the current density vector), and it follows 


from the law of conservation of charges (see 30.6.1.) that % =0, 


i.e. charge distribution and the electric dipole and quadrupole 
moments of the system are invariable in time. The radiation is 
due, therefore, to the variability of the magnetic dipole moment 
of the system, being magnetic dipole radiation. 

For a sinusoidal current [ = I, sin wt, the averge power of mag- 
netic dipole radiation of a frame antenna is 





po S2at uo (SB Qn \4 5 . 
N= R= VP ae (ZB (in SI units) 
N= = (=2)' BR (in Gaussian units) 


where S = area bounded by the circuit _ 
A= 426. = length of radiated wave (A>Y'S). 


The radiation resistance is 


2N yo S* (27)6 : : 
Rraa aude 3 = a ee (=) (in SI units) 
] 28? / § . é fe 
Rea = = (22)' (in Gaussian units) 


Bh, Electromagnetic Waves 


For a. closed system of charged particles wilh the same 
charge-to-mass ratios =o (where m; is the mass of a particle), 
e 


PD. = Pn = 0, ie. such a system produces neither electric dipole 
hor magnetic dipole radiation. Magnetic dipole radiation is also 
absent in an isolated system consisting of only two particles 
having arbitrary charges and masses. 

34.2.7. Consider the radiation of a charge g travelling at a high 
velocity (commensurate with c). 

At a distance from the charge gq, travelling at a velocity v and 
acceleration a, its field of radiation is of the form 


7 wa ['-)4]] 


4nR (1--")° (in ST units) 
= Vink} 
Ra lelle—=)s]] 


~ (ny) \3— (in Gaussian units) 
c 
H = [nE] 


where n = Es is a unil vector drawn in the direction of radiation. 

All the values in the right-hand side of these equations are taken 
F ‘ R 

al the instant of time v = t-—. 

The instantaneous power of radiation in the solid angle dQ is 


: : , (1 —2,) (nay? 
an = jw le ey (ine Gaye [48 


(in ST units) 








ve 
an -—@ | az 2(na) (va) er | 


anes (1) 1-2)" (:-@2))° 


(in Gaussian units) 
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When the velocity v and the acceleration a are parallel t6 each 
other 





ee LL 0 in SI uni 
aN = sonic CB cos 6) dQ (in SI units) 

_ asin?6 LO Ay te . 
aN =~. Tix# eos 06 dQ2 (in Gaussian units) 


where 0 = angle between the direction of radiation n and v 
pa 
=<. 


The charge emits no radiation in the directions 0 = 0, =. 
When vy is perpendicular to a 


__ Hoq?a? 1 = a — 62) sin? 6 
aN = Tene [ Cap ens 8) ~ (iz feos ae COS” | dQ 
(in SI units) 


dN = vat C—%) sin’ > cos? g] dQ 


4 
“Anes iciress 0)¢ “(1-6 cos 698 








(in Gaussian units) 


where ¢ is the angle between a plane passing through vectors n 
and v, and a plane passing through the vectors v and a. The 
charge emits no radiation in the directions 6 = arccos £, lying 
in the plane of vectors v and a (p = 0). 

In the ultrarelativistic case (1 —<«1), the charged particle emits 
radiation mainly in the direction of its motion (within the limits 
of angle 6 ~ V1 — 8). 

34.2.8. Consider the radiation of a charge travelling uniformly at 
arbitrary velocity in a circle in a uniform constant magnetic 
field H (where H | v). The averaged power of radiation during 
one revolution in the solid angle dQ and in the direction n, which 
makes the angle a with the normal to the plane of the orbit, is 





dN — GHA) (24a sin?a — (1—f*) (4+ A? sin? a) sin?a 7 ¢y 
kamzcs (1--p2 sin? at ACL ~ p2 sin? a)? 


(in Gaussian units) 


where mz, is the rest mass (see 32.6.2.) of the charged particle. 
The total power of radiation is 
NS ees (in Gaussian nits) 


~ 8mze5U 2) 
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At 1--6<« 14, radiation is concentrated mainly near the plane of 
the orbit, within the range of angles a = 2% -t Aa, where Aa ~ 


~V¥1—£%. The main part of the radiation is in the region of 
cyclic frequencies 
Ho4o7 . : 
aon mee 1 (in Gaussian units) 

and the radiation spectrum consists of a great many closely 
spaced lines. Such radiation is observed in the motion of charged 
particles in cyclic accelerators (sce 26.3.1.) and is referred Lo as 
betatron or synchrotron radiation. 

34.2.9. Radiation produced when an electron passes through 
the field of an atom or nucleus is called bremsstrahlung, or braking 
radiation. Bremsstrahlung has a continuous spectrum limited 


by the maximum frequency » which, for ~ «4, equals 
Cc 


mv? 


% = 
where v = initial velocity of the clectron 
m = mass of the electron 
h = Planck’s constant. 


34.3. Radio Communications, Television, Radar, 
and Radio Astronomy 


34.3.1. Radio communications cover the transmission of any kind 
of information by means of radio waves, i.e. electromagnetic 
waves of a frequency less than 3105 MHz. Radio broadcasting 
is the transmission of speech, music and telegraphic signals by 
means of radio; images are transmitted by television (TV). 
Radio communications are accomplished by the emission of 
modulated electromagnetic waves by the radio transmitter and 
their demodulation in a radio receiver. 

$4.3.2. The modulation of an electromagnetic wave means the altera- 
tion of its parameters by frequencies considerably lower than 
that of the electromagnetic wave itself. The wave being modu- 
lated is called the carrier wave and its frequency w—the carrier 
frequency. According to the kind of parameter of the carrier wave 
that is altered in modulation, distinction is made between: 

(a) amplitude modulation (a.m.), in which only the amplitude of 
the wave is changed: a = a,(1+-m cos Qt); 
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(b) frequency modulation (f.m.), in which only the frequency of 
the wave is changed: w = @,(1+m, cos 21); 

(c) phase modulation (p.m.), in which the initial phase of the 
wave is changed: a = a,(1+m, cos Mt) . 


where @ and 2 = cyclic frequencies of the carrier wave and of 
the modulation (Q «a,) 


m = modulation factor, or depth of modulation 

Aw = myévo = amplitude of frequency variation 
in f.m. 

Aa = am, = amplitude of initial phase variation 
in p.m. 


34.3.3. In radio broadcasting, the modulation frequency is low 
since it is within the range of frequencies of audible sounds (16 
to 20,000 Hz). Therefore, there are no rigid restrictions as to the 
choice of a carrier frequency. Such a choice is made on the basis 
of the distinctive features of propagating radio waves of various 
length in the atmosphere and the feasibility of ensuring reliable 
local and long-distance radio communication with a transmitter 
of the minimum power. Radio broadcasting is accomplished on 
long (A = 103 to 104m and v = 30 to 300 kHz), medium (A = 10? 
to 103 m and » = 0.3 to 3 MHz) and short (A = 10 to 100 m and 
vy = 8 to 30 MHz) radio waves. 

34.3.4. Any radio transmitter consists of the following principal 
parts: a generator of sustained electromagnetic oscillations of 
the carrier frequency, a modulator, and a transmitting antenna, 
which emits radio waves in the required direction. 

A receiving set consists of a receiving antenna and a radio receiver. 
The receiving antenna converts the energy of radio waves into 
the energy of high-frequency electromagnetic oscillations. Of 
these oscillations, the radio receiver singles out those excited by 
the required transmitter, and then amplifies and demodulates 
them; i.e. separates the modulating oscillations of low frequency 
from the high-frequency (carrier) oscillations. After amplification, 
the modulating oscillations are fed to the reproducer (telephone, 
loudspeaker, TV kinescope, etc.). 

34.3.5. The sending of images by TV is accomplished by modulat- 
ing a carrier electromagnetic wave in accordance with the bright- 
ness of the various small portions (spots) of the picture being trans- 
mitted. For this purpose, use is made of the phenomenon of the 
extrinsic or intrinsic photoeffect (see 42.1.2). The image (frame) 
is transmitted consecutively, line after line, and element after 
element in each line by scanning the image with the exploring 
spol. The system of TV used in the USSR provides for dividing 
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the frame inlo 625 lines with 833 picture elements per line. 
During each second, 25 frames (distinct and separate pictures) 
are transmitted. Consequently, the modulation frequency (frequen- 
cy of video signals) is approximately 6.5 MHz. To avoid distor- 
tion of the video signals, the carrier frequency should be about 
ten times greater. Therefore, ultrashort waves of the metre band 
(A = 1 to 10 m and » > 30 MHz) are used. 

A cathode-ray tube, called a kinescope, is used to reproduce the 
picture in the television receiver. The kinescope is based on the 
phenomenon of cathodoluminescence (see 43.1.3.). A special 
device scans the kinescope screen horizontally and vertically in 
synchronism with the transmission of the corresponding picture 
elements by the TV broadcast station. The different intensities 
(brightness) at the various points of the viewing screen are ob- 
tained by modulating the intensity of the electron beam in 
accordance with the modulation of the electromagnetic waves 
received. 

34.3.6. Of essential influence on the propagation of radio waves 
in the atmosphere are the phenomena of diffraction of radio 
waves (37.6.1.) at the earth’s surface, absorption in the atmosphere 
and by the surface of the earth, reflection from the latter, and 
absorption, refraction and reflection by the ionosphere—the 
upper atmosphere which is strongly charged by the ultraviolet, 
X-ray and corpuscular radiation of the sun. The ionosphere 
comprises a number of layers located at various altitudes. The 
intensities of ionization and the altitudes of these layers depend 
upon the geographical latitude, the time of the day or night and 
season of the year, and the level of solar activity. 

The most stable long-distance radio communication is accomplish- 
ed by means of long radio waves which travel around the earth 
as a result of diffraction and refraction in the troposphere, pene- 
trate the ionosphere only to a small extent and are absorbed by 
the latter also only to a small degree. 

The range of radio reception in the medium-frequency band is 
sharply different in the daytime and nighttime. This is due to the 
intensive absorption of these waves by the (lower) D-layer of 
the ionosphere and their reflection from the more distant E-layer 
( Kennelly-Heaviside layer). Atnight the D-layer disappears due 
to the absence of solar radiation, and the range of reception 
substantially increases. 

Short radio waves are absorbed by the D-layer and reflected 
from the F-layer which is more distant than the E-layer. This 
makes long-distance reception possible in the short-wave band. 


Under ordinary conditions, ultrashort radio waves (A < 5 m) are 
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not reflected by the ionosphere. Direct waves, propagated near 
the earth’s surface, are intensively absorbed by the earth. Conse- 
quently, reliable reception of these waves, for instance in TV 
broadcasting, is possible only within the range of direct visibility, 
i.e. a distance commensurate with that within sight of the trans- 
mitting antenna. Long-distance TV broadcasting requires a 
consecutive chain of relay stations, called a TV station link, 
ee receive, amplify and retransmit signals along the chain- 
work. 

34.3.7. Radar (derived from RAdio Detection And Ranging) in- 
volves the use of radio waves to determine the presence, distance, 
direction and velocity of distant objects. It is based on reflection 
or scattering of radio waves by various bodies. 

A complete radar station consists of an ultrashort-wave radio 
transmitter and a receiver having a common transmitting and 
receiving antenna which produces a pencil beam (radio beam). 
Transmission is accomplished in the form of short pulses of a 
duration of about 10-® sec. In the interval between consecutive 
pulses, the antenna is automatically switched over to reception 
of the echo-signal reflected from the target or obstacle. The 
distance to the target is determined from the timc interval 
between each transmitted pulse and the reception of the echo- 
signal. Radar uses ultrashort waves in the decimetre, centimetre, 
and millimetre bands, since most efficient operation requires 
that the size of the object being detected be many times as large 
as the wavelength A. 

Radar techniques are made use of in radar astronomy to determine 
the motion of the planets of the solar system and their satellites 
with higher precision, as well as to study the orbits and velocities 
of meteors. A radar investigation of Venus (USSR, 1962) refined 
the magnitude of the astronomic unit, i.e. the mean distance 
from the earth to the sun: 1 a.u. = 149,598,100+ 750 km. 
34.3.8. Radio astronomy is the branch of radiophysics and astro- 
nomy that deals with the investigation of cosmic objects by their 
own radio-frequency radiation (radio emission), mainly in deci- 
metre and centimetre wavelength bands, which are only slightly 
absorbed by the ionosphere and gases in the earth’s atmosphere. 
Devices used for the reception and investigation of such radia- 
tion are called radio telescopes. Owing to the large effective area 
of their aerials, the sensitivity of radio telescopes considerably 
exceeds that of the largest present-day optical telescopes. For 
example, the effective area of the cross-shaped radio telescopo 
of the Institute of Physics of the USSR Academy of Sciences 
(in Serpukhovy) is of the order of 104 m? and its resolving power 
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is of the order of 3 minutes of arc. Techniques of radio astronomy 
enable the temperature and physical properties of the surface 
layer to be determined for the planets of the solar system. Systein- 
atic observation of the sun’s radio-frequency radiation cnables 
periods of high solar activity to be forecast. Such aclivily leads 
to the initiation of magnetic storms on the earth which make 
short-wave radio communications impossible. 

Radio astronomy techniques are the only means for exploring 
the nucleus of the galaxy, and also the radio-galaxies—parts of 
the metagalaxy located extremely distant from the earth and 
having comparatively high radio luminosity, but absolutely 
unobservable in the most powerful up-to-date optical telescopes. 
Only recently, by means of radio-astronomical observations, 
entirely new extragalactic objects of the universe were discovered. 
They were named supermassive stars (quasi-stellar radio sources 
or quasars). Supermassive stars are of comparatively small 
angular size and have variable brightness. Apparently, like stars, 
they are sclf-luminous bodics. Their masses, however, are ex- 
tremely great (of the order of 10° to 10° solar masses) and their 
luminosity is several orders of magnitude greater than that of 
our whole galaxy. 


CHAPTER 35 





Lipht Travelling Through the Boundary 
Between Two Media 


35.1. Interaction Between Electromagnetic 
Waves and Matter 


35.1.1. According to the classical electron theory (see 30.7.1.) 
matter can be regarded as a system of charged particles. The 
variable electromagnetic field of a wave excites forced oscilla- 
tions of these particles. In the case of high-frequency waves, 
corresponding to visible and ultraviolet light, only the electrons 
can execute forced oscillations of any appreciable amplitude. 
The considerably more massive charged particles (atomic nuclei 
or ions) execute forced oscillations when they are excited by 
infrared radiation which is of lower frequency. 

35.1.2. In an isotropic medium, the force exerted on a charge q 
by the electromagnetic field of the wave is 


F = dE +q[-“" (nE}] 


where v, = velocity of the charge q 

v = phase velocity of the wave 

n = unit vector in the direction of propagation of ‘the 
wave. 


Since v,<«<v, the second term, representing the Lorentz force 
(see 26.1.1.), is small compared to the first. The force exerted 
on charged particles of matter is determined mainly by the 
electric field, i.e. vector E of the wave’s electromagnetic field. 
For this reason, E is sometimes called the electric vector of the 
electromagnetic wave. 
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If the molecules of matter are electrically isotropic, forced 
oscillations of the electrons in the molecules are executed in the 
direction of the oscillation of vector E of the wave’s field. If 
the molecules are anisotropic, these directions may, in the general 
case, be different. 

The electrons are most strongly influenced by light waves of a 
frequency near to the natural frequencies of oscillation of the 
electrons in the atoms or molecules. 

35.1.3. In the process of forced oscillations of charged particles 
of matter, the electric (dipole) moments of molecules vary peri- 
odically (with the frequency » of the incident light), and the mole- 
cules radiate secondary electromagnetic waves of the same frequen- 
cy v. The average distance between molecules is only a small 
fraction of the extent of one wave train. Hence, in an optically 
homogeneous medium (see 40.4.2.), secondary waves, emitted by 
an extremely great number of neighbouring molecules, are coher- 
ent (see 36.1.1.) both with one another and with the primary 
wave, notwithstanding the chaotic thermal agitation of these 
molecules. Upon being superimposed, interference (sce 36.1.4.) of 
these waves is observed. 

35.1.4. As a result of the interference of primary and secondary 
waves, a transmitted wave is formed in an optically homogeneous 
and isotropic medium. Its phase velocity depends upon frequency. 
If an electromagnetic wave falls on the boundary between two 
different, optically homogeneous and isotropic media, as a result 
of the interference of the primary and secondary waves, a reflected 
wave is formed, propagated in the same medium from which 
the primary wave came, as well as a refracted wave, propagated 
in the second medium. 

35.1.5. In Maxwell’s macroscopic theory, the problem of the 
interaction of an clectromagnetic wave with matter is reduced to 
the solution of Maxwell’s cquations (see 30.4.1.) for definite 
conditions at the boundary between the media in which the 
wave is propagated. The electrical and magnetic properties of a 
substance, determining its behaviour when acted on by a light 
wave, are characterized by the rclative dielectric permittivity 
K,, electric conductivity », and the relative magnetic perme- 
ability X,,. For all substances in the range of optical frequencies 
of electromagnetic waves, it can be assumed that K, = 1 and 
that the phase velocity of these waves is 


c 


VS 
VK 
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36.2. Reflection and Refraction of Light 
by Dielectrics 


35.2.1. When light falls on the plane boundary between two 
dielectrics having different relative dielectric permittivities A, 
the wave is partly reflected and partly refracted. 
35.2.2. The ratio of the velocity of light ¢ in a vacuum lo the 
phase velocity v of light in a medium is 
n=<=VKK, = K, 
This ratio is called the absolute index of refraction of the given 
medium. For any medium, except a vacuum, the value » depends 
upon the frequency of the light (see 40.1.1.) and the state of 
the medium (its temperature, density, ctc.). For dilute media 
(for instance, gases under standard conditions), n = 1. In aniso- 
tropic media, the absolute index of refraction also depends upon 
the direction of propagation of the light and how it is polarized 
(sec 39.1.1.). Absorbing media are characterized by the complex 
refractive index (see 35.4.3.). 
The relative index of refraction n., of the second medium with 
respect to the first is the ralio of the phase velocilies vy and v, 
of light in the two media, respectively. Thus 
Nyy = oe. 
vz ny 


where n, and n, are the absolute indices of refraction of the 
first and second media. If n,, > 1, then the second medium is 
said to be optically denser than the first. . 
35.2.3. The formulas given below are valid only for monochromat- 
ic waves with a wavelength A many times greater than the inter- 
molecular distances in the medium. For waves in the optical 
range this condition is complied with even in the case of not 
very dilute gases. It is assumed, moreover, that the medium is 
homogeneous, isotropic and does not absorb light. Finally, it is 
assumed that the media in which the reflected and refracted 
waves are propagated are semi-infinite, ie. that only threc 
waves meet at the boundary: the incident, reflected and refracted 
waves (multiple reflection is neglected). 

35.2.4. When a light wave falls on the ideal plane boundary 
(interface) between two dielectrics whose size substantially 
exceeds the wavelength, the angle i’ between the direction of 
propagation of the reflected wave and a normal to the boundary 
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(angle of reflection) is equal in magnitude to the corresponding 
angle t for the incident wave (law of reflection). This is called 
murror reflection. The angle r between the direction of propagation 
of the refracted wave and a normal to the boundary (angle of 
refraction) is related to the angle of incidence ¢ by Snell’s law 
(law of refraction): 

sind ty 

sinr mn, 2 
where my, is the relative index of refraction of the medium in 
which the refracted light is propagated with respect to the medium 
in which the incident light is propagated. 
35.2.5. If a light wave from an optically denser mediuin 1 falls 
on the boundary with a less dense medium 2 (n,, <1), then al 
angles of incidence ¢ = tym, where sin iz, = my, there will be 
no refracted wave and light will be totally reflected by the op- 
tically less dense medium. This is called total internal reflection. 
The angle ti, is called the limiting (critical) angle of total inter- 
nal reflection. In the case of total internal reflection, the electro- 
magnetic field of the light wave partly enters the second medium. 
The amplitudes of the vectors E and H of the field are, however, 
rapidly attenuated in the second medium (according to an expo- 
nential law) at points farther away from the boundary. The 
depth of penetration of any appreciable field into the second 
medium is a magnitude of the order of the wavelength of light. 
The energy flux from the first medium to the second cquals 
zero on an average and hence the energy of the incident clectro- 
magnetic wave is completely returned to the first medium. 
35.2.6. The quantity R equal to the ratio of the intensities of the 
reflected and incident waves, is called the reflection coefficient. 
The quantity 7’, equal to the ratio of the intensitics of the refract- 
ed and incident waves, is called the transmission coefficient. 
lor the reflection and refraction of light at the boundary between 
two transparent media (ones that do not absorb light), R+T7 = 4. 
lor total internal reflection, R = 1 and T = 0. 
35.2.7. For the incidence of a plane unpolarized light wave 
(natural light, see 39.1.4.) on the plane boundary between two 
inedia al angle i*, the reflection coefficient is 


=4[ sin? (i-r) 4 tant 2 (i-7) 
2 L sin? G+r) + Fant ( (i+r) 





where ¢ is the angle of refraction. If i = r = 0 (normal incidence 


*Ifng, ~ 1, it is assumed that i < iggy, (see 35.2.5.). 
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_— (mu-i \? 

R= (5 ) 
where no, is the relative index of refraction. 
35.2.8. Upon the incidence on a plane boundary of a linearly 
polarized wave (sec 34.1.8.) whose vector E oscillates in the plane 
of incidence (p-wave), the amplitudes of the vectors E in the 
reflected (aj) and refracted (ag) waves are related to the ampli- 
tude of the vector E in the incident wave (a$) by the following 
equations (Fresnel formulas for p-waves)*: 


tan (i-r)_ 


if r) 2 cos isinr 
tan (i+r) 


a, = aS ——. - 
° ? sin (i+7r) cos (i—r) 


and aj = ag 





In these formulas, aj, is an algebraic quantily, in contrast tu a? 
and a% which are always positive. If a5 < 0, then reflection occurs 
without a change in phase of oscillations of vector EK (the phase 
of vector H is, however, changed hy 2); if aj, > 0, then the phase 
of vector E is changed by 2 upon reflection (the phase of vector 
H remaining unchanged). 

The reflection coefficient fur p-waves is 

Bess tan? (i—r) 


p ~ Yan? (i+r) 





35.2.9 Upon the incidence on a boundary of a linearly polarized 
plane wave in which vector E oscillates in a plane perpendicular 
to the plane of incidence (s-wave), the amplitudes at, at and a? 
are related by the following equations (Fresnel formulas for 
s-waves)*: 

» sin (i-7) 


) o 2 cosisinr 
* sin (itr) 


a= and a? = a? TIRES 





In these formulas, af is an algebraic quantity, in contrast to a? 
and ai which are always positive. If af < 0, then the phase of 
oscillations of vector E is changed by x upon reflection (there 
being no change in the phase of vector H); if aj > 0, then the 
phase of vector E is not changed upon reflection (the phase of 
vector H being changed by 2). 
The reflection coefficient for s-waves is 

; sin? (i—r) 

dy = int Gry 


*If nay < 1, it is assuincd thal i < iy, (see 35.2.5.). 
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Curves showing the dependence of R,, 70 
R, and R= 4 (R,+R,) oniforny»= F 
= 1.52 (air-to-glass) are given in Tig. a8 
35.4. 

35.2.10. For normal incidence (‘=r=0) gg 
of p- and s-waves on the boundary 
between two media 















Q4 
Na—4 ; Ney 1 : 

Ca, Sees oe, eee eee 

2 : 2 a2 
= Baap} w= ay 

Na—1 \* 
Ry = R= (254) 2 40° O Bi 
35.2.11. The refracted light wave is al- FIG.35.4 


ways in phase with the incident wave: 

at the boundary, vectors E° and FE? oscillate in phase. The phase 
of the reflected wave may differ by 2 from that of the incident 
wave. This is called reflection with loss of a half wave. The follo- 
wing table lists the differences in phase between the reflected and 
incident waves for p- and s-waves. 














itr> = i+ Z 
a 7) itr <p 
i>r i<r i>r i<r 
(mg, > 1) (ma, < 1) (ma, > 1) (ma < 1) 
p-wave 0 nm n 0 
s-wave nm 0 nm 0 





When i+r passes through the value 2 z (i.e. the atigle of incidence 
i passes through the value i, for which iytly = = ; angle ty being 


called the Brewster angle, see 35.3.2.) the phase of the reflected 
p-wave is abruptly changed by z. 

Usually i < i, i.e.i+r< z . In these cases, as is evident from the 
table, reflection from an optically less dense medium (n, < 1) 
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takes place withoul any change in the phase of the wave regard- 
less of the kind of polarization of the incident light; reflection 
from an optically denser medium (n,., > 1) leads te a phase change: 
by a (with the loss of a half wave). 

35.2.12. With total internal reflection (n., < 1 and i> i;,,,), the 
reflected p- and s-waves lag in phase behind the incident p- 
and s-waves by Ag, and Ag,, respectively, so that 


4p Vsin2 i-n}, 


tan —-” = ; : and 
2 n2, cos i 


4, Vsin? i—n2, 
. cos i 


49, 
tan a 





= n3, tan 


The difference Ap,— Ap, equals zero only in two limiting cases: 


(a) when i = trim (Ap, = Ap, = 0) and (b) when i = 3 (4p, = 


= Ag, = 2). 
5.2.13. To reduce the reflection coefficient in optical systems 
where multiple reflection of light substantially lowers the inten- 
sity of transmitted light and the illumination of the image, use 
is made of the interference of the rays reflected from the front 
and rear boundaries of a special film of a transparent substance 
applied on the lenses of the optical system. The thickness h and 
absolute refractive index n of this film are selected so that the 
two reflected rays have an optical path difference (see 36.2.4.) 


of ‘ (phase difference of x) and cancel cach other. Thus 
ohVn? sin? i = 4 


For equal intensities of the two reflected rays, the value n is 
found from the equation (at normal incidence from air) 


n=Vny 


where n, is the absolute index of refraction of the lens material. 
Such lenses are said to be coated. 

35.2.14. Scattered (diffuse) reflection of light refers to the reflec- 
tion of light in all possible directions. It is observed, for instance, 
in the reflection of light from a rough interface between two media. 
A surface is said to be perfectly matt if it reflects light uniformly 
in all directions. 

35.2.15. When light rays are propagated in a nonhomogeneous 
medium, they follow a curved path due to refraction with a 
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continuously varying index from point to point in the medium. 
An example of this phenomenon is astronomical refraction. The 
density of the atmosphere decreases gradually, under normal 
conditions, with an increase in the altitude. The relative dielec- 
tric permittivity and absolute index of refraction decrease corres- 
pondingly. Hence a ray of light from a star or other celestial 
object follows a slightly curved path in the atmosphere. Owing 
to this astronomical refraction, the apparent direction toward 
any star makes a somewhat smaller angle with the normal to 
the earth’s surface at the point of observation than does the 
true direction toward the star. The curving of light rays coming 
from distant terrestrial sources as they pass through the layer 
of atmosphere adjacent the earth’s surface is called terrestrial 
refraction. This accounts for mirages and looming—false images 
of distant objects—that are observed under certain atmospheric 
conditions. 


35.3. Polarization of Light upon Reflection 
and Refraction 


35.3.1. At an arbitrary angle of incidence i (except i=0Oor $) 


the reflection coefficients at the boundary (interface) between 
two isotropic dielectrics are different for s- and p-waves: R, > R, 
(see 35.2.9.). Therefore, if the incident wave is not polarized 
(natural light, see 39.1.1.), the reflected and refracted waves are 
partially linearly polarized. The oscillations of vector E that are 
in the plane perpendicular to the plane of incidence (s-polariza- 
tion) predominate in the reflected wave, and those in the plane 
of incidence (p-polarization) predominate in the refracted wave. 
In the absence of absorption, the degrees of polarization of the 
two waves are equal, respectively, to 
ia—14 R,-R, 


— Ti= Tp — R,-R, and at =. ack 
it+Ip  R,+R, Ig+I¢  2-(R,+R,) 








where Jt and J? = intensities of the reflected and refracted 
s-waves 
J; and Ig = the same for the p-waves. 


35.3.2. If the angle of incidence complies with the condition 

tan ig = ny 
then R, = 0 and the reflected light is completely polarized in the 
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plane of incidence (Brewster’s law). Angle 1, is called the Brewster 

angle. At the Brewster angle, ij+r) = a i.e. the reflected and 

refracted rays are perpendicular to each other. In this case 
n3i-1 ) 

n2,t+4 





. = sin? (i,—7r9) = ( 


and the degree of polarization of the refracted light reaches its 
maximum value 
_ (nit4)?—4n3, 

maz ~ (n3,+1)?+4n}, 
35.3.3. The degree of polarization 4 of transmitted light can be 
considerably raised by multiple reflection and refraction in a 
pile of plane-parallel plates arranged so that the angle of incidence 
Of the light is i. In the absence of absorption, the degree of polar- 
ization for a pile of N plates is 


_ 1-U-R,)” 
14+(1-R,)% 





= ni,—t \? 
where R, = (5 ) Z 
For example, for a pile of MN = 15 glass plates (n., = 1.5), 
A = 0.985. 
35.3.4. When a polarized p-wave (see 35.2.8.) falls at the Brewster 
angle on the interface between two dielectrics, it is not reflected 
at all and only a refracted wave is obtained. 
35.3.5. Upon total internal reflection of plane-polarized light 
(no, < 1 and i= iy»,) a phase difference 4p is observed between 
the s and p components of the reflected wave. It is due to the 
difference between the phase differences, 4p, and Ag, of the corre- 
sponding components of the reflected and incident waves. Thus 

tan AP oS 4an APp— Aes _ cos i Vein? nhs 
2 sin?i 


As a result the reflected wave becomes elliptically polarized. 
Upon total internal reflection corresponding to angle ijim, 
sin i = ny, and Ag, = Apg,, i.e. the plane-polarized light remains 


unchanged. At dp,— Ap, =; and a? = af, the reflected light is 


circularly polarized and the interface between the dielectrics 
acts as a quarter-wave plate (see 39.5.6.). 
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35.4, Fundamentals of Metal Optics 


35.4.1. When an electromagnetic wave falls on the surface of a 
metal it is partly reflected and partly transmitted into the metal. 
The reflection coefficient depends on the wave frequency, the 
electric conductivity and the condition of the surface. 

If the waves are not of excessively high frequency (radio waves, 
infrared rays, and visible light), the sources of secondary waves 
(see 35.1.3.) in metals are mainly the conduction electrons (see 
21.2.1). With such waves the reflection coefficient of the finished 
surface of metals having good conductivity (sodium, silver, etc.) 
is very close to unity. The intensity of the wave transmitted 
into the metal is not high and drops rapidly to zero within the 
limits of a thin surface layer due to the energy losses on Lenz- 
Joule heat. These losses equal zero in an ideal conductor and the 
reflection coefficient is equal to unity. 

At higher frequencies, corresponding to ultraviolet radiation, 
the forced vibrations of the bound electrons in the ions of the 
crystal lattice become of essential importance. These lead to a 
drastic reduction in the reflection coefficient of metals (as low 
aus 0.04 in silver at v = 105 sec—!) and to considerable trans- 
parency of thin metallic films. 

35.4.2. In classical macroscopic electrodynamics, the problem 
of reflection and refraction of light at the surface of a metal is 
reduced to finding a solution to Maxwell’s equations which satis- 
fies the boundary conditions at the conducting surface (see 
30.4.3.). For homogeneous, isotropic and nonmagnetic metals 
(K,, = 1), this problem can be formally reduced to an analogous 
problem for the boundary between two transparent dielectrics 
by introducing the complex relative dielectric permittivity of the 
metal. Thus 


Ki = K,-325 3 (in SI units) 
TL EQY 
Ki= K,~ u (in Gaussian units) 


where’ y = electric conductivity of the metal (see 21.2.7.) 
K, = real relative dielectric permittivity of the metal 
& = permittivity of free space 
» = frequency of the light 


i=V-1, 
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35.4.3. The optical properties of a metal are characterized by the 
complex absolute refractive index 


n = VK, = n(1—ix) 


where n?(1—x?) = K, 


and 
| ree (in SI units) 
nx = 
i = (in Gaussian units) 


The real values of n and x are optical characteristics of the metal. 
They depend upon the nature of the metal and the frequency of 
the incident light. The imaginary part of the complex refractive 
index characterizes the absorption of light in a metal which takes 
place according to the Bouguer-Lambert law (see 40.3.2.). The 
index is related to the linear absorption coefficient u (see 40.3.2.) 
by the equation 
c 
inv ~ an & 





n*x = 


where ¢ and A, are the velocity and wavelength of light in a vacu- 
um. This relationship, as well as the concept of a complex dielec- 
tric permittivity and complex refractive index are equally appli- 
cable, not only to metals, but to any other conducting or non- 
conducting media which strongly absorb light (for example, to a 
plasma, to dielectrics near the absorption bands, etc.). In typical 
metals, nx >> n; hence the absorption of any medium is said to be 
“metallic” if «>> 4 for this medium. 
35.4.4, The complex amplitudes of the reflected and refracted s- 
and p-waves can be calculated by the Fresnel formulas (see 35.2.8. 
and 35.2.9.) where angle r is complex (with the exception of the 
case when i = 0) and is related to the angle of incidence i by the 
dependence 

sini. , 


sin r, 





The true angle of refraction r,, of light in a metal is 


sin *) 


ly = aresin ( fa: 





where 
Ny = ae Vn2(4 — x2) + sin? i+V[n2(1 —x2) —sin? i]? + ant? 
The refractive index n,, depends upon the angle of incidence, i.e, 
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the phase velocity of light in an absorbing medium depends 
upon the direction of its propagation. 
36.4.5. For an arbitrary angle of incidence, the reflection coeffici- 
ents of a metal surface for s- and p-waves are 

= Jaf |? _ (a—cos i)?+b? 

* (a9)? (a+cos i)? +b? 
- las |? _ (a—sin i tan i)?+b? 
B= (a8)? (a+sinitan i)?+b2 * 





where a = Yn? —sin?i 
b = yn? — n?(1—2?) 
\as| and jaf| = magnitudes of the complex amplitudes of the 
reflected s- and p-waves. 

In all cases, except when i = 0 or = R, > R,. For metals, in 
contrast to transparent dielectrics, R, is not equal to zero for 
any possible angle of incidence. Consequently, when natural 
light falls on a metal, the reflected light cannot be completely 
linearly polarized. 
lor normal incidence, R, = R,, a = ny = n, b = nx, and the 
reflection coefficient is 

R= (n—1)? +n? x? 

 (n+4)2 +20? 

45.4.6. Upon reflection from a metal, a phase shift occurs between 


the reflected and incident waves. This shift differs for s- and p- 
waves. Thus 


Fon 2b cosi 
tan 49, = Soari—(at eb) 
: , _ _2b cos i(a?+b*—sin? i) 
tan Ag, = —aept—ne( + x8)? cost i 


where @ and 6 have the same meaning as in 35.4.5. 

When a plane-polarized wave falls on the metal, a phase shift 
lg” = Agi — App occurs between the s and p components of the 
reflected wave, and 

Saath 2b sin i tani 

tan 4p" = 7 pe—sin¥i tanti 

Ilence, at i # 0, the reflected light is elliptically polarized. In 
the case of normal incidence (i = 0) 


2nx 


tan Agi = tan Ag; = Tatty 


and dg’ = 0 


CHAPTER 36 





Interference of Light 


36.1. Coherent Waves 


36.1.1. Two waves are said to be coherent if their phase difference 
is independent of time. This condition is met by monochromatic 
waves (see 34.1.4.) of the same frequency. 

Two waves are said to be incoherent if their phase difference 
varies with time. Monochromatic waves of various frequencies, 
as well as waves made up of a series of wave trains which begin 
and break off independently of one another, and have random 
phase values at the instant each train begins and breaks off, are 
incoherent. 

36.1.2. Upon the superposition of two waves which are linearly 
polarized in a single plane, the amplitude A of the resultant wave 
is related to the amplitudes a,, and a, and the phases ®, and ®, 
of the superimposed waves at the point being considered in the 
wave field as follows 


A? = a?+ai+2a,a, cos (BD, —D,) 


If incoherent waves with different frequencies », and 7, are 


superimposed, the amplitude A is a periodic function of time with 


the period T = ln-al If, as is usually the case in optical experi- 


ments, the minimum possible observation time t >> T, then only 
the mean-square value of the amplitude of the resultant wave 
can be recorded in the experiment: A? = a?+a3. Consequently, 
in superimposing 1p incoherent waves their intensities are added 
together: J = 1,+T/, 

36.1.8. When coherent waves, linearly polarized in a single plane, 
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are superimposed, ©,—®, = 9,— ,, where gy, and gy, are the 
initial phases of the superimposed waves at the point being consid- 
ered in the field. The amplitude A of the resultant wave is 
independent of time and varies from point to point in the field 
according to the value 4p = g,—g,. Thus 


Antn <As Anas 
and 


=a,+a, when dp = 2mn 


e I naz 


m= 0,+1,42,... 
Amin = |€,-@,| when Ag = ee ( , nivel 
The maximum and minimum intensities of the resultant wave 
are € 
I naz oad (a+ a)? and Linin ™ (ay — a2)? 


If a,=a, then Inn =0 and In, = 41, = 41,, ie. 


lnaz iS twice the sum of the intensities of the superimposed 
coherent waves. 

46.1.4. As a result of the superposition of coherent waves that 
are linearly polarized in a single plane, the intensity of light is 
cither weakened or strengthened depending upon the relations of 
the phases of the light waves being added. This phenomenon is 
called the interference of light. The result obtained when coherent 
waves are superimposed and observed on a screen, photographic 
plate, etc. is called the interference pattern. In superimposing in- 
coherent waves, the intensity of light is only increased; i.e. no 
interference is observed. 

46.1.5. Each atom or molecule of a light source emits a wave 
train in a time interval of the order of 10-8 sec (see 34.2.4. Ex. 1). 
The extent of the train is of the order of 10? wavelengths so, as 
n first approximation, each such train can be regarded as quasi- 
monochromatic. In spontaneous radiation (see 44.5.14), however, 
uccomplished in ordinary light sources, the electromagnetic 
waves are emitted by atoms (or molecules) of matter, independ- 
ently of one another and with random values of the initial 
phases. Hence, during the time z of observation in optical experi- 
ments (z>> 1078 sec), the waves emitted by the atoms (or mole- 
cules) of any light source are incoherent and display no inter- 
ference upon being superimposed. 

esides spontaneous radiation, another type of radiation may 
vccur, It is called induced,.or stimulated, radiation and is due 
to the action of a varying external electromagnetic field (see 
44.5.14.). Induced radiation is coherent with the monochromatic 
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radiation that excites it. It has the same frequency, direction of 
propagation, and polarization. These features of induced radia- 
tion are made use of in quantum light generators—masers and 
lasers (see 44.5.14.). 

36.1.6. To obtain coherent light waves and to observe their 
interference by means of ordinary sources of spontaneous radi- 
ation, use is made of the method of splitting the waves radiated 
by a single light source into two or more systems of waves which, 
after travelling along different paths, are superimposed. Each 
set of two such wave systems contains pairwise coherent and 
likewise polarized wave trains corresponding to the same events 
of emission by the atoms of the source. The result of interference 
of such systems of waves depends upon the phase difference 
acquired by the coherent wave trains as they travel different 
distances from the source to the point being observed on the 
interference pattern. 


~& 
oY 
gy <s 


Sp £ 


Fig.36.1 


36.1.7. Illustrated in Fig. 36.4 is a schematic diagram of inter- 
ference apparatus in which light from the source S with a linear 
dimension 2b which is small compared to the wavelength (2b « 4), 
is split into two systems of coherent waves by means of mirrors, 
prisms, etc. Here S$, and S, are the sources of coherent waves 
(they are real or virtual images of source S in the optical system 
of the apparatus), 2y is the interference aperture, i.e. the angle 
at point S between the outmost rays which, after passing through 
the optical system, converge at point M, the centre of the 
interference pattern on screen FE, and 2 is the angle of conver- 
gence of the rays at point M. 

36.1.8. As a rule, S has the form of a slit parallel to the plane of 
symmetry of the optical system. With FE || .5,S,, the interference 
pattern comprises a series of bands, called fringes, parallel to the slit. 
Employing the notation: S,S, = 21, OM = D (in which D> 2l) 
and MN =h, the intensity distribution in the interference 
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pattern for monochromatic light (see 34.1.4.) of wavelength ? 
can be written as Ss 
of 
T= I cos? ap h 
and has maxima al. 
h = m2D 
= Mo 
and minima at 
h = (2m+1) 42 


where m = whole number, called the order of interference 

J, = intensity at point M (at h=0 
46.1.9. The distance between adjacent maxima or minima (4m = 
> 41) is 
DR ed 
QL ~~ Qo 
The quantity B is called the interference fringe width. The smaller 
2 (or w) is the larger the interference pattern will Be The angu- 
lar width of the interference fringes is B = B= = a 
36.1.10. If the size of the source 2b« A, a distinct interference 
pattern is observed. Practically 2b > 4, and the interference 
pattern is determined by the superposition of split coherent 
waves (see 36.1.7.) from different points of the source. The inter- 
ference pattern remains clear-cut if the following approximate 
condition is complied with 


2b sin yp <4 


where  2y = interference aperture 
4 = wavelength. 
36.1.11. The degree of contrast of the interference pattern is 
determined by the equation 
Emez—Emin = B Qnb 


EmertE nee — oab | 810 Q- 


where Ear and E,.n = illumination of the screen at the maxima 
and minima of the pattern, i.e. at the 
centres of the bright and dark fringes 


= width of the interference fringes (see 


36.1.9.). 
2b = size of the source. 


v= 


AbD 


B=5 
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The quantity v is called the visibility of the fringes. The dependence 


v= f(#) is represented by the curve in Fig. 36.2. 


36.1.12. In nonmonochromatic light whose wavelengths range 

from A to A+ AA, the interference pattern is entirely blurred when 

the interference maxima of the m-th order for radiation at the 

wavelength A+ AA coincide with the maxima of the (m+ 4)-th 

7 order for radiation at the wa- 
velength 4. Thus 


i (m+41)4 = m(A+ AA) 


23 To observe interference of the 
3B. ~~—sCom-th order, the following con- 
dition should be complied 


4 2 8 % § — with ' 
FIG.36.2 MA < a 


The higher the order m of interference to be observed, the more 
monochromatic the light should be. Even for light with a line 
spectrum, 4A cannot be less than the intrinsic line-breadth 
Adin: (See 40.2.6.). As a rule, owing to Doppler and collisional 
broadening (see 40.2.7. and 40.2.8.) AA >> Adiny. 


36.2. Optical Path 


86.2.1. The optical path is the product of the geometrical path d 
of the light wave in a given medium by the absolute index of 
refraction n of the medium (see 35.2.2.). Thus 


s = nd 


36.2.2. The phase difference Ap of two coherent waves from a 
single source, one travelling a path d, in a medium with an 
absolute index of refraction n, and the other a path d, in a 
medium with a refractive index ng, is 


Tt 
Ap = ** (s,~s,) 

where s, = Node 

Ss, = yd, 
4 = wavelength of the light in a vacuum. 
36.2.3. If the optical paths of two rays are equal (s, = s), the 
paths are said to be tautochronous (not introducing a phase differ- 
ence). In optical systems which produce a stigmatic image (see 
38.1.5.) of the light source, the condition of tautochronism is 
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complied with by the paths of all the rays that are emitted by 
the same point of the source and converge at the corresponding 
point of the image. 

36.2.4. The quantity ds = s,—s, is called the optical path differ- 
ence of two rays. The path difference As is related to the phase 
difference Ap by the equation 


Ag = oe As 
36.2.5. At ds = 4 , the phase difference 4dp=-z. The lengthening 


(or shortening) of the optical path of one of the waves by £ with 


respect to the other corresponds to a lag (or lead) of the first 
wave by x. Upon superimposing two such waves their amplitudes 
are subtracted, one from the other. If their amplitudes are equal, 
the amplitude of the resultant wave equals zero. 

36.2.6. Interference may be observed only when the path differ- 
ence As is not excessively great. If 4s = te (where tis the mean 
duration of one event of emission of light by an atom of the 
source, c is the velocity of light in a vacuum, and tc is the average 
extent of a wave train in a vacuum), the waves being superim- 
posed are necessarily incoherent and no interference occurs. 

The condition for observing interference at an optical path 
difference As (where As « tc) is 


S 


22 Ss 
MA< = 
This means that strongly monochromat- 
ized light is required to obtain inter- 
ference at large values of As. 






(Wis Ul 


46.3.1. In observing the interference of ! 
monochromatic light reflected in a va- ¥1G.36.3 
cuum from a plane-parallel plate (Fig. : ; 
36.3), the optical path difference of the interfering rays is 


ts = n(AD+DC)— (BC) +4 = 2h¥n?—sinti+3 = 2hn cos r+ 


thickness of the plate 

absolute index of refraction (see 35.2.2.) of the plate 
angle of incidence of the rays on the plate 

angle of refraction of the rays in the plate. 


36.3, Interference in Thin Films 


where 


Vs 
Hou ue 
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The additional path difference 4 is due to the reflection of light 
from the front surface of the plate (an optically denser medium), 
i.e. to the change of the phase of the wave by x upon reflection 
(see 35.2.11). 

36.3.2. The conditions for maxima and minima in the interference 
pattern produced by coherent waves reflected from the two sur- 
faces of a plate are 


mes ha 
2h¥n? —sin?i = —. 


where k = 2m (m being a whole number) for minima and k = 
= 2m+1 for maxima. If the reflection from the two surfaces of 


the plate takes place with losses of - for each surface (or without 


losses at either surface), the interference pattern is shifted by a 
half fringe (see 36.1.8.), ie. the value A = 2m corresponds to the 
interference maxima and k = 2m+1 to the minima. 

36.3.3. If a plane-parallel plate is illuminated by a pencil of rays 
of white light, the plate becomes coloured in reflected light. 
According to the condition in 36.2.6., interference can be observ- 
ed in white light only in very thin plates (films) whose thickness 
does not exceed 0.01 mm. In monochromatic light, interference 
can be observed in much thicker plates. 

36.3.4. If a parallel or almost parallel (¢ = idem) pencil of rays 
of monochromatic light falls on a film whose thickness h varies 
at different places, then dark and bright interference fringes are 
seen in the reflected light at the top surface of the film. These are 
called fringes of equal thickness, or isopachic fringes, because each 
one passes through the points with the same values of h. Equal- 
thickness fringes, localized on the surface of the film, can be 
observed on a screen as well, if the top surface of the film is 
projected on the screen by means of a converging lens. In white 
light, a system of differently coloured equal-thickness feuliaes is 
observed. 

36.3.5. Upon observing interference in a transparent wedge, 
the equal-thickness fringes are parallel to the edge of the wedge. 
The width of the interference fringes (see 36.1.9.) for normal 
incidence (i = 0) is 

A 

2na 


B= 





where a = wedge angle (a « 1 rad) 
n = absolute refractive index of the wedge material. 
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If the light comes from an extended source, the interference 
pattern can be seen only at the portion of the wedge near the 
edge, for which 2hiy « /, where 1 is the angle of incidence and 
y is the angle at which the extended source is seen from the point 
of the wedge corresponding to the thickness h. 

36.3.6. When the interference of light occurs in the air gap between 
a plane glass plate and a plano-convex 
lens of great focal length held firmly 
against the mirror (Fig. 36.4; the light 
falls normal to the plane surface of the 
lens which is parallel to the plane of 
the glass ;plate), a system of equal- 
thickness fringes of the air gap is 
seen. These fringes are concentric rings 
(Newton’s rings) with the common / 
centre at the point of contact between FIG.364 

the lens and the plate. In reflected 

monochromatic light the radii of the bright and dark rings equa 





Obrignt = V (2m de ‘Re and Ogarne = VmRA 


where R = radius of curvature of the lower surface of the lens 
A = wavelength of the light in a vacuum (air) 
m = 0,1,2,... 


There is a dark spot at the centre of the interference pattern. 

In white light, the various wavelengths A correspond to different 
radii 9 and a system of differently coloured rings is obtained with 
considerable superposition of the colours. For large values of m, 
the interference pattern is indistinguishable to the eye (see 36.1.12). 
36.3.7. If a plane-parallel plate is illuminated by a monochromatic 
converging or diverging bundle of light rays, each angle of inci- 
dence z corresponds to its optical path difference As. The inter- 
ference pattern is seen in the focal plane of a converging lens set 
up in the path of light reflected from the plate. For monochrom- 
atic light, the interference pattern is made up of alternating dark 
and bright fringes. Each fringe corresponds to a definite angle of 
incidence ¢. For this reason they are called fringes of equal incli- 
nation, or isoclinic fringes. Equal-inclination fringes are localized 
at infinity. If the plane-parallel plate is illuminated with white 
light, the equal-inclination fringes are differently positioned, 
according to A, and are differently coloured. As the order of inter- 
ference m increases the pattern becomes blurred (see 36.1.12.). 
36.3.8. Upon the interference of N coherent waves having the 
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same amplitude A, and the same phase difference Ag{ between 
the i-th and (i—1)-th waves (Ag, is independent of 1), the ampli- 
tude A and intensity J of the resultant wave equal 








! 

| sin Neo sin? Nogo 
A= Ay and J=T7 

| e AGo o 7 AGo 

j sin~5e | ain 


where J, is the intensity of each of the interfering waves. 

The values 4g,= + 2mz (where m=0,1,2, ...) correspond to the 
principal maxima (m in this case being the order of the principal 
maximum): A = NA,. The intensity of the principal maximum is 
proportional to the square of the quantity of interfering waves. 
Thus I = NJ). 

The values Ag, = + 2x, where p may be any positive whole 


number, except 0, N, 2N, etc., correspond to the interference 
minima: A = I = 0. Between each pair of adjacent minima there 
is one maximum (either the principal maximum or a considerably 
weaker secondary maximum). 


GHAPTER 37 





Diffraction of Light 


37.1. The Huygens- Fresnel Principle 


37.1.1. The diffraction of light is the name given to the totality 
of phenomena which are due to the wave nature of light and are 
observed in its propagation in media with sharply defined inhomo- 
geneities (for example, in passing through holes in opaque screens, 
near the boundaries of opaque bodies, etc.). In its narrower sense, 
diffraction refers to the bending of light around small opaque 
obstacles, i.e. its deviation from the laws of geometrical optics 
(see 38.1.1.). 

A strict mathematical solution of diffraction problems, based on 
the wave equation (see 34.1.2.) and having boundary conditions 
depending on the nature of the obstacle, proves to be exceptionally 
difficult. Hence approximate methods are resorted to. 

37.1.2. Huygens’ principle states that the position of the front of 
a propagated wave (see 33.4.3.) can be represented at any in- 
stant of time as the envelope of all the secondary (elementary) 
waves. The sources of the secondary waves are points reached 
by the front of the primary wave in the preceding instant of time. 
It is assumed that secondary waves are propagated only “for- 
ward”, i.e. in directions making acute angles with the outward 
normal to the primary wave front. 

The Huygens principle enables the laws of the reflection and 
refraction of light to be explained. It cannot, however, explain 
diffraction phenomena. 

37.1.3. Assume that S is a source of light and a is an arbitrary 
closed surface surrounding S. 

The Huygens-Fresnel principle states that at any point located 
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outside of surface a, the light wave excited by the source S can 
be represented as the result of the superposition of/ coherent 
secondary waves which are “emitted” by elementary virtual 
sources distributed continuously along the auxiliary surface a. 
In other words, outside the surface o, the actually propagated 
(primary) wave can be replaced by a system of coherent virtual 
secondary waves which interfere upon superposition. 

The amplitude, initial phase and directivity pattern of radiation 
of the secondary waves, “excited” by an element do of the auxili- 
ary surface, depend upon the characteristics of the primary wave 
(its amplitude, phase and directivity pattern) at points of do. The 
auxiliary surface o is usually made to coincide with one of the 
wave surfaces of the primary wave so that the initial phases of all 
the secondary waves are the same. Then the amplitude of an ele- 
mentary secondary wave, “excited” by the element do of wave 


surface area, is proportional to the expression p+ do, where A is 


the amplitude of the primary wave at the points of element do, 
r is the distance from do to the point M considered in the field 
(M being outside the surface o), and @ is an unknown function 
of the angle « made by the direction of the outward normal to 
element do of wave surface with the direction of radius vector r 
drawn from do to point M. According to Fresnel’s hypothesis, 
the function » is a maximum when a = 0, slowly decreases with 


. . na * 
an increase in a, and becomes zero at a => ai 


To obtain the correct value of the wave phase at point M it is 
necessary to assume that at the points of surface o the secondary 


waves lead the primary wave in phase by =: 


37.1.4. If an opaque screen with apertures is placed between the 
source of light waves and the point of their observation, then, 
at the surface of the screen, the amplitudes of the secondary 
waves (see 37.1.3.) are taken equal to zero, and in the apertures— 
such as if the screen were absent. Thereby it is assumed that the 
material of the screen is insignificant. This simplification is per- 
missible if the size of the apertures is large compared to the wave- 
length A. The amplitude of the waves passing through the scréen 
is determined by calculating the interference at the point of 
observation of secondary waves from the secondary sources 
located in the apertures in the screen. 





* Actually, as shown by Kirchhoff, the function » ~ (1+ cosa) and conse- 
quently becomes zero only at a = x. In diffraction problems, however, the 
angle a is usually small and this refinement is insignificant. 
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37.1.5. In many diffraction problems possessing axial symmetry, 
calculations of the interference of secondary waves can be sub- 
stantially simplified by means of a graphic geometrical method in 
which the wave front is subdivided into 
annular portions called Fresnel zones. 
This division into zones is done so that 
the optical path difference from the 
like boundaries (internal or external) 
of each pair of adjacent zones to the 


point T being considered equals cs , for 


which reason they are also called half- 
period zones. The secondary waves from 
the like points of two adjacent zones 
reach point T in opposite phases and 
mutually weaken each other when be- 
ing superimposed. 

Figure 37.4 illustrates the construc- 
tion of Fresnel zones for a spherical 
wave excited by source S. Section 101 
of the wave surface is called the first 
(central) Fresnel zone, the annular sec- 
tion 21 is called the second zone, etc. 
Since R and L> A, the areas of the r16.374 
lirst ¢ Fresnel zones are practically 

equal for values of i which are not too great. Thus 





_ aARLAa 
0, = 02>... =% = PIT 

In the case of a plane wave front 
= 0,=...=0,= 2Lh 


37.2. Graphical Addition of the Amplitudes 
of Secondary Waves 


$7.2.1. The amplitude of a wave at the point of observation can 
be calculated on the basis of a graphical method involving the 
use of vector diagrams for adding coherent vibrations having the 
same direction (see 6.1.5.) and which were excited at this point 
by all the elementary sources of secondary waves. Within the 
limits of each Fresnel zone, the angle a between the outward 
normal to the wave front and the direction toward the point of 
observation, as well as the distance r to the point of observation, 
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vary by only an extremely small amount. Hence the vector dia- 
gram corresponding to one zone closely resembles a half-circle. 
The resultant amplitude of the secondary waves from all the 
elementary portions of the zone is equal to the diameter of this 
half-circle. 

87.2.2. The resultant amplitude A; of all the secondary waves 
from the i-th zone is proportional to the area of this zone. For 
zones of equal area (Fig. 37.1) the amplitude A, decreases as the 
number i of the zone increases, due to the in- 
crease in angle a and the distance r. Thus 
1> A, > A; > ... In this case, the vector 
amplitude diagram “for the system of zones 
is a tightly wound spiral with a slowly de- 

creasing radius of curvature (Fig. 37.2). 
37.2.3. If a spherical or plane wave is pro- 
pagated in a homogeneous medium, i.e. in 
the absence of obstacles, so that the wave 
front is entirely unobstructed, then its ampli- 
¥1G.37,2 tude at point T (Fig. 37.1) is determined by 
the intercept OX, in Fig. 37.2. This intercept 
equals one half of the amplitude OX, corresponding to the action 
of only the central Fresnel zone. The radius of the central zone 


is small compared to the distance ST = R+L. Hence it may 
be assumed that in a homogeneous medium, light from the source 
Sis propagated to point T along ray ST, i.e. in a straight line. 
37.2.4. The amplitude and intensity of light at point T can be 
considerably increased by covering all the even Fresnel zones with 
a special device, called a zone plate, and leaving the odd zones 
uncovered (or vice versa). If the total number of Fresnel zones 
that fit on the plate equals 2k, then the amplitude A of the light 
wave at the point of observation T equals A= A,+Ag+...+ Agx-1. 
If k is not too great, then A = kA,, i.e. 2k times greater than 
with unobstructed propagation of light from the source to point T. 
37.2.5. The Fresnel zone method is inconvenient for calculating 
the diffraction of light at the straight edge of a flat screen or ata 
straight slit, since the zones are partly covered by the screen. 
For such cases, the front of the incident plane wave is subdivided 
into rectilinear strips of equal width which are parallel to the 
straight edge or slit. Diffraction calculations may be graphical, 
making use of Cornu’s spiral (Fig. 37.3) whose equation in para- 
metric form is 
né2 


“= f cos 3 dé and w= f sin 2 a 
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where the parameter v = Vz (x—2). Here A is the wavelength, 


L is the distance from the plane surface of the screen to point 
T (it is assumed that the wave is normally incident to the plane 
of the screen), x, is the coordinate of 
the point of observation T, xz is the 
moving coordinate of points on the 
wave front, and the Oz axis is drawn in 
the plane of the screen, perpendicular 
to its edge. 

The Cornu spiral comprises two bran- 
ches, symmetrical with respect to the 
origin of coordinates (v = 0) and, as 
v + +c0, winding asymptotically on 
the points F, (0.5,0.5) and F_ (—0.5, 
—0.5), respectively. 

The amplitude A of the vibrations at 
point T, excited by the section of the 
wave front limited by the straight lines 
BiB: 





FIG. 375 


v= a2, and x = 2, equals A, where A, is the amplitude 








of vibrations, at point 7, of an entirely unobstructed wave front, 
and B,B, is the length of the line joining two points of the Cornu 
spiral corresponding to the values v, = Vz (%,—2)) and v, = 
= VF (e—m). At the limit as 2,-+—oo and a, +c» (entirely 
unobstructed wave front), B,B, = F_F, =Y2. 


For fixed values of x, and z2, the values v, and v, depend on 2», 
i.e. on the position of point T on the plane of observation of the 


diffraction pattern. For this reason, intercepts B,B,, correspond- 
ing to different 2) values, characterize the values of the relative 


umplitude + at various points of the diffraction pattern. 





37.3. Fresnel Diffraction 


37.3.1. Fresnel diffraction refers to diffraction problems in which 
the curvature of the wave surfaces of the incident and diffracted 
waves (or only of the diffracted wave) cannot be neglected. 
Fresnel diffraction phenomena are obtained when the source of 
light and the screen for observing the diffraction pattern (or only 
the screen) are at a finite distance from the diffracting aperture 
ur obstacle. In Fresnel diffraction, a diffraction image of the obstacle 
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is obtained on the screen. An analytical solution to these problems 
is usually quite difficult. In the simpler cases dealt with below, 
the appearance of the diffraction pattern can be established either 
by applying the method of annular Fresnel zones, or with the 
aid of the Cornu spiral. . 

37.3.2. In diffraction by a circular aperture in an opaque screen 
(Fig. 37.4), the diffraction pattern on plane PQ, parallel to the 
diffracting screen, is composed of concentric, alternating dark 
and bright diffraction rings. The centres of the rings lie in point 
O which is the intersection of a straight line, drawn from the source 
S through the centre of the aperture, with plane PQ. If, for point 
O, the number of Fresnel zones that fit into the aperture is odd 
(2k+4), the amplitude at point O is greater than if there were no 
diffracting screen. Thus 


4 
As z (A, + Assi) 


where A, and A,,,, are the amplitudes corresponding to the 
contributions of the 1st and (2k+1)-th Fresnel 
zones. If the number of zones is even (2h), 
then the amplitude at point O is less than if 
there were no diffracting screen. Thus 


1 
A= = (A,— An) 


The appearance of the diffraction pattern on 
plane PQ for these two limiting cases is shown 
in Fig. 37.5. 





FIG.37.4 FI@.37.5 


37.3.3. In diffraction by a small circular opaque screen (Fig. 37.6a), 
the intensity of light at point O, lying opposite the centre of the 
screen, is one fourth of the intensity of the wave from the first 
unobstructed zone. If the screen is small (d ~ /2LA), the inten-. 
sity of light at point O is practically the same as if there were 
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rid.37.64 ¥1G.37.66 


no screen. The diffraction pattern on plane PQ is illustrated in 
Fig. 37.6b. 

37.3.4. In diffraction by the straight edge of a plane opaque screen 
(Fig. 37.7a), the pattern can be calculated by applying Cornu’s 
spiral (see 37.2.5.). The amplitude at point 7, lying opposite 
the edge of the ‘screen (B,B, = OF, = 0.5F_F,), is one half 
as much as if there were no screen. The intensity of light is corre- 
spondingly one fourth of that for an unobstructed wave. The 
intensity distribution on a plane of observation parallel to the 
plane of the diffracting screen is shown in Fig. 37.7). 

37.3.5. In diffraction by a straight slit (Fig. 37.8a), the appearance 
of the diffraction pattern depends upon the value of the wave 








(2) @ 
7 vA 
) % (2) % 
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parameter p = ae , where a is the slit width, L is the distance 


from the plane of the slit to the parallel plane of observation, 
and A is the wavelength. 

If p«1 (“wide” slit), then the amplitude of the wave at the 
point of observation lying opposite the middle of the slit is deter- 


mined by the distance F_F, between the asymptotic points 
of the Cornu spiral. Thus A = Ag, i.e. the amplitude is the same 
as if there were no diffracting screen. The intensity distribution 
on the observation plane is shown in Fig. 37.8). At points T, and 
T., lying opposite the edges of the slit, the intensity distribution 
is similar to that at point 7, for diffraction by the edge of a 
semi-infinite screen (Fig. 37.76). 

At p ~ 1, the variation in intensity covers the whole region 
T,T, corresponding to the slit image in geometrical optics, and 
is also observed in the region of geometric shadow (in contrast 
to the monotone drop in intensity near the edges of the shadow 
at p <1). Depending upon the value of p, there may be either 
a maximum or minimum of intensity at the middle of the diffrac- 
tion pattern. 

At p >» 1, the diffraction pattern is the same as for Fraunhofer 
diffraction by the same slit (Fig. 37.10). The principal maximum 
of intensity is opposite the middle of the slit. The narrower the 
slit, the more this maximum is blurred (Fig. 37.11). 

37.3.6. In diffraction by a long rectangular screen (Fig. 37.9a), the 


relative amplitude z (see 37.2.5) at an arbitrary point 7 on the 





FIG.37.9 
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observation plane, parallel Lo the refracting screen, can be calcn- 
lated by means of the Cornu spiral. Thus 


A _ |ai-ae| 

Ag FF, 
where a, and a, are vectors drawn to the asymptotic points 
F, and F_ from points on the spiral corresponding to values 
v, and v, of parameter v (see 37.2.5.) for the edges of the screen. 


If the wave parameter p = VAL —— «1 (where ais the width of the 


screen), then near the boundaries of the geometric shadow from 
the screen, either a, = 0 or a, = 0. For this reason, a region of 
shadow is observed behind the screen, and diffraction fringes 
(Fig. 37.95), similar to the ones from the edge of a semi-infinite 
screen (see 37.3.4.), are observed at the boundaries of the shadow 
region. 

ify >> 1, then a system of alternating dark and bright fringes is 
observed behind the screen, a bright fringe being always opposite 
the middle of the screen. 

37.3.7. If the edges of the diffracting screens and the apertures in 
them deviate from the ideal geometric shape, the diffraction 
laws given in 37.3.2. through 37.3.6. are not complied with. 
The degree of deviation from these laws is determined by the 


quantity a , where A is the length of the base and the altitude 


of the triangular projections (roughness ridges) on the edge of 
the screen (or aperture), L is the distance from the screen to the 
point of observation, and 4 is the wavelength. 

haa at 


(8) a < 1, the diffraction pattern is practically not impaired; 
ia A ~1, the diffraction pattern is spread out and may 


ba) pias 
(c) ae 1, the diffraction fringes or rings copy the actual con- 


ieieition of the projections and indentations (ridges and valleys) 
of the edges of the screens and the apertures in them. 
37.4. Fraunhofer Diffraction 


37.4.1. Fraunhofer diffraction, or diffraction with parallel rays, 
refers to the diffraction of plane waves, i.e. to diffraction problems 
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in which the light source and observation point are at infinite 
distances from the obstacle causing the diffraction. In practice, 
this type of diffraction can be observed by rendering the light 
from a source parallel by means of a converging lens, and focusing 
it on a screen by means of a second converging lens placed behind 
the obstacle. The pattern obtained is a “diffraction image” of the 
fignt source. This type of diffraction is usually calculated analyt- 
ically. 

37.4.2. Two obstacles (diffracting screens) are said to be comple- 
mentary screens if the apertures in one of them exactly coincide 
in shape, size and position with the opaque areas in the other, 
and vice versa. 

Babinet’s principle states that in Fraunhofer diffraction by any 
kind of screen, the intensity of the diffracted light in any direction, 
not coinciding with that of the propagation of the primary plane 
wave falling on the screen, is the same as in diffraction by the 
complementary screen. 

37.4.3. In diffraction by a long narrow slit, monochromatic light 
falls on the slit normal to its plane. The amplitude of the wave at 
the point of observation, an auxiliary focal point of the converging 
lens, equals 


sin tex sing sin ak sin 9 
A : =A 7 
(9) = Ay —Ry¥ a. ae: are 
> sing nan sing 


where = diffraction angle, measured from the outward nor- 
mal to the front of the incident wave, i.e. from the 
normal to the plane of the slit 


Qn 
k= Z = wave number 


X = width of the slit 
A, = amplitude at the middle of the diffraction pattern 


(at p = 0). 
If angle ¢ is small, then 


, TX 
sin 7? 
A(~) = Ay a; aa 
ae 
The condition for minima is 
: na 
A(p) = 0 at sing =i (n= 1,2,3,...) 


632 


37. Diffraction of Light 


The conditions for maxima are 
g=0 and: A = A, for the zero-order maximum 


sin 9 = + 4m A for the other maxima 
where k,, = roots of the equation tan kya = kp 
m = 1, 2,3, ... = order of the maximum. 


Thus k, = 1.43, pes 2.46, ky = 3.47, ky = 4.48, 
The approximate condition for all maxima, except ‘the zero-order 
one, is 


sin g = +(2m-+1) xe (m = 1, 2,3,...) 
37.4.4. The intensity distribution (J oc A?) is 
sin? (= sin ») 


(22 sin °) 


Mp) = In 


This distribution is shown in Fig. 37.10. 


i 


oA 
xX 


a 


The relative intensity of maxima of the order m = 1 satisfies the 
following approximate formula 


In 4 


“To ®(2m+1)® 


37.4.5. The distance from the middle of the diffraction pattern 
to the first minimum increases with areduction in X. Here the 
central intensity maximum spreads out and is reduced in height 
(Fig. 37.11), At X = A, the first minimum is displaced to infinity. 
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The intensity drops gradually from the centre, in the plane of 
observation, to the edges of the pattern. As X is increased, the 
diffraction pattern becomes narrower and the principal maximum 
becomes more sharply prominent. At X > 4 a sharply defined 
image of the light source is obtained on the screen in accordance 
with the laws of geometrical optics. 


\ 


Wide slit NK 


van 


0 cing 
rI@ 37.11 


37.4.6. In diffraction by a rectangular aperture of width X and 
length Y, the direction of propagation of the diffracted light can 
be specified by two angles a and f. These angles are made, 
respectively, by this direction and the axes Ox and Oy which 
are parallel to the X and Y sides of the aperture. For normal 
incidence of light on the plane of the aperture, the directions 
corresponding to the intensity minima of the diffracted light 
comply with the conditions 


Xsing =tma and Ysinyp=+nA 


where ¢ ==-a 


-B 


we 
2 
_ 74 
Prr 
mand n = any whole nonnegative numbers. 


The intensity distribution is 


sin? (2%. sing) sin? (2) siny ) 
I(p,y) = Ty — "Gane 
Aa Aa 
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The intensity in the directions for whichsin g = yandsiny & y is 


sin? 2x gy sin? oY v 


Ny, 9) = loa 9 Sar 
a a 


Aa 


where J, is the intensity of the light travelling along the direction 
determined by the angles pg = 0 and p = 0. 

37.4.7. In diffraction by a circular aperture, the diffraction pattern 
comprises a series of alternating bright and dark rings if the 
light is from a point source and normally incident to the plane 
of the aperture. The intensity distribution is shown in Fig. 37.12. 
The positions of the maxima and minima comply with the con- 
dition 

sin 9 = ses ms i 


where = arctan (2) = diffraction angle 
= focal length of the lens 

o = distance from the centre of the 

diffraction pattern to the point 

being considered on it (ring 


: sing 
radius) 
m= 1, 2, 3, ... =order of the 9 Q6ma 7720 
maximum or minimum R R° 
R = radius of the aperture FIG.37.A2 
A = wavelength. 


The values of kuin, kmaz and the relative intensities J,,, of the 
maxima for m = 1, 2, 3 and 4 are listed in the following table. 


| | 
| | 
| 
| 


| 
| 
| 
| 





A reduction of the diameter of the aperture leads to spreading 
of the diffraction pattern, If R is increased, the pattern is con- 
tracted to a point, 
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37.4.8. If, in diffraction by iwo identical parallel slits (Fig. 37.13), 

the light falls normal to the plane of the slits, the “principal” 

minima of intensity comply with the same conditions as for a 

single slit (see 37.4.3.). Additional minima correspond to directions 

in which the interference of light coming from the two slits leads 
to its suppression. Thus 


Zsin p = +(2l+1)2 
(1 = 0,4,2,...) 
where Z = X4+Y 
X = width of the slit 


. Y = distance between 
FIG.37.13 the slits. 


The positions of the principal minima are 
X sing =+nA (n = 1, 2, 3,...) 





The positions of the principal maxima are 
Zsing =+tmA 
where m = 0, 1, 2, 8, ... is the order of the principal maximum. 


The intensity distribution is shown in Fig. 37.14. The diffraction 
maxima are narrower and 

brighter than for diffraction 7 

by a single slit of the same 
width X (see 37.4.4.). One 
additional minimum is situa- 
ted between two adjacent 
principal maxima. If X¥ « Z, 
a considerable number of new 
maxima and minima are situ- 
ated between two principal 
minima. If Z is a rational 
number, i.e. Z = z X, where 
k, and k, are whole numbers Fie.37.1 
having no common factors, 

then there are no principal maxima of the orders k,, 2h, etc. 

37.4.9. In diffraction by a single-dimensional grating, i.e. by a 
system of NV equally spaced, identical parallel slits in a plane 
opaque screen, the quantity Z = X +), where Y is the slit width 
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and Y is the width of the opaque intervals between adjacent 
slits, is called the constant (spacing) of the diffraction grating. 

If light falls on the grating normal to its plane, maxima and 
minima occur under the following conditions: 


Xsing =+nA(n = 1, 2, 3,...) for the principal minima; 

Z ee gy =+mi(m = 0, 1, 2, 3,...) for the principal maxima; 
an 

Qa (N-1)A 
a a 


for the additional minima. 

Between two adjacent principal maxima, there are N—1 addi- 
tional minima, separated by secondary maxima. With an increase 
in the number of slits, the intensity of the principal maxima in- 
creases proportionally to NV? and the energy of the transmitted light 
increases proportionally to N. Asa result, sharp narrow maxima 
appear, separated by practically dark intervals. The maximum 
intensity of the secondary maxima does not exceed 5 per cent 
of that of the principal maximum. 

The angular width Ap of the principal maximum is determined 
by the difference in the diffraction angles » corresponding to the 
two additional minima which limit this maximum. At Z > 4 and 
large values of NV, the angular width of principal maxima of not 
especially high orders is 


(N+1)A 


toy eee 


Zsng=++, + 


Qa 
37.4.10. The intensity distribution on the plane of observation is 


aX 
Aa 


° (24 sin *) sin? ( ad sin 9) 


sin 9) sin? ( ANZ sin 0) 








sin? ( 





where J, is the intensity along the direction m = 0 for a single 
slit. At the principal maxima, the intensity is N? times greater 
than that obtained at the corresponding places with a single slit. 
The intensity distribution of the principal maxima (m being the 
number of the maximum) is 


a N°Zt .  amX 
Im = To samexs $0* 7 





If 4 is an irrational number, then J,, decreases monotonically 
with an increase in the order m of the maximum. If, on the 
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\ 
Zz. ‘ Z_ hy 

other hand, xisa rational number, so that Xie? where k, 
and k, are whole numbers having no common factors, then 
I, = 0 atm = k,, 2k,, ..., ie. the principal maxima of orders 
which are multiples of k, are absent. 

The following table lists the relative intensities of the principal 
maxima for various orders of diffraction (various m values) and 


two values of the ratio ce 





».¢ 
= | | | ry 
Zz m 0 { 2 iy 8 4 
x | | | | 
2 | 1 | on | 0 | 0.045 | 0 
3 1 | 0.675 0.17 ' 0.042 
| | 
Toward a “mm” ~ Toward a ‘O” 
maximum Maximum 






Toward a “+m” 
Maximun 


F1@.37.15 


37.4.11. If a plane wave falls on a diffraction grating at an angle 
6 (Fig. 37.15), then the condition for the principal maxima is of 
the form 


Z(sin gy, —sin 6) = +mi 
or (m = 0,1, 2,...) 
2Z cos (2°) sin (2a?) =+mi 
If Z > A, then 9,, differs only slightly from 6 and 
Z(m—9) cos 6 = +m 
The diffraction pattern coincides with that observed upon normal 
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incidence of a wave on a grating that seems to have a reduced 
constant: Z’ = Z cos 6. At a grazing incidence of light (9 x 5) 


diffraction phenomena can be observed even on very crude 
gratings (Z > A). 
$7.4.12. In diffraction by a large number of identical and identically 
oriented obstacles, the intensity J of light at an arbitrary point of 
the diffraction pattern is equal to the product of two functions: 
I = F-f. Function F equals the intensity of light at the same 
point of the diffraction pattern upon diffraction by only a single 
obstacle. Function f depends only on the mutual arrangement 
und number WN of the obstacles. Thus, for a single-dimensional 
diffraction grating (see 37.4.10.) 
_ 7 Sin? (aX) _ sin? (NaZ) 
P= To"qxy and f= “sine (az) 
where a = = sin 9. 
if the number of obstacles is very great and they are arranged 
entirely at random with respect to one another, then f ~ N and 
the diffraction pattern will be the same as upon diffraction by a 
single obstacle, but its intensity will be NV times greater: J = VF. 


37.5. Diffraction by Multidimensional Structures 


37.5.1. An optically inhomogeneous body, whose transmission 
or reflection (see 35.2.6.) depends on two coordinates on its surface, 
is called a two-dimensional optical structure. The simplest case of 
a periodic two-dimensional structure is a plane orthogonal two- 
dimensional diffraction grating. This may comprise two single- 
dimensional diffraction gratings (see 37.4.9.), with the constants 
Z, and Z,, crossed at a right angle along the x and y axes. 
37.5.2. For normal incidence of light along the z axis on a plane 
orthogonal two-dimensional grating, the positions of the principal 
maxima simultaneously satisfy the two conditions 


Z, cos a = ms (m = 0, +1, +2, ...) 

Z, cos B = na (n = 0, +1, +2, ...) 
where a and # are the angles between the axes x and y of the grat- 
ings and the direction toward the principal maximum of the 


order (m, n). The angle y between this direction and the z axis 
is determined from the condition 


cos? a+ cos? B+cos? y = 1 
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from which 
ma\? nA \*® 
Cony = y1-() -(%) 
In the general case of incidence of a plane wave on a plane ortho- 
gonal two-dimensional grating along an arbitrary direction making 
the angles a, and £, with the Ox and Oy axes of the grating, the 
positions of the principal maxima simultaneously satisfy the 


conditions 
Z,(CoS a—COS ay) = mA 


Z,(cos B—cos By) = na 


where m and n are whole numbers. 

37.5.3. A body whose optical properties depend on all three 
spatial coordinates constitutes a three-dimensional optical struc- 
ture. The simplest example of such a structure, the three-dimen- 
sional diffraction grating, can be conceived as a system of identical 
two-dimensional plane gratings, arranged parallel to one another 
and equally spaced along an axis perpendicular-to their planes. 
An important case of a three-dimensional diffraction grating is 
the crystalline structure of solids (see 15.1.2.). In general, the 
diffraction pattern of a three-dimensional periodic structure 
patel crystal lattice) determines the type of symmetry of the 
attice. 

The directions toward the principal maxima of diffraction comply 
with the Laue equations: 


Z,(COS a— COS dy) = mA 
Z(cos B— cos By) = nda 
Z,(COS y— COS Yy) = IA 


where m,nand/ = whole numbers 
Z,, Z, and Z,; = lattice constants along the three axes of 
the lattice 
49, Bo, Yo and a, 8B, y = angles between the axes of the lattice 
and the incident and diffracted rays, re- 
spectively. 


In addition, the values of cos a, cos 8 and cos y should comply 
with one more (geometric) relationship based on the mutual 
arrangement of the axes of the lattice. For instance, in the case 
of an orthogonal lattice cos? a+ cos? B+ cos? y = 1. Hence, for a 
given direction of incident rays, i.e. for fixed values of a), By and 
yo, diffraction maxima of the order (m, n, 1) can be observed only 
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for definite values of the wavelength. Thus, for an orthogonal 
lattice 

Ls ate 
“1 2: 


C08 ap+->- Cos re COS Yo 
Zs 


37.5.4. Another, simpler method of calculating the diffraction by 
a crystal lattice is based on the representation of the crystal as a 
system of parallel planes. Each such plane passes through a 
great number of lattice points and is called a lattice plane. It is 
assumed that lattice planes provide mirror images of waves 
falling on them. For diffraction maxima to appear it is necessary 
that waves, reflected by all the parallel lattice planes, should 
intensify one another by interference. This condition is complied 
with only for such relationships between the wavelength 4 of the 
diffracting wave and its angle of incidence i on the lattice plane 
that satisfy the Wulff-Bragg formula: 


2d sin 6 = ka 


where 6 = 4—i = grazing angle 


d = distance between two adjacent lattice planes 
k = 1,2, ... = order of reflection. 


The angle between the direction toward the diffraction maximum 
and the incident ray equals 26. The Wulff-Bragg formula is 
consistent with the Laue equations and can be derived directly 
from them. 

37.5.5. According to the Wulff-Bragg formula, only waves of a 
length A < 2d can be diffracted by a space lattice. Consequently, 
the inequality d < z is the condition for optical homogeneity of the 
crystal with respect to electromagnetic waves of a wavelength 
A. In crystals d ~ (10-7 to 10-8) cm. Hence crystals are optically 
homogeneous with respect to visible and ultraviolet radiation.* 
Thus, crystal lattices diffract X- and gamma rays, as well as 
electrons, neutrons and other microparticles with a sufficiently 
short de Broglie wavelength (see 44.1.2.). 


* This is true only for an ideal crystal having strictly equal distances be- 
tween the lattice points. Owing to thermal motion, real crystals cannot be 
regarded as entirely optically homogeneous even with respect to visible 
light. Their optical nonhomogeneity is manifested, for example, by the 
phenomenon of molecular scattering of light in crystals. 
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37.5.6. If the lattice constant is known, the length of the diffract- 
ing waves can be determined from the position of the diffraction 
maxima, i.e. a spectral analysis of these waves (for instance, X-rays) 
can be made. On the contrary, if the length of the waves diffracted 
by the specimen being examined is known, as well as the type 
of diffraction pattern observed, the structure of the specimen can 
be revealed. Methods of investigating the structure of matter, 
based on the diffraction of X-rays, electrons and neutrons are called 
X-ray diffraction analysis, electron and neutron diffraction studies, 
respectively. Electron diffraction analysis is extensively applied, 
for instance, for investigating the surface layer of substances. Its 
application is restricted, however, to such layers or to thin 
specimens because the depth of penetration of the electrons into 
the specimen is very small (of the order of 10-5 to 10-7 cm) 
due to the intense interaction between electrons and the substance. 
The interaction between X-radiation and the substance is of an 
electromagnetic nature. The amplitude of the scattering (see 
44.418.) of X-rays by the electron shells of atoms increases with 
the atomic number Z of the element. The scattering of neutrons 
by a substance is mainly due to their interaction with the atomic 
nuclei (nuclear interaction). The scattering amplitude of slow 
neutrons (see 48.3.1.) varies nonmonotonically with Z and is not 
the same for various isotopes of the same element. Its order of 
magnitude, however, is always the same. For this reason, neutron 
diffraction analysis has essential advantages over X-ray structure 
analysis whenever the substance consists of elements having 
very close atomic numbers Z or ones that differ very greatly 
(as for instance, in hydrogenous substances). The scattering of 
neutrons by the substance can also be due to electromagnetic 
interaction between the magnetic moments of the neutrons and 
the atoms of the substance. Hence, neutron diffraction analysis 
is also applied for investigating magnetic materials. 


37.6. Diffraction of Radio Waves 


37.6.1. The diffraction of radio waves is investigated by solving 
Maxwell’s equations for the given conditions of radio wave 
radiation and for the given boundary conditions (see 30.4.3.) 
at the earth-atmosphere interface. 

As a first approximation in radio wave diffraction problems, the 
atmosphere is assumed to be homogeneous and to have a relative 
dielectric permittivity and relative magnetic permeability K, = 
= K,, = 1. The refraction of radio waves (see 35.2.15.) is not 
taken into account. 
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37.6.2. Usually dealt with in respect to radio waves are diffraction 
by the earth’s surface, in which the earth is assumed to be ideally 
spherical and homogeneous in its electrical and magnetic proper- 
ties, and diffraction by the relief of the earth’s surface (mountains, 
valleys, etc.). 

Diffraction by the earth’s surface refers tu the reception of radio 
waves in the region of geometric shadow beyond the horizon; 
diffraction by the relief of the earth’s surface refers to the bending 
of radio waves around obstacles whose size is comparable to, 
or is less than, the length of the radio waves. 

The diffraction of radio waves by the earth’s surface is the basis 
for long-wave long-range radio reception by means of a ground 
ray, rounding the earth’s surface. 


CHAPTER 38 


Geometrical Optics 





38.1. Fundamentals 


38.1.1. Geometrical, or ray, optics is the limiting case of wave, or 
physical, optics when A > 0 (A being the wavelength). In geomet- 
rical optics, the wave nature of light and the associated diffraction 
phenomena are not taken into account. This is possible if the 
diffractive effects are negligibly small (for instance, when light 
passes through a lens having a mount of a diameter d > 4). 
38.1.2. Geometrical optics deals with the propagation of light 
in transparent media on the basis of the concept that light is the 
totality of light rays, i.e. lines along which the luminous energy is 
propagated. In an optically isotropic medium, the light rays are 
orthogonal to the wave surfaces and directed toward the outward 
normals to these surfaces. The rays are rectilinear in an optically 
homogeneous medium. At the boundary (interface) between two 
media, the rays obey the laws of reflection and refraction (35.2.4.). 
Beams of light rays can intersect without interference and be 
propagated after intersection independently of each other. 
38.1.3. Fermat’s principle states that the actual path of the propa- 
gation of light from point A to point B is such that the time 7 
required to traverse this path is extremal with respect to that 
Foauired for any other conceivable path between these points. 
us 


B 
sT=6f S=0 or 6 
4 4 


B 
fas =0 
where 6 = variation symbol (see 5.1.3.) 
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element of length of the path from A to B 

v(x, y, 2) = velocity of light in the medium 

n dl = element of the optical path length 

n(z, y, 2) = absolute index of refraction of the 
medium. 


38.1.4. Fermat’s principle follows from Huygens’ principle (see 
37.1.2.) under the condition that the wavelength of the light is 
infinitely small. It is the most general principle of geometrical 
optics, one from which all the fundamental laws of geometrical 
optics can be derived. For instance, in the case of an optically 
homogeneous medium 


toed 


sBe& 


B B 
dfds=nd fa=o 
A A 


Ilence, the law of rectilinear propagation of light in an optically 
homogeneous medium follows from Fermat’s principle. The laws 
of the reflection and refraction of light can be derived in a similar 
way. 

Also a consequence of Fermat’s principle is the principle of optical 
reversibility which states that if a ray from the first medium falls 
on the boundary with the second medium at the angle i, and is 
refracted and enters the second medium at the angle r, then a 
ray from the second medium falling on the boundary with the 
llirst medium at the angle r will enter the first medium after 
refraction at the angle i. This leads to the following relationship 
for the relative indices of refraction of the two media: 


where n, and n, are the absolute refractive indices of the media. 
ih.1.5. In geometrical optics, each point S of a light source is 
regarded as the centre of a divergent beam of rays which are 
called homocentric rays. If, after being reflected and refracted in 
Ihe optical system, the rays remain homocentric, their centre S’ 
is called the stigmatic image of point S in an optical system. Image 
‘S’ is said to be real if the rays themselves intersect at point S’, and 
virtual if only extensions of the rays intersect at point S’. Similar 
points of the source and its image, as well as the corresponding 
rays and beams of rays of light, are said to be conjugate, 
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38.2. Plane Mirrors. Plane-Parallel Plates. 
Prisms 


38.2.1. A homocentric beam of rays from source S will remain 
homocentric after being reflected by a plane mirror (Fig. 38.1). 
Point S* is the virtual image of the source S since it is formed, 
not by.the reflected rays themselves, but by their extensions. 
The line SS* is perpendicular to the plane of the mirror and 
A = A’, where A and A’ are the distances to the point and its 
image, respectively, from the mirror. The geometric size of an 
extended light source and its virtual image are the same. 





FIG.38.1 F1G.38.2 


38.2.2. In a plane-parallel plate (Fig. 38.2) the angle of incidence 
and the angle of emergence of the light rays from the plate are 
equal. The plate displaces the light ray laterally parallel to its 
original direction by the distance 


A= dsin i(t - V0) 


where d = thickness of the plate 
i = angle of incidence of the rays . 
n = relative index of refraction of the plate material. 


The source seems to be nearer to the surface of the plate by the 


amount are! 


Upon normal incidence (i = 0), d= 0 and 4 =d 





n-1 
Wes 
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38.2.3. In a prism with a base AB and refracting edge C (Fig. 
38.3), the angle a between faces AC and BC is called the prism 
angle. After falling on the prism in a plane perpendicular to its 
three edges A, B and C, a ray of light is refracted and deviates 
toward the base AB of the prism by a total angle g = i,+r,.—a, 
where i, is the angle of incidence 
of the ray on face AC and r, is the 
angle of refraction at face BC. If 
r.=1,, the angle of deviation reaches 
its minimum value (p = Qyin)- 

Such an arrangement of the prism 
with respect to the light source is 
called setting the prism to the angle 
of minimum deviation. Here 





FIG.38.3 


. a 
=nsin — 


where n is the refractive index of the prism material with respect 
to the surrounding medium. 


+ Pminta 
sin or 


38.3. Refraction and Reflection 
at a Spherical Surface 


38.3.1. If two media have an interface of spherical shape (Fig. 
38.4), then, after refraction at this surface, a beam of rays remains 
homocentric only if its angle of divergence is small or, more 
exactly, when SA = SO, S’A ~ S’O, and points O, and O practi- 
cally coincide. 








£1G.38.4 


A straight line passing through the light source S and the centre 
of curvature C of the spherical surface is the optical axis of the 
spherical surface. 

38.3.2. A narrow cone of light rays with an axis normal to the 
spherical interface is called a beam of paraxial rays. Nonparaxial 
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rays cannot produce a stigmatic image and, after refraction, are 

no longer homocentric (see 38.1.5.). 

38.3.3. If a spherical surface has a radius of curvature R and the 


media on both sides have the absolute refractive indices n, and 
nz, then for paraxial rays the quantity Q = n(=-+) remains 


constant. It is called Abbe’s zero invariant. Thus 
4 4 4 14 
Q= (Gre) = Gre) 


where a, and a, are the distances to the light source and to its 
image, measured from the interface O. These distances are positive 
in the direction of light propagation and negative in the opposite 
direction (in Fig. 38.4, a, > 0 and a, < 0). For a convex interface 
(with respect to the light source), R > 0, for a concave one R < 0. 
38.3.4. The relationship for paraxial rays of 38.3.3., when written 
in the form 


ny Ne Ny Ne fi fe 
item oa) _ = . hb 8 or -= a 
ay Ag R ay, a6 az 4 


is called the formula for a refracting spherical surface. Here © 


: n2R 
NN: Ne-Ny 


are the front (first) and back (second) focal lengths of a refracting 
spherical surface. Point F,, for which a, = f,, and point F,, for 
which a, = fp, are the first and second focal points of the spherical 
surface. If the light source S is located at focal point F,(a, = f,), 
its image is obtained at infinity (a, =o), i.e. a convergent beam 
of paraxial rays with its apex at point F, is converted after 
refraction into a system of parallel rays. If the source S is at 
infinity (2, = —oo), its image is obtained at the focal point Fy. 
Focal points F, and F, are real if f, < 0 and f, > 0, i.e. if either 
R > 0and n, > n, or Rk < 0 and n, < n,. In this case the image 


S’ of the source S is real (a, > 0) if 7 >4. 

The positions of the source S and its image S’ can also be charac- 
terized by the distances x, and x, from F, to S and from F, to S’, 
respectively. Thus z, = a,—f, and x, = a,—f,. The distances 
x, and x, satisfy Newton’s formula for conjugate points: 





Nyn2R*® 
2422 = fife = - Gea 
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38.3.5. The formula for a spherical mirror is 


4 1 2 
a ta ® 
where R = radius of curvature of the mirror 
a,and a, = distances from the mirror to the light source and to 


its image (the rules for the signs of a,, a, and R are 
the same as in 38.3.3.). ie 


The focal length of a spherical mirror is f = ->-. The image in a 


spherical mirror is either real, if it is on the same side of the mirror 
as the source (a, < 0), or virtual, in the opposite case (a, > 0). 
The image in a convex mirror (R > 0) is always virtual; in a 


concave mirror (R < 0) it is real if 2 > 1, and virtual if tt 


48.3.6. If the luminous object is a short line of length h,,(h., « 
« |a,|), perpendicular to the optical axis of the spherical surface 
(Fig. 38.5), then its image obtained by means of paraxial rays 
will also be a short line perpendicular to that axis. 


<1. 





FIG.38.5 


The ratio of the transverse linear dimensions of the image (/,,) 
to those of the object is called the linear, or lateral, magnification. 
Thus 
=+ lum 
Y= ie 


‘he plus sign, ie. Y > 0, corresponds to an erect image, and the 
minus sign, i.e. Y < 0, to an inverted image (the latter is depicted 


in Fig. 38.5). ; 

lor refraction at a spherical surface under the above conditions 
ps 
4 Ne QQ, 


lor reflection by a spherical mirror under the same conditions 


yY -«—-# 
ay 
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In both cases, the image is inverted if it is real and erect if it is 
virtual. 

If 2p, and 2y, are the maximum apex angles of paraxial rays 
of light at the source and its image, respectively (Fig. 38.5), then 
in refraction at a spherical surface the Lagrange-Helmholtz theorem 
(condition) is valid: 


hestiY1 = himNaipe 


38.3.7. The plane of the object and that of its image are said to 
be conjugate with respect to the spherical surface. Conjugate 
planes for which Y = 1 are principal ones. For a spherical surface, 
both principal planes coincide with the plane tangent to the 
spherical surface at the point of its intersection with the optical 
axis. 


38.4. Thin Lenses 


38.4.1. A lens is a transparent body bounded by two curvilinear 
surfaces, or one plane and one curvilinear surface. In most cases, 
lenses having spherical surfaces are employed. 
88.4.2. A lens is said to be thin if its thickness d is small compared 
to the radii of curvature R, and R, of its bounding surfaces. In the 
opposite case, the lens is said to be thick. 
38.4.3. The principal optical axis of a lens is a straight line 
passing through the centres of 
curvature of its surfaces. It may 
be assumed that in a thin lens, 
the points of intersection of the 
principal axis with the two surfa- 
ces of the lens merge into a single 
a point O (Fig. 38.6) which is called 
Principal the centre of the lens. A thin lens 
has a single principal plane (see 
Focal point 38.3.7.) common to both surfaces 
Lens of the lens and passing through 
centre its centre, perpendicular to the 
principal axis. 
F1G.38.6 All straight lines that pass 
through the centre of the lens and 

do not coincide with its principal axis are called ausiliary axes 
of the lens. 
Rays passing along the optical axes of a lens (both the principal 
and auxiliary axes) undergo no refraction, 





Z 







Princi, 
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38.4.4. The thin lens formula (lens makers’ formula) is 

1 1 
“Ge. ap (n1—4) Ge-m) 


where ng, = 2 


n, and n, = absolute refractive indices of the lens material and 
the surrounding medium 

R, and R, = radii of curvature of the front and rear surfaces of 
the lens (with respect to the object) 

a,and a, = distances to the object and its image measured 
from the centre of the lens along its principal op- 
tical axis. 


The rules for the signs of R,, R,, a, and a, are the same as for 
refraction at a single spherical surface (see 38.3.3.). The thin lens 
formula given above is valid only for paraxial rays (see 38.3.2.). 
38.4.5. The quantity 

f= 


1 


1 4 
(mg1—1) (am) 
is called the focal length of the lens. Points lying on the principal 
optical axis of the lens at the same distances, equal to f, at both 
sides of the centre of the lens, are called the principal focal points 
of the lens. For the front focal point F,, a, = —f, for the back 
focal point F., a, = f. If the source of monochromatic light is at 
point F,, then its image is obtained at infinity (a, =o). On the 
contrary, if the source of monochromatic light is at infinity 
(a, = — oo), its image will be obtained at point F,. 
Planes passing through the principal focal points F, and F, 
and perpendicular to the principal optical axis are called focal 
planes of the lens. The points of intersection of the auxiliary axes 
He) the focal planes of a lens are called ausiliary focal points of 
the lens. 
48.4.6. A lens is converging (positive) if its focal length f > 0. 
A lens is diverging (negative) if its focal length f < 0. 
lor ng > n, converging lenses may be double convex, plano- 
convex OF converging meniscus (positive meniscus) which are thicker 
at the centre than at the edges. Diverging lenses may be double 
concave, plano-concave or diverging meniscus (negative meniscus) 
which are thinner at the centre. For n, < n,, the lens classification 
is opposite to that for n, > nj. 
88.4.7. If a pencil of parallel monochromatic rays falls on a con- 
verging lens, then aiter refraction in the lens all the rays will 
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intersect at the auxiliary focal point corresponding to the auxili- 
ary optical axis which is parallel to the falling rays. If such a 
pencil of rays falls on a diverging lens, then after refraction in the 
lens it becomes a divergent beam of rays whose extensions inter- 
sect at the corresponding auxiliary focal point of the lens. Conse- 
quently, the focal points of converging lenses are real and those 
of diverging lenses are virtual. 

38.4.8. The following formula is valid for lenses: 


t,t i, 1 Aga oh 
era tin ata 7 


where = la 1| 


an f= focal length of the lens. 
The plus sign corresponds to a converging lens, the minus sign 
to a diverging lens. 
The quantity 
4 
eS f 
is called the dioptric power of the lens. For a converging lens ® > 0; 
for a diverging lens ® < 0. The power is expressed in diopters 
if the focal length is in metres. Thus the dimension of the diopter 
is m7. 
38.4.9. A thin lens provides an undistorted image of an object if 
the light is monochromatic and the object is small (or sufficiently 
‘distant from the lens) so that the rays from it pass along in the 
immediate vicinity of the principal optical axis of the lens (i.e. 
they are paraxial). 
38.4.10. The image of an object formed by a lens is constructed 
by means of two rays from each point of the object. The image of 
the point is at the intersection of these rays after passing through 
the lens (in the case of a virtual image — at the point of intersection 
of the extensions of the rays passing through the lens). As a rule, 
any two of the following three rays are used for this purpose: 
a ray passing without refraction through the centre of the lens, 
a ray falling on the lens parallel to its principal optical axis 
(after refraction in the lens, this ray or its extension passes through 
the back principal focal point of the lens) and, finally, a ray (or its 
extension) that passes through the front principal focal point and, 
after refraction in the lens, travels parallel to its principal optical 
axis. 
38.4.11. The lateral magnification of a thin lens is Y = —. For 
real images Y < 0, i.e. they are inverted, for virtual “iilages 
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Y > 0, i.e. they are erect. At a, = —a,, the lens provides a real 
inverted full-scale image of the object. This is possible only when 
the object and image are both located at a double focal length 
from the centre of the lens. 

38.4.12. The images of objects formed by means of lenses have 
numerous distortions (see 38.7.1.) called aberrations. These dis- 
tortions can be reduced by using compound lenses, i.e. systems 
of lenses placed one after another to make up what is sometimes 
called an optical system. 


38.5. Centered Optical Systems 


38.5.1. An optical system is centered if the centres of curvature 
of all its refracting surfaces lie on a single straight line called the 
principal optical axis of the system. 

38.5.2. An optical system in which the homocentricity of the 
beams of rays is conserved and the image is geometrically similar 
to the object is called an ideal optical system. Centered optical 
systems in which the image is obtained by means of monochrom- 
atic and paraxial rays of light can be considered ideal with some 
approximation. 

38.5.3. Any ideal optical system has two principal and two focal 
planes. The principal planes are perpendicular to the principal 
optical axis of the system and, in the general case, do not coincide 
with each other. They are conjugate planes corresponding to a 









C=" |Principal ~~ \ Focal 
pont 


oink Fy optical axis 


Principal 


2 
by 
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ro) 
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lateral magnification Y = +1. The focal planes are also perpendic- 
ular to the principal axis of the system and intersect this axis 
at the focal points. The points H, and H,., where the principal 
planes intersect the principal optical axis (Fig. 38.7), are called 
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the principal points of the system. The distances from these points 
to the focal points are called the focal lengths of the system. 
38.5.4. If f, and f, are the focal lengths of the optical system, the 
positions of the conjugate points (see 38.1.5.) are determined by 
their distances a, and a, from the corresponding principal planes 
(taking into account the sign convention, see 38.3.3.), and 2, 
and a, are the distances from the object to the first focal point 
and from the image to the second focal point, respectively 
(v7, = a,—f, and x, = a,—f,), then the following formulas are 
valid for the optical system: 
fi ny 


i +2. = 1; XyTQ = fifss fe eas Ny ’ and 


fe “1 


where n, and n, are the absolute refractive indices of the media in 
which the object and image are located, respectively. 
If these media are the same (n,=n.), then 


: ! aa,=-—f? and f,=-f,=f 


38.5.5. An optical system is characterized by its angular mag- 
nifieation Z: 


A 
a, fee 


= tanv: 
tan ¥; 


where 2y, = apex angle of the beam of rays at a point of the 
object (see 38.3.6.) 
2y, = apex angle at the conjugate point of the image. 


In the case of an inverted image, y, and y, are assumed to be of 
different sign and Z < 0; for an erect image Z > 0. The lateral 
(see 38.3.6.) and angular magnifications are related by the equation 


Zy=5 


Ne 


It the object and its image are in the same medium (n, = ng), 
then 
ZY =1 


38.5.6. Conjugate points for which Z = 1 are called nodal points 
of the optical system. Conjugate rays, passing through the nodal 
points, are parallel to each other. The nodal points are at the 
distances x, = f, and x, = f, from the focal points F, and Fy, 
respectively. The two planes passing through the nodal points 
and perpendicular to the principal optical axis are called the 
nodal planes. 
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38.5.7. An optical system is also characterized by the longitudinal 
magnification X = oe = ek Thus 


X=2y and X¥Z=Y 
1 


38.5.8. The two principal, two focal and two nodal planes, together 
with the corresponding points, constitute the six cardinal planes 
and points of the system. At n, = n. and f,; =—f,, the nodal 
points and planes merge with principal ones so that only four 
cardinal points and planes remain. The transition from an optical 
system to a thin lens leads to the merging of the two principal 
planes and points into one. A thin lens is characterized by three 
cardinal points—the two focal points and the centre of the lens— 
and the corresponding cardinal planes. 

38.5.9. For a thick spherical lens in air (n, = n. = 1), the focal 
length is 


ie 1 1 ,n-1 d 
O-O(R at a Rm) 
where 7 = absolute refractive index of the lens material 
d = thickness of the lens along the principal axis 
R, and R, = radii of curvature of the surfaces of the lens (sign 


convention, see 38.3.3.). 


The first (H,) and second (H,) principal points of a thick lens are 
at the distances 
= Rid = Red 

hi =—acRptmcha 2949 fe = —aR SR) tMoa 
which are measured in the direction of light propagation from the 
points O, and O,, respectively. These latter two points are the 
intersections of the principal optical axis of the lens with its front 
and back surfaces. For instance, in a double convex (R, > 0 and 
R, < 0) or a double concave (R, < 0 and R, > 0) lens, hy > 0 
and h, < 0. This means that principal point H, is to the right of 
point O, and principal point H, is to the left of point O,. 
If (n-1)d«n|R, Pal then the following approximate formulas 
can be used 
Rid 


- Red 
n(Ri—R2) 


hy n(Ri—R) 


and Ah, = 


48.5.10. The dioptric power & and focal length f of a centered sys- 
tom of two thin lenses, having the dioptric powers ®, and ®, and 
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arranged at the distance d from each other, equal 
@ = G,+0,-D,G9,d 


1 1 1 d 


und Fa KTR OTE 





where f; = s and f, = z are the focal lengths of the two lenses. 
The positions of the principal points (see 38.5.9.) are 


-qg% ff __fd 
a @ fe fith—d 








where h, and h, are measured from the centres of the first and 
second lenses, respectively. In particular, for two thin lenses 
placed in contact with each other (d = 0) 


®=6,+0,; f= 7H and hy =h, = 0 


38.6. The Basic Optical Instruments 


38.6.1. The purpose of optical instruments is to obtain distincl 
images on a screen or in some light sensitive device (the eye, 
photographic film, etc.) of large distant objects, small nearby 
objects, fine details of large nearby objects, normal objects in an 
eye with anomalous optical properties, objects projected on a 
large screen, etc. Accordingly, optical instruments are classified 
as telescopes (including the astronomical types), magnifying glasses 
and microscopes, eyeglasses and projection apparatus. 

38.6.2. Optical instruments increase the angle of view for the 
image in comparison with the viewing angle corresponding to the 
object being examined. The angle of view is the angle at which 
rays from the extreme points of the object or its image converge 
at the optical centre of the eye. The magnification of an optical 
instrument is 


where ,, and 9%, are the angles of view for the object and its 
image. 

38.6.8. Optical instruments usually provide a two-dimensional 
(plane) image of three-dimensional (spatial) objects. To obtain a 
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sufficiently distinct image, the angle of the beam of rays (see 
38.3.6.) coming from the object is restricted by means of an 
aperture stop. The aperture stop may be a round hole in an opaque 
screen or the mount of one of the lenses of the system. 

38.6.4. The entrance and exit pupils of an optical instrument are 
its holes (or their images) that most effectively limit the angles 
of the beams of rays entering the instrument and leaving it 
(Fig. 38.8). If the aperture stop is inside the instrument, then its 
image in the front part of the instrument (with respect to the 
object) serves as the entrance pupil and the image in the back part 
of the instrument is the exit pupil. 
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$8.6.5. The angle at which the diameter of the entrance pupil is 
seen from the point of intersection of the principal optical axis 
of the instrument with the plane of the object is called the angular 
aperture. The angle at which the diameter of the exit pupil is seen 
frum the point of intersection of the principal optical axis with 
the plane of the image is called the projection angle. 

lsesides the aperture stop, a field-of-vision stop is resorted to to limit 
the field of view in the plane of the image. The mount of one of 
the lenses of the system may be such a stop. The actual contour 
of the field-of-vision stop or its image in the part of the system 
hetween the stop and the object is called the port (entrance port). 
The field of view can be most sharply limited when the planes of 
the port and object coincide. 

48.6.6. The ratio of the area of the entrance pupil to the square 
of the focal length of the front lens (with respect to the object) 
of the objective of an optical instrument is called the speed I of the 
ubjective. For the image of a distant object the illumination (see 
38.9.5.) B ~ J. { 
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The ratio of the diameter of the entrance pupil to the focal length 
of the objective is called the relative aperture (aperture ratio) 
2 of the objective. The illumination of the image of a distant 
object EB oc 22. 

38.6.7. A magnifying glass is a system of one or several lenses with 
a short focal length (f = 10 to 100 mm). The object is usually 
placed near the first (front) focal point of the magnifying glass so 
that its erect virtual magnified image is obtained at infinity, i.e. 
it is viewed without the necessity of accommodation to the eye. 


The magnification NV = 2 where D is the near point, or as it 


is sometimes called, the distance of most distinct vision (for normal 
eyesight D = 250 mm). 

38.6.8. A microscope is a combination of two optical systems 
(composed of one or several lenses each)—the objective and the 
ocular, or eyepiece—separated by a considerable distance when 
compared to /, and f,. The small object is located near the front 
focal point of the objective which forms an enlarged real inverted 
image viewed through the eyepiece. The latter further magnifies 


the image. 

The magnification of a microscope is 
Ay 
fi fe 


where /, and f, = focal lengths of the objective and eyepiece 
A = distance between the back focal point of the 
objective and the front focal point of the eye- 

piece 


D = near point. 


For small values of f, and f,, the magnification N may be of the 
order of 10%. Its value is limited by diffraction phenomena (see 
38.8.1.) The object in a microscope is illuminated with wide beams 
of light rays (to increase the resolving power, see 38.8.3.) by a 
condensing lens whose focal point is in the plane of the object. 
The objective should be aplanatic (see 38.7.6) with respect to 
points near its focal points, and should also be achromatized (see 
38.7.12.). The angle of the beam of light rays, coming from the 
object to the objective of the microscope, is limited by the phenom- 
enon of total internal reflection from the upper surface of the 
cover glass. Immersion objectives (see 38.8.3) are used to increase 
this angle and the resolving power of the microscope. 

38.6.9. A telescope is a combination of two optical systems (compos- 
ed of one or several lenses each)—an objective and an eyepiece. 
The real inverted reduced image of the distant object, formed by 
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the objective, is viewed through the eyepiece as with a magnifying 
glass. For this purpose, the front focal plane of the eyepiece is 
made to coincide with the back focal plane of the objective 
(telescopic system). 

The magnification of a telescopic system is 


where /, and f, are the focal lengths of the objective and eyepiece. 
An additional optical system is introduced into terrestrial tele- 
scopes, intended for viewing distant objects on the earth. This sys- 
tem transforms the inverted image of the object into an erect 
one. 

The diameter of the exit pupil in terrestrial and astronomical 
telescopes should not exceed the diameter d, of the pupil in the 
vye (dj = 6 to 8 mm in nighttime observations and d, = 2 to 3mm 
in daytime observations), as otherwise a part of the light passing 
through the optical system will not get into the observer's eye. 
The optimal ratio between the diameters d, and d, of the objective 
and eyepiece in a telescope is 


where d, == dy. In this case, the diameters of the entrance and exit 
pupils equal d, and d,, respectively. The upper limit of magnifica- 
lion WV of a telescope with a given diameter of objective is restrict- 
ed by the diffraction of light by the exit pupil which should there- 
by be at least 1 mm in diameter. 

38.6.10. Spectroscopic instruments are optical instruments which 
serve to obtain and study the spectral decomposition of electro- 
magnetic radiation of the optical range (infrared, visible and 
ultraviolet) into separate frequencies (or wavelengths). 

The optical system of spectroscopic instruments with three- 
dimensional decomposition consists of a source of light—a narrow 
entrance slit on which the radiation being studied falls—the 
front objective (collimator), dispersive element and the rear 
objective (camera objective). Used as dispersive elements are prisms, 
diffraction gratings, a Fabry-Perot etalon, Michelson echelon 
grating, etc. Accordingly, the spectroscopic instruments are said 
to be of the prism, grating (diffraction) or interference ue 
In the prism spectroscopic instruments, the prisms are usually 
arranged at the angle of minimum deviation (see 38.2.3.). The 
collimator transforms the diverging beam of rays from the entrance 
slit into a parallel pencil falling on the dispersive element. A spec- 
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trum is formed at the second (back) focal plane of the camera objec- 
tive. The spectrum is a system of images of the entrance slit in 
monochromatic light of different frequencies. In a spectroscope, 
the spectra are observed visually, in a spectrograph, they are 
photographed. Spectrometers are used to measure the intensity 
of radiation coming from a narrow slit located in the focal plane 
of the camera objective. 

38.6.11. The angular dispersion of a spectroscopic instrument is the 
quantity “ 

” 


where dg is the angular separation, i.e. the difference in the angles 
at which light rays of free-space wavelengths of 4 and A+dA 
come from the prism (or diffraction grating). The angular disper- 
sion of a diffraction grating for a spectrum of the m-th order 
(see 37.4.9) is 
m 
Fee 
where Z is the constant of the grating. 
The linear dispersion of a spectroscopic instrument is the quan- 
tity 
dl 

D* = Ga 
where dl is the distance between lines of the spectrum correspond- 
ing to light with wavelengths of 4 and 4+dA. The linear disper- 
sion of a spectroscopic instrument depends upon its angular 
dispersion and on the focal length f, of the camera objective. 
Thus D* = Df. 


38.7. Errors of Optical Systems 


48.7.1. Distortions of the image in optical systems, due to the 
use of wide high-transmission beams of rays, as well as non- 
monochromatic light, are called aberrations. . 

Geometrical aberrations are the errors in images produced by an 
optical system that are due to the use of wide or oblique beams 
of monochromatic light. Chromatic aberrations are distortions 
of the image due to the dispersion of light (see 40.1.1) in the lenses 
of an optical system when white light is used. 

38.7.2. The use of wide beams in optical systems leads to spherical 
aberrations and coma of the image obtained. 
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As a result of spherical aberration, point S of the object (Fig. 
38.9), lying on the principal optical axis of the system, will 
appear as a circle of confusion (or a circle of diffusion). The radius 


of this circle is called the lateral spherical aberration oe The distance 





FIG. S89 


o between’ the images S’ and S” of point S formed, respect- 
ively, by paraxial rays (see 38.3.2.) and the extreme rays of the 
beam accommodated by the entrance pupil of the system (see 
38.6.4.), is called the longitudinal spherical aberration. 

The envelope of all the rays of the refracted beam is called the 
caustic surface (caustic) and its intersection with a plane passing 
through the beam is called the caustic curve. In the case of spher- 
ical aberration, the caustic surface has an axis of symmetry. 
38.7.3. The spherical aberrations of a lens for an image formed 
at its principal focal point (i.e. for the image of a distant object 
obtained by means of a wide beam of rays parallel to the principal 
optical axis of the lens) are called the principal spherical aberra- 
tions of the lens. 

For a double convex lens with radii of curvature R, and R, 
(R, > 0 and R, < 0), the principal spherical aberrations equal 


ge = KR3 and o =~—/f,KR? 


where 
— Mf, 2@-O7, tf (ty 2 se 
cs 2 | R? [4 n3 lm aes 2) +55} 
R, = radius of the lens 


n = relative index of refraction of the lens 
fe = principal focal length. 


For a given shape of the lens, the magnitude of o decreases with an 
increase in n. The aberration is also reduced if the lens is arranged 
with the surface having the greater curvature (R, < |R,|) facing 


ioe 
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the source of light. If R, = —R, = R, then 
4 1 1 
K = py (2n?-2n+-4) 
For a plano-convex lens with its convex side facing the object 
(R, = R and R, =o) ; ; 
K= [1- an). 





2R? 
The aberration is minimal when 
Ri _ _ htn—2n? 
R, Qn2+n 


38.7.4. For a converging lens o < 0, for a diverging lens o > 0. 
Therefore, spherical aberration can be substantially reduced by 
replacing a simple lens with a system of properly selected con- 
verging and diverging lenses. 
38.7.5. Coma is the geometrical aberration that occurs when wide 
beams of light, passing through the optical system, come from 
a point of the object lying at some distance from the principal 
optical axis of the system. The image of this point will be an 
elongated and nonuniformly illuminated spot that resembles a 
comet. Coma corresponds to a caustic (see 38.7.2.) having only 
one plane of symmetry which passes through the off-axis point 
being observed and the optical axis of the system. 
38.7.6. If spherical aberration has been eliminated for a point 
S lying on the principal optical axis of the system, then coma 
can also be eliminated for a small object lying near to S in a 
plane perpendicular to the principal axis. For this it is necessary 
yhat the system satisfy Abbe’s sine condition: 
Yih, SIN Py = Yor: SIN Ye 
where n, and n, = absolute refractive indices of the object and 
image spaces (i.e. of the media in which 
they are located) 

y, and y, = distance of the point being observed on the 
object and its image from the principal 
optical axis of the system 

y, and y, = maximum angles between the principal axis 
and the conjugate rays (Fig. 38.5), called 
the slope angles in the object and image 
spaces. 

The sine condition follows from the requirement of tautochronism 
(see 36.2.3.) of the paths of all the rays by means of which the 
image of each point of the object is formed. For paraxial rays, 
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angles y, and y, are small, so that sin y = yw and the sine con- 
dition becomes the Lagrange-Helmholtz theorem (see 38.3.6.). 
The sine condition can be complied with only for a single pair 
of conjugate planes of the system which are said to be aplanatic 
surfaces. Consequently, an aberration-free image of a small object 
may be obtained by means of a wide beam of light only for a 
quite definite (design) distance from the object to the optical 
system. For this reason, aplanatic lenses (aplanats) are extensively 
applied as the objectives of microscopes in which the small object 
being examined is always located near the front (first) principal 
focal point of the objective. 

38.7.7. The use of oblique beams (including narrow beams) 
coming from points of an object at some distance from the optical 
axis of the system leads to astigmatism of oblique beams, curva- 
ture of the field and distortion of the image. 

38.7.8. Astigmatism of oblique beams lies in the fact that they do 
not form stigmatic images (38.1.5.). If the axis of the beam lies 
in a meridian plane, i.e. in a plane passing through the optical 
axis of the system, then an image of a point of the object will be 
an aberration ellipse whose eccentricity depends upon the distance 
from the plane of the image to the principal focal point of the 
system. At certain positions of the image plane, the ellipse degener- 
ates into a straight line located in a meridian plane, or a straight 
line located in a sagittal plane, perpendicular to the meridian 
plane, or into a circle of confusion. 

38.7.9. Curvature of the field of a plane image refers to the fact that 
the image of off-axis points of a plane object is not a plane figure, 
but has a certain curvature. The farther the points are from the 
optical axis of the system, the greater the curvature. This error 
is usually corrected together with astigmatism by using special 
lens systems called anastigmats. 

38.7.10. Variable magnification Y along the field of the image 
leads to distortion of the image. When Y decreases toward the 
edge of the field, barrel distortion occurs (Fig. 38.10b). If the 
opposite is true, pincushion distortion results (Fig. 38.10c). Both 
kinds of distortion are eliminated by using special lens systems. 
38.7.11. Chromatic aberration (see 38.7.1.) is inherent in uncor- 
rected optical systems composed of elements that refract light 
(lenses and prisms). Distinction is made between longitudinal 
(positional) chromatic aberration and lateral (magnificational) 
chromatic aberration. Longitudinal aberration is due to the depend- 
ence of the position of the principal focal point of an optical 
system on the wavelength of the light. As a result, the image of 
wm axial point source of white light, obtained even by means of a 
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Undistorted Barrel Fincushion 


image distortion  adistortion 
(2) (4) (2) 
FIG.38.10 


paraxial beam, is seen as concentric coloured rings. The sequence 
of colours of the rings depends upon the position of the screen 
on which the image is obtained. The chromatic difference in 
magnification is manifested in the fact that the image of a small 
object, perpendicular to the principal optical axis, is seen in 
white light as surrounded by a coloured border. 

Chromatic difference of magnification (lateral chromatic aberra- 
tion) is linked with longitudinal chromatic aberration and can be 
eliminated simultaneously with the latter only in a thin lens in 
which the position of the principal plane does not depend upon 
the wavelength of the light. If the principal focal points are made 
to coincide for wavelengths A, and A, in a thick lens, only longi- 
tudinal chromatic aberration is eliminated for these waves. In this 
case, however, residual longitudinal chromatic aberration (second- 
ary spectrum) remains for other wavelengths. 

38.7.12. An objective in which longitudinal chromatic aberration, 
as well as spherical aberration, has been eliminated for two wave- 
lengths A, and A,, is called an achromatic lens (achromat). Asystem 
of two thin lenses cemented together is achromatized if, for light 
of a wavelength 4,, the dioptric powers ®, and ®, of the first and 
second lenses are related to the dioptric power ® of the system 
by the equations 











® 2 
®, N21 Any and ®, _m 1 AN 
m—-1 Ane Ne—-1 Any 
where n, and n, = absolute refractive indices of 


the lens materials with respect 
to light of wavelength A, 

nyt+4Mn, and n,+ An, = absolute refractive indices with 
respect to light of wavelength A, 
(it is assumed that the system 
is in air). 
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Apochromatic objectives (apochromats) are more advanced lenses. 
In them longitudinal chromatic aberration has been eliminated 
for three different wavelengths 4. Apochromatic objectives have 
only a small fraction of the residual chromatic aberration that 
achromatic objectives have. 


38.8. Resolving Power of Optical Instruments 


38.8.1. In any optical system, the image of an object is obtained 
by means of a beam of rays which is restricted by the entrance 
pupil (see 38.6.4.), i.e. it is a result of the diffraction of light in 
the system. Hence, the image cannot be absolutely stigmatic 
even in a system that is free of all possible kinds of aberration. 
Owing to diffraction, any point of a luminous object is seen as a 
central bright spot surrounded by alternating dark and bright 
interference rings (see 37.4.7.). This phenomenon limits the 
possibility of detecting fine details on the image of an object. 
38.8.2. Rayleigh’s criterion for resolution states that the images of 
two nearby self-luminous (incoherent) points can still be regarded 
as separate if the centre of the diffraction pattern corresponding 
to one point coincides with the first diffraction minimum for the 
other point. 

According to Rayleigh’s criterion, the minimum angular separa- 
tion dy between two distant point sources, whose images in the 
objective of an astronomical or terrestrial telescope can just be 
resolved, equals 


A 


where 4 = wavelength of the light 
d = diameter of the entrance pupil. 
The quantity 


is called the resolving power of the objective. The resolving power 
Ron Of the whole instrument depends as well on the resolving 
power R, of the receiver (the eye, photographic emulsion, ete.). 
[t may be assumed, with some approximation, that 


gk Sep dae he 
Ron Ro R,; 





The resolving power of the eye is limited by the granular structure 
of the retina as by the diffraction of light by the pupil. When the 
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illumination is good the diameter of the pupil d = 2 mm and the 
limiting angle of resolution, owing to diffraction of light by the 
pupil, dp = 1’. This coincides with the resolving power of the 
retina. The resolving power of a layer of photographic emulsion 
is limited by the size of the grains and by the scattering of light 
associated with the sharp difference between the indices of re- 
fraction of the gelatin and of the crystals of silver halide. 
The magnification of the eyepiece of a telescope is selected so that 
all details of the object resolved by the objective are also resolved 
by the receiver (eye, etc.). 
38.8.3. The resolving power of a microscope is characterized by the 
uantity 61 which is the shortest distance between two points on 
the object which will produce images that are just resolved. Ina 
self-luminous object, these points can be regarded as independent 
(incoherent) sources of light and 


jp ae 
nsiny 
where n = absolute index of refraction of the medium bet- 


ween the object and the objective 
Ay = wavelength of light in a vacuum 
2y = angular aperture 
nsin y = numerical aperture of the objective. 


Actually, the objects examined in microscopes are not self-lumin- 
ous, but are illuminated. Hence, depending upon the conditions 
of illumination, the light scattered by various points of the object 
is coherent to a greater or lesser extent. In this case, however, 
under optimal conditions of illumination, the shortest distance 
between two resolvable points on the object is 


0.5a0 
nsiny 


él = 





The resolving power of a microscope can be increased by: (a) 
reducing A, (applying ultraviolet microscopy) and (b) increasing 
the numerical aperture of the objective by filling the space be- 
tween the cover glass and objective with a liquid having a high 
absolute index of refraction (immersion objective). Usually for 
immersion liquids n = 1.4 to 1.6. 

38.8.4. The resolving powers of optical instruments given above 
are the theoretical limiting values. Practically they are always 
somewhat less due to the influence of aberrations that occur in 
the optical systems of the instruments, as well as the lack of ideal 
contrast between the object and its surrounding background. 
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Moreover, the resolving power of the eye is reduced upon insuffi- 
cient illumination of the object. 

38.8.5. Optical instruments can be employed beyond the limits 
of their resolving power, not so much, in this case, to establish 
the precise shape or details of the observed objects, as to detect 
these objects and observe their 

motion. eng 

38.8.6. Very fine colloid partic.  /ecttve 0, 

les (of the order of 10-® cm) in 

which the size d « A, are observ- Scattered 

ed in an ultramicroscope by the light Ny; 


dark-field method. In this method, Direct 
the direction of observation is (ES 
perpendicular to the direction 


along which the object is illumi- sortf ‘ 

nated and not direct rays, but Cte: Peel 

ones scattered by the micropar- FIg.38.11 

ticles, are observed (Tyndall ef- 

fect, see 40.4.4.). The principle of the ultramicroscope is shown 
in Fig. 38.11. 

38.8.7. According to Rayleigh’s criterion, two nearby spectral 
lines, obtained in a spectroscopic instrument, can be just resolved 
if the distance between the intensity maxima for these lines is 
not less than the breadth of the lines themselves (see 40.2.6.). 
The resolving power of a spectroscopic instrument is 


A 
ace Tt 
where 4 and A+ 6A are the wavelengths of lines that can just be 
resolved by this instrument. The value R is determined by the 
properties of the dispersive element and the receiver (photographic 
film, eye, etc.), diffraction phenomena and aberrations of the 
optical system. 

38.8.8. The resolving power of the prism in a prism spectroscopic 
instrument, in which the prism is also the aperture stop, equals 


d 
R= dey 
where g = angle of deflection of light of wavelength A by the 
prism 
d, = width of the light beam emerging from the prism 


(measured in a plane perpendicular to the refracting 
edge of the prism). 
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If, in addition, the prism is set at the angle of minimum deviation, 
then 


R= dn 


=ea-—- 
da 
where a = length of the base of the prism 
n = absolute refractive index of the prism material. 


38.9. Fundamentals of Photometry 


38.9.1. Photometry is the branch of optics that deals with the 
measurement of energy transmitted by electromagnetic waves of 
the optical range (of wavelengths from 10-§ to 3.4107 m). 

In the narrower sense, treated of below, photometry refers to the 
branch of optics devoted to the measurement of the effect of 
visible light on the human eye (photometric measurements). This 
effect is characterized by the following photometric quantities: 
luminous flux, luminous intensity, illumination, luminous emit- 
tance, and luminance. 

38.9.2. The effect of visible light on the eye depends not only on 
the physical characteristics of the light (energy flux density, 
frequency or spectral composition), but also on the spectral sensi- 
tivity of the eye (luminous efficiency) V,, which equals the ratio of 
the luminous flux of the given monochromatic radiation to the 
energy flux (radiant flux) of this radiation. The quantity K, = 


Vv 
= Tice is called the relative spectral sensitivity of the eye 
A) ma: 


(relative luminous efficiency). For a normal eye, K,=1 at 
A= 5.55xX410-? m= 5,550 A. 


Ka The dependence of KK, on A 
(luminous efficiency curve) is 

10 shown in Fig. 38.12. 
OTS 38.9.3. The luminous flux © is the 
power of visible radiation evalu- 
OS ated according to its effect on 


the eye. The luminous flux is 

A,mz measured in lumens (see Appen- 

0 dix I.5.2.). For monochromatic 

400 500 600 700 ‘radiation corresponding to maxi- 

FIG.38.12 mum luminous efficiency of radi- 

ation (A = 5,550 A), the lumi- 

ae flux equals 683 lumens if the radiant power is equal to 4 
watt. 

The luminous flux 9,,, across an arbitrary closed surface enveloping 


O25 
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the source of light, is equal to the power of visible radiation of the 
source and is called the total luminous flux of the light source. 
The quantity ©®,,,, characterizing the source of light, cannot be 
increased by any optical system whatsoever. The action of such 
systems consists only in the redistribution of the luminous flux 
along certain selected directions at the expense of others. 

The spectral density of visible radiation of a source of nonmonochro- 


matic radiation is the quantity eo , where d@ is the total luminous 


flux for the wavelength range from 4 to A+dA. 

38.9.4. A point source of light is one which emits spherical waves 
(see 34.1.10.). The luminous intensity of a point source is the quan- 
tity 7, numerically equal to the luminous flux emitted by the 
source within a unit solid angle. If the point source radiates uni- 
formly in all directions then its luminous intensity is 


With an arbitrary source of light, the luminous intensity J of a 
small element AS of its surface in the given direction is 

dp 

dQ 

where d®is the luminous flux emitted by the element 4S of the 
surface in the given direction within the solid angle dQ. 


The mean spherical intensity of an arbitrary light source is the 
quantity 


i= 


j = Pet 
f= 4n 
where ®,,, is the total luminous flux of the source. If the source 
emits light uniformly in all directions (isotropically), then J = J. 
!.uminous intensity is measured in candelas (see Appendix I.5.1.). 
38.9.5. The illumination E of asurface is the ratio of the luminous 
flux d® incident on an element of the surface to its area dS. Thus 
,_ de 
lor a point source of light 


oR I p 
E= 1op = toot 
where R= radius vector drawn from the source to the element 
dS of illuminated surface 
n = unit vector normal to the element dS 


y = angle between R and n (angle of incidence), 
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If a plane light wave falls on the surface 


E = E, cos 9 
where &, = illumination of a surface normal to the direction of 
propagation of the wave 
gy = angle between the normal surface and that being 


considered. 


Illumination is measured in luzes and phots (see Appendix 
1.5.2.). 

38.9.6. Tue quantity of illumination (exposure) H is the product 
of the illumination £ of a surface by the duration ¢ of its illumina- 
tion (in photography it is called the exposure time). Thus ~ 


H = Et 


38.9.7. The luminance Bg is the surface density of the luminous 
intensity in a given direction. It equals the ratio of the luminous 
intensity to the projected area of the luminous surface on a plane 
perpendicular to the given direction. Thus 


dl dp 


By = ‘dScosg dSd2cos@ 





where d@J = luminous intensity of element dS of the luminous 
surface in.the direction making the angle with 

the normal to the element dS 
d?® = luminous flux emitted by element dS within solid 

angle dQ in the same direction. 


pe eee is measured in nits and stilbs (see Appendix 
.5.2.). } 

A light source for which B, does not depend on g is said to obey 
Lambert’s law. Strictly speaking, this condition is complied with 
only by a black body (see 41.1.4.) and surfaces or media which 
uniformly diffuse light in all directions (uniformly diffusing). 
38.9.8. The luminous emittance R is the surface density of the 
luminous flux of radiation emitted by a surface. It equals the 
rane of the luminous flux d® to the area dS of luminous surface. 
Thus 


The luminous emittance is measured in luxes and phots (see 
Appendix I.5.2.). 


670 


$8. Geometrical Optics 


The relationship between luminous emittance and luminance is 
nm 


2 
R= 2n f Bg cos p sin y dp 
0 


For sources obeying Lambert’s law 


R=n2B 


CHAPTER 39 





Polarization of Light 


39.1. Methods"of Polarizing Light 


39.1.1. Unpolarized, or natural, light is light in which electro- 
magnetic waves with all possible directions of oscillation of vec- 
tors E and H (complying with the conditions of mutual perpendic- 
ularity and perpendicularity to the direction of wave propagation) 
are represented in an equal degree. 

Each wave train (see 34.1.12.) emitted by an atom in one event 
of emission is plane polarized. The combined spontaneous radia- 
tion of a multitude of atoms constitutes natural light. 

39.1.2. In all methods of polarizing natural light, components 
with quite definite orientation of the plane of polarization are 
completely or partly separated from the natural light. In the 
first case, a plane-polarized wave (see 34.1.8.) is obtained; and 
in the second a partially polarized wave having preferred orien- 
tation of the plane of polarization. 

Devices for converting natural or partially polarized light into 
plane-polarized light are called polarizers. Their action is based 
either on the phenomenon of polarization by reflection and refrac- 
tion at the boundary between two isotropic transparent dielectrics 
(see 35.3.1.) or on the phenomena of optical anisotropy and the 
associated double refraction (see 39.3.1.) or else on the phenomena 
of dichroism (see 39.3.8.). 

39.1.3. A medium is said to be optically anisotropic if its optical 
properties (in particular, the phase velocity of light and the abso- 
lute index of refraction) depend on the direction of propagation 
of the light wave and how it is polarized. In the final analysis, 
the law of light propagation in a medium is determined by the 
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interference of the primary wave and the secondary waves emitted 
by the molecules, atoms or ions of the medium as a result of their 
electronic polarization by the field of the light wave. Hence, 
the optical properties of the medium are fully dependent on the 
electrical properties of these elementary emitters, their relative 
positions and interaction. Depending upon their structure, atoms 
and molecules may be either electrically isotropic (polarization 
is independent of the direction) or anisotropic. 

39.1.4. Gases, liquids and amorphous solids are optically isotropic 
under ordinary conditions. Even though the molecules of many 
of these substances are electrically anisotropic, their orientation 
is entirely chaotic. Any ordered orientation of the anisotropic 
molecules in these media leads to the onset of optical anisotropy 
(artificial optical anisotropy, see Sec. 39.4.). 

Optical anisotropy of crystals may be due to electrical anisotropy 
of their component particles or to anisotropy of the field of forces 
of particle interaction. The character of this field is related to the 
symmetry of the crystal lattice. All crystals, except those of the 
cubic system, are optically anisotropic irrespective of the electrical 
properties of the particles composing them. 

In the range of optical frequencies, most crystals are nonmagnetic, 
i.e. their relative magnetic permeability K,, ~ 1. 

The optical anisotropy of nonmagnetic, optically inactive (see 
39.7.1.) and transparent (i.e. those not absorbing light) crystals 
is due to the anisotropy of dielectric susceptibility », and of 
relative permittivity K, = 1+, (in SI units). 


39.2. Elements of Crystal Optics 


39.2.1. For an optically inactive, nonmagnetic, transparent, 
optically homogeneous, anisotropic crystal, the dependence of the 
relative permittivity on the direction can be represented graph- 
ically. If radius vectors r, whose magnitude is r= K,, where K, 
is the relative permittivity of the crystal in the direction of r, 
are drawn in all possible directions from an arbitrary point Oin the 
crystal, then the heads of the vectors r will lie on the surface of 
an ellipsoid, which may be called the optical indicatriz (Fig. 39.1). 
The axes of symmetry of this ellipsoid define the three mutually 
perpendicular principal directions in the crystal. In a Cartesian 
coordinate system with the axes Ox, Oy and Oz along the principal 
directions, the equation of the optical indicatrix is 
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where K,,, K,, and K,, are the values of K, along the principal 
directions. They are called the principal relative permittivities of 
the crystal (or principal dielectric constants). At all points of a 
homogeneous crystal which complies with the above requirements 
the optical indicatrices are identical, i.e. the orientation and dimen- 
sions of their semi-axes are the same. 

39.2.2. For an optically isotropic crystal, K, is independent of the 
direction (K,, = K., = K,, = K,) and the optical indicatrix 
degenerates into a sphere of radius r = VK, = n, where n is the 
absolute index of refraction of the isotropic crystal. 

The optic axis (or binormal) of an anisotropic crystal at the point 
Ois a line passing through point O and perpendicular to the plane 
of a circular cross section of the optical indicatrix. In the general 
case, the optical indicatrix is a triaxial ellipsoid (K,, # Ky # 
* K,,) so that two different circular cross sections (planes J and 2 
in Fig. 39.1) and two corresponding optic axes 0,0, and 0,0) 
can be passed through point O. Such a crystal is said to be biazial. 
If K,, > K,, > K,, (as in Fig. 39.1), the optic axes lie in plane 
aOy and are symmetrical with respect to axis Oy. Like optic 
axes at various points of a crystal are pairwise parallel to each 
other, i.e. they characterize two selected directions in a biaxial 
crystal. 

39.2.3. If the optical indicatrix is an ellipsoid of revolution, the 
crystal has only one optic axis, coinciding with the axis of revolu- 
tion of the ellipsoid, and is said to be uniazial. A uniaxial crystal 
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is said to be optically positive if its optic axis coincides with the 
major axis of the optical indicatrix (the ellipsoid is elongated 
along the axis of revolution). It is said to be optically negative if 
the optic axis coincides with a minor axis of the ellipsoid (the 
ellipsoid is flattened along the axis of revolution). 

39.2.4. In an optically inactive, nonmagnetic transparent crystal, 
the relations between the projections of the electric displacement 
vector D (see 20.3.1.) and the electric field intensity vector E 
(see 20.2.3.) on its principal directions arc 


D, = Kel, Dy = eyKyE,, Dz = Kak, (in SI units) 
D, = KE, D, = KyE, D, = Kul, (in Gaussian units) 


Vector D coincides in direction with vector K only when vector 
K is parallel to one of the principal 
directions. 

39.2.5. Owing to the lack of coinci- 
dence of the directions of vectors D 
and E, a linearly polarized, plane 
monochromatic wave in an anisot- 
ropic crystal is characterized by 
two triads of mutually perpendi- 
cular vectors: D, H, v and E, H, vw’ 
(Fig. 39.2). Velocity vw’ coincides in 
direction with the Poynting vector 
(see 30.6.2.) and equals the velocity 
of energy transfer of the wave. It is 
called the ray velocity of the wave. 
The velocity v is called the normal 
velocity of the wave. It is equal to the velocity of propagation of 
the phase of the wave and its front in the direction normal to 
the front. The following relationship exists between v and v’ 
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fe v 
COS 
where a is the angle between vectors D and K. If N is the unit 
vector of the normal to the wave front and § is the unit vector 
of the ray (i.e. coinciding in direction with the Poynting vector), 
then in the Gaussian system of units 


D = n{E—N(EN)} 
and 
E= -,), (D-S(DS)} 


n? cos? a 
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where n = < is the absolute index of refraction in the direction 


of N (n? should be replaced by e,n? in SI units). 

If i, j and k are unit vectors of the principal directions in the 

crystal, then N = N,i+N,j+N.k, and the normal velocity v of 

the wave in the direction of vector N satisfies Fresnel’s equation of 

normals: 

Ni 2 Na i N? 
; v?—b? 


2) pe 2_ pe 
v'—b, v—by 


= 0 


Accordingly, for the refractive index n in direction N 


ND, NG pole =0 
ae ae ee eae a 


Cc c C . . ose 
where b, = yn? Oy = y, and 6, = = principal phase velocities 
zr 


of the waves, equal to the normal velocities of waves 
whose D vectors are parallel to the corresponding 
principal directions 
c¢ = velocity of light in a vacuum _ 
nz = VK ay ny = VK,, and n, = VK,, = principal indices of 
refraction of the crystal. 
For the ray velocity v’ in the direction determined by the unit 
vector S = S,i-+ S,j+- 5k, 
bjS? 


gyi —_ phe 
ov" —be 


vs? 028? 

vp? 
Correspondingly, the index of refraction of the crystal for the 
ray nv’ = i can be determined by the equation 





39.2.6. It follows from Fresnel’s equation of normals that, in the 
general case, there are two values, v, and v,, in an arbitrary 
direction N for the normal velocity of the wave. If the axes of the 
coordinates are selected so that K,, < Ky < Ky, i.e. b, > by > 
> 6,, then the direction N, along which only a single value of the 
normal velocity vis possible (v, = v,), complies with the conditions 


N2 =: baby bb: 
=" b2—b?’ be b? 


N,=0 and Nj -= 
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There are four such directions N in all, corresponding to the two 
binormals, or the optic axes, of the biaxial crystal (see 39.2.2.). 
In a uniaxial crystal, there are two such directions N; they cor- 
respond to its single optic axis. 

If in all possible directions N, vectors v of the corresponding nor- 
ial velocities are drawn from point O, the heads of these vectors 
will lie on a surface called the normal-velocity surface. In a Carte- 
sian coordinate system with the origin at point O and axes con- 
structed along the principal directions in the crystal, the equation 
of this surface is of the form 


(bj —r2) (08— P42? + (02-12) (b2—r2)y? + (bE 74) (bj P*)2? = 0 


where r? = z?4+y?+2? = v®. This is the equation of a two-sheetcd 
surface and is of the sixth degree with respect to the coordinates. 
The two sheets correspond to the two values of the normal velocity 
for a given direction N. The two sheets intersect at four points 
which lie on the two binormals of the biaxial crystal. 
lor a uniaxial crystal with the optic axis Ox (where b, = b, = 
- Dy and b, = vz»), one of the sheets of the normal-velocity sur- 
fice is the sphere r? = vz and the sccond is the ovaloid (v2 —r?)z? 4- 
| (v2, —r?) (y2+ 2?) = 0. This ovaloid is tangent to the sphere al 
the two points of its intersection with the optic axis. 
$2.7. The locus of all points at a distance of r = v’ from O, 
where v’ is the ray velocity in the given direction, is called the 
ray surface, or wave surface. It is a surface of equal phase, i.e. 
(he wave surface of waves propagated in an anisotropic crystal 
from a point source located at point O. The ray surface is described 
nM an cquation of the fourth degree with respect to the coordinates. 

1s 

riot | plate peat o 
or 
r'(bEx? + b2y? + b2z?) — b2(b2 + b2)a? — b2(b? + b2)y? 
— b2(b2 +- b?) 2? + b2b2b2 ~ 0 


This surface is also two-sheeted since each direction of the unit 
vector § of the ray corresponds, in the general case, to two differ- 
ent values of the ray velocity v’. The shects of the ray surface 
intersect at four points, lying pairwise on two straight lines which 
mlersect at point O. These straight lines are called biradials or 
ray axes. 

\ uniaxial crystal has a single biradial which coincides with its 
uplic axis Ox. In this case, one sheet of the ray surface is Lhe sphere 
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r= p= b= ae and the other is an ellipsoid of revolution 
about the optic axis Ox: 
x? y?+2? 


=1 


= Ke . The sphere and ellipsoid are 
tangent to each other at their two points of intersection with 
the optic axis. If vp > v.9 (optically positive crystal) then the 
sphere circumscribes the ellipsoid, if vy < v,9 (optically negative 
crystal) then the sphere is inscribed in the ellipsoid. 

39.2.8. Only two plane waves, linearly polarized in mutually 
perpendicular planes, can be propagated in an anisotropic crystal 
along normal N of an arbitrary direction. The directions of vectors 
D, and D, of these waves should coincide with the axes of the 
cllipse obtained when the optical indicatrix is intersected by a 
plane passed through point 
O and perpendicular to vec- 
tor N. The normal velocities 
of these waves, v, and v9, 
are related to the semi-axes 
€, and e€, of the elliptical sec- 
tion by the equations: 





where v2, = 03 = 6? = 


ale, nid pee 

Vey 3 Veo 
The vectors EK, and E, of 
these waves also lie in per- 
pendicular planes (Fig. 39.3) 
and correspond to ray vec- 
tors S, and 8, of different 
direction and two different 
values of the ray velocity: 


v1 


M1 , Ve 
—*.- and vg = .-2> 
COS ay 7 2 CUS ag 


v1 = 

Analogously, for a given di- 

rection of the ray (vector 

1V16.39.4 S), only two mutually per- 

endicular directions of os- 

cillation are possible for veelor KE (EK, and E,) which correspond 

to the two values vi and v; of the ray velocity in direction § 
(Fig. 39.4). 
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39.3. Double Refraction 


39.3.1. The dependence of the ray velocity of a plane wave in an 
anisotropic crystal on the direction of propagation and on the 
way the wave is polarized leads to the bifurcation of the light 
rays when they refract at the surface of the crystal. This phenom- 
enon is called double refraction, or birefringence. The anisotropic 
crystals are said to be birefringent. 

39.3.2. In a biaxial crystal neither of the two refracted rays 
obey the ordinary laws of light refraction at the boundary between 
two isotropic media (see 35.2.4.). In a uniaxial crystal, the laws 
hold for one ray but not for the other. The ray for which the law 
holds is called the ordinary or O ray, and the other is called the 
extraordinary or E ray. In the general case, the extraordinary ray 
does not lie in the plane of incidence and Snell’s law (see 35.2.4.) 
is inapplicable to it. 

39.3.3. The plane passing through the ray and intersecting the 
optic axis of a uniaxial crystal is called the principal plane 
(principal section) of the crystal for this ray. The ordinary ray 
is polarized in the principal plane, i.e. vector E of the ordinary 
ray is perpendicular to the principal plane. The extraordinary 
ray is polarized in a plane perpendicular to the principal plane. 
Ilence vector E oscillates in the principal plane. In the general 
case, the planes of polarization of the ordinary and extraordinary 
rays are not exactly perpendicular to each other, since the principal 
lanes of the crystal may not coincide for these rays. Usually, 
iowever, the angle between the principal planes for the ordinary 
and extraordinary rays, corresponding to the same incident ray, 
is small. It is exactly equal to zero if the optic axis of the crystal 
lies in the plane of incidence. 

4.3.4. Vector E of the ordinary ray is always perpendicular to 
the optic axis, i.e. it coincides with the principal direction ina 
uniaxial crystal. Therefore, the index of refraction of the crystal 
for an ordinary ray is independent of the direction of the ray 
in the crystal and is equal to n,. 

Vector E of the extraordinary ray may make any angle from 0 to 
, With the optic axis. Hence the index of refraction , for the 
«xtraordinary ray depends upon the direction of this ray with 
respect to the optic axis. 

Along the optic axis, the velocities of the ordinary and extra- 
ordinary rays are the same (n, = n,). In a direction perpendicular 
lo the optic axis, n= nj, i.e. it differs from n, to the maximum 
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degree. For an optically positive erystal nyo n,, for an optically 
negalive crystal ng =< ny. 
39.3.5. If an unpolarized monochromatic plane light wave falls 
on the plane surface of a uniaxial crystal, then two linearly 
polarized plane waves, an ordinary and an extraordinary one, are 
propagated in the crystal. Their wave surfaces can be found by 
applying Huygens’ principle (see 37.1.2.), i.c. as the envelopes of 
the wave surfaces of the corresponding secondary waves. The 
wave surfaces of the secondary 
waves are determined from their 
ray velocities. For ordinary waves 
these surfaces are spherical in 
shape; for extraordinary waves 
they are ellipsoids of revolu- 
tion about straight lines passing 
through the point sources of the 
secondary waves in the direction 
of the optic axis of the crystal. 
The graphical method, based on 
the Huygens principle, of con- 
structing the fronts of the ordi- 
nary and extraordinary refracted 
waves in an optically negative 
uniaxial crystal, as well as the 
FIG.39.5 corresponding ordinary and ex- 
traordinary rays, is illustrated 
in Fig. 39.5. In this diagrain, 4B is the front of the plane wave 
that falls on the plane surface AC of the crystal; MN is the direc- 
tion of the optic axis (which lies in the plane of incidence); Co 
is the front of the ordinary wave; Ce is the front of the extra- 
ordinary wave; AS, is the ordinary ray; and AS, is the extra- 
ordinary ray. The directions of oscillation of vectors E in the 
ordinary and extraordinary rays are indicated by dots and trans- 
verse dashes, respectively, drawn on the rays. 
For an ordinary wave, the direction of the ray and the normal to 
the wave front always coincide. They are, generally speaking, 
different for an extraordinary wave. The normal to the front of 
an extraordinary wave, in contrast to an extraordinary ray, 
always lies in the plane of incidence. 
39.3.6. The laws of light propagation in a crystal plate, cut out 
of a uniaxial crystal, depend upon the orientation of the optic 
axis with respect to the surface of the plate and the incident ray. 
(a) The plate is cut with its surface perpendicular to the optic axis. 
If the light ray is directed along the optic axis, no double refraction 
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is observed and the light remains unpolarized. If the light ray 
is directed at an angle : to the optic axis, double refraction occurs. 


The ratio ae , where r, is the angle of refraction of an ordinary 
ray, is a constant. The ratio ae , where r, is the angle of refrac- 
tion of an extraordinary ray, varies with the angle of incidence i. 
(b) The plate is cut with its surface parallel to the optic axis. 
If the plane of incidence of the light is parallel to the optic axis 
of the crystal, then the ordinary and extraordinary rays lie in 
the same plane. The normal to the front of an extraordinary 
wave is refracted less (more) than the normal to the front of an 
ordinary wave in a negative (positive) crystal. The laws may 
differ for the corresponding rays. If the plane of incidence makes 


the angle a with the optic axis (0 <a< 5), the ordinary ray re- 


mains in the plane of incidence and the extraordinary ray emerges 
from this plane. If the plane of incidence is perpendicular to the 
optic axis, both ordinary and extraordinary rays remain in this 
plane. In this case, the index of refraction of the extraordinary 
ray is independent of its direction and equal to n,v. 

39.3.7. If natural light falls on a uniaxial crystal, the intensities 
T, and J, of the ordinary and extraordinary waves as they enter 
the crystal are the same. Thus 


L=l=gl 


where J is the intensity of the incident light. 

39.3.8. In anisotropic absorbing crystals, the absorption of light 
is, generally speaking, also anisotropic, i.e. it differs according to 
the orientation of the electric vector of the wave with respect to 
the crystallographic axes. This phenomenon is called dichroism 
(or pleochroism). For example, a uniaxial tourmaline crystal 
absorbs an ordinary ray several times more strongly than it 
absorbs an extraordinary ray. Absorption also depends upon the 
frequency of the light. Hence, in exposing a dichroic crystal to 
white light, the crystal is differently coloured depending upon the 
direction it is observed in. 


39.4. Artificial Birefringence 
39.4.1. If an optically isotropic body is deformed it becomes vptic- 
ally anisotropic. In the case of linear (uniaxial) compression 


or tension, the optical properties of the body are similar to 


O81 


Wave Phenomena Vv. 


those of a uniaxial crystal in which the direction of the optic axis 
coincides with the direction of deformation. The maximum differ- 
ence in the indices of refraction for the ordinary and extraordi- 
nary rays corresponds to the direction of the rays that is perpen- 
dicular ie the optic axis, and depends upon the degrce of deforma- 
tion. Thus 


no = No = ko 


where o = normal stress (see 15.7.3.) 
k = proportionality factor depending upon the properties 
of the body. 


The detection of artificial anisotropy is a very sensitive method of 
evaluating the stresses in solids (photoelastic stress analysis). 
39.4.2. An optically isotropic dielectric (solid, liquid or gaseous) 
may become optically anisotropic when subjected to an external 
uniform electric field. This phenomenon is called the Kerr electro- 
optic effect. Owing to the action of the field, the dielectric behaves 
optically like a uniaxial crystal with its optic: axis parallel to the 
field direction. 

For monochromatic light propagated in a substance in the direc- 
tion perpendicular to the intensity vector E,, of the external uni- 
form electric field, the difference between the indices of refraction 
for the ordinary and extraordinary rays is 


= 2 
Neg Ny = kE?, 


The quantity B = —, where A is the wavelength of the light in 


vacuum, is called the Kerr constant. The value of B depends on the 
nature of the substance, wavelength 4 and temperature. As a rule, 
it decreases rapidly with an increase in temperature. 

At room temperature and A = 589 nm (nanometres), the magni- 
tude oh the Kerr constant for liquids is of the order of (10-' to 


10- ») = = ~ (1077 a 10-5) cgse, and for gases of the order of 
(40-9 to 10- ») 5 =z ~ (107! to 10-%) cgse. For most substances, 


B > 0, ie. sien subjccted toa uniform electric field these sub- 
stances behave optically like optically positive uniaxial crystals. 


Frequently used is another Kerr constant K = ez, where n is 


the absolute refractive index of the substance in the absence of 
an electric field. The quantity AK is numerically equal to the rela- 
tive difference in the indices of refraction for the ordinary and 


extraordinary rays “—"* in an external clectric field of unit 
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intensity. The Kerr effect is practically inertialess, the lag in the 
change of n,—n, compared to the change of £,, is less than 
10-® sec. 

39.4.3. In gases having nonpolar, electrically anisotropic molecules, 
the Kerr effect is due to the polarization of these molecules in the 
external electric field and to the impairment of complete random- 
ness in the arrangement of these molecules. As a result of the 
combined influence of the orienting action of the electric field 
on the induced dipole moments of the molecules and of collisions 
of the molecules in the process of their thermal agitation in the 
gas, preferred orientation of the molecules is set up. Here, the 
relative dielectric permittivity K, of the gas is maximum in the 
direction of vector E,,, so that n,, > n, and B > 0. 

In gases having polar, electrically anisotropic molecules, preferred 
orientation of the permanent dipole moments of the molecules 
is set up in the direction of vector E,, when the gas is subjected 
to an external electric field. The direction of maximum polariza- 
bility of the molecules may, however, make a certain angle a 
with the direction of the molecule’s permanent dipole moment. 
If a= 0, then n,>n, and B>0;if a= 4, then n,. <n, and 
B<0. 

For liquids, the classical Langevin-Born dipole-orientation theory 
describes the Kerr effect only qualitatively because it does not 
take into account the forces of molecular interaction which are 
of vital importance in liquids. 

39.4.4. The occurrence of artificial optical anisotropy in isotropic 
substances (liquids, glass and colloids) when they are placed in 
a strong uniform external magnetic field is called the Cotton- 
Mouton magneto-optic effect. Here the optic axis is in the direction 
of the magnetic field. The difference hetween the indices of refrac- 
lion for the ordinary and extraordinary rays, in a direction perpen- 
dicular to the optic axis, depends upon the intensity /7,, of the 
magnetic field. Thus 


Neo —N, = WIT?, 
The quantity C = i is called the Colton-Mouton constant. 


I, depends upon the nature of the substanee, wavelength 4 and 
temperature. 
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39.5. Analysis of Polarized Light. Elliptic 
and Circular Polarization of Light 


39.5.1. Devices called analyzers are used to investigate the charac- 
ter and degree of polarization of light. The same devices that are 
used to produce linearly polarized light (polarizers) are applied 
as analyzers as well. 

39.5.2. If the light wave entering an analyzer is linearly polarized 
then the Malus law is valid for the intensity of the wave emerging 
from the analyzer. Thus 


I = k,l, cos? y 
where J, = intensity of the incident light 
coefficient of transmission of the analyzer 
angle between the planes of polarization of the inci- 
dent light and the light emerging from the analyzer. 


39.5.3. If a plane, monochromatic, linearly polarized light wave 
is incident at the direction perpendicular to the surface of a 
birefringent crystal plate, cut parallel to the optic axis, then two 
rays (ordinary and extraordinary) are propagated through the 
plate at different velocities in the same direction. The electrical 
oscillations in these rays are in two mutually perpendicular planes 
(see 39.3.3.). The phase difference 4p that appears between these 
rays after passing through a plate of thickness d equals 


ql 


Ya 
» 


Ay = 2 (n, me Neo)d 
where A= wavelength of the light in a vacuum 
n, and n,9 = indices of refraction for the ordinary and extra- 
ordinary rays. 


39.5.4. The amplitudes of oscillation of the clectric vectors EK, 
and £, of the extraordinary and ordinary rays under the conditions 
of 39.5.3. are respectively equal to 


a= Acosa and b= Asina 


where A 
a 


amplitude of the incident wave 

angle between the direction of oscillation of vector 
EK in the incident polarized light and the direction 
of the optic axis in the crystal (see 39.2.2.). 


Hdl 
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The resultant wave emerging from the plate is described by the 
equation of an ellipse: 


ELE} 2E,Ey 





cos (Ap) = sin? (Aq) 


a bP? ab 
where £, = intensity of the electric field of the extraordinary ray 
E, = intensity of the electric field of the ordinary ray 
a and b = respective amplitudes of the two rays 


Ap = phase difference between the two rays (the direc- 
tions of oscillations in the two rays, linearly polar- 
ized in mutually perpendicular directions z and y, 
are perpendicular to the direction z of wave propaga- 
tion, see 34.1.1.). 


At n, > no, the ordinary wave lags in phase behind the extra- 
ordinary wave, at n, < n,9 it leads in phase. Thus, in the general 
case, a plane-polarized wave becomes elliptically polarized after 
passing through the plate (see 34.1.8.). 

39.5.5. If angle a = 0°, only the extraordinary ray will be propa- 
gated in the plate. If angle a = 90°, only the ordinary ray will 
be propagated in the plate. In either case, the wave will emerge 
from the plate without a change in polarization. 

89.5.6. If the plate thickness d is such that the optical path differ- 
ence (see 36.2.4.) between the ordinary and extraordinary rays 


As = (2m +4) 7 (quarter-wave plate) and the phase difference 


between these two rays Ap = —(2m+1) 7, where m = 0, +4, 
+2,..., then for the resultant wave (at 0° < a < 90°) 

Fz Ey 

a tye =1 


in which the axes of the ellipse of polarization coincide with the 
principal directions in the plate. In the particular case when 
a = 45°, the amplitudes of the ordinary and extraordinary rays 
are equal and 

E2+ F2 = a? 


i.e. the wave is circularly polarized (see 34.1.8.). At dp = -% 


circular polarization is said to be left-handed; at Ap = s it is said 


to be right-handed. 
39.5.7. If the plate thickness d is such that the optical path 


difference between the two rays As = (2m + 1) . (half-wave plate), 
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then Ap = —(2m+1)z and, at 0° < a < 90°, 


Ez,Fy _9 
a b 


i.e. the light remains plane-polarized. Its plane of polarization, 
however, rotates through an angle 180° — 2a. 
39.6.8. If the plate thickness d@ is such that the optical path differ- 
ence between the two rays As = mA (full-wave plate), then 
Ag = —2nm and, at 0° < a < 90°, 

E, Ey _ 


a b 


i.e. the light remains plane-polarized without any change in the 
direction of polarization. 

39.5.9. If the light wave entering the analyzer is elliptically polar- 
ized, the intensity of light emerging from the analyzer depends 
upon the orientation of the principal plane of the analyzer (i.e. 
the plane of polarization of the transmitted light) with respect 
to the ellipse that characterizes the elliptically polarized light. 
Upon rotation of the principal plane of the analyzer about 
the direction of the incident rays of elliptically polarized light, 
the intensity of the light passing through the analyzer varies. 
A similar phenomenon is observed if the incident light is not 
elliptically, but partially polarized, i.e. if it has preferred orien- 
tation of the oscillations of vectors E and H. If the wave entering 
the analyzer is circularly polarized, then rotation of the principal 
plane of the analyzer has no influence on the intensity of the light 
passing through it. 


39.6. Interference of Polarized Rays 


A. INTERFERENCE WITH PARALLEL Rays 


39.6.1. Natural light consists of a great number of elementary 
incoherent trains of waves corresponding to different events of 
the spontaneous radiation of the atoms or molecules of the source 
of light. These trains are linearly polarized in all possible planes. 
The ordinary wave, propagated in a uniaxial crystal upon the 
incidence of natural light, is formed mainly owing to the wave 
trains whose plane of polarization is inclined at angles a < e 
to the principal plane of the crystal. Correspondingly, the extra- 
ordinary wave is formed mainly owing to the waves for which 
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as . For this reason, the ordinary and extraordinary waves, 
propagated in a uniaxial crystal upon the incidence of natural 
light, are incoherent. 

When, on the other hand, linearly polarized light falls on a uni- 
axial crystal, the ordinary and cxtraordinary waves propagated 
in the crystal are coherent because they contain pairwise coherent 
components corresponding to each of the trains of waves passing 
through the polarizer. 

39.6.2. Upon the normal incidence of a plane, monochromatic, 
linearly polarized wave on a plane-parallel plate cut from a uni- 
axial crystal, parallel to its optic axis, the following phase differ- 
ence (see 39.5.3.) is observed between the ordinary and extra- 
ordinary waves as they emerge from the plate: 


Ap = — 77 (ny —nea)d 


Though these waves are coherent and are propagated in the same 
direction, they cannot interfere because they are polarized in 
mutually perpendicular planes. As a result of their superposition, 
clliptically polarized light is obtained. 

Interference reinforcement or weakening of the two waves is 
obtained by using an analyzer (see 39.5.1.) to separate out of 
them the components that are polarized in a single plane and are 
thereby capable of interference (Fig. 39.6). 





¥IG.39.6 


The interference pattern produced by the analyzer depends upon 
the phase difference Ag, the wavelength of the incident light, 
the angle a between its plane of polarization and the optic axis 
of the plate, and also on the mutual orientation in the directions 
of the planes I and II of polarization of the light transmitted by 
the polarizer and analyzer. 

The analyzer and polarizer are said to be crossed if the angle B 


bebween planes I and II equals _ , and parallel if B = 0. 
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39.6.3. The effects of interference with monochromatic light are listed 
in the following table: 





7 
Effect of 
B é interference 
observed on 
| | screen 


Ap 


Darkness 
Qm+1)x Light 
m=0,+1,+2,... oo. ae Light 


Darkness 








Light 


a | Light 
m= 0,41, +2,... oO Darkness 


Darkness 








39.6.4. In interference with white light, the phase difference Ap 
turns out to be different for light of various wavelengths. There- 
fore, it follows from the relationships of 39.6.3. that for the 
monochromatic components of white light the screen is illumin- 
ated for any values of Ag, § and a, with the exception of the cases 
in which 6 = 5 and a = 0 or 3, when no light passes through 
the analyzer. If 8 = 0 and a = 0 or ~, thescreen is illuminated 
with white light. In all other cases it is illuminated with coloured 
light, and at a = + a change in angle 8 from 0 to = changes the 
colour of the screen to the complementary colour. 

39.6.5. If the plate is of variable thickness d, then the phase 
difference Ap will vary for different points of the plate. Upon 
illuminating the plate with monochromatic light, a system of dark 
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and bright interference fringes is observed on the screen. ach 
fringe corresponds to points of cqual thickness of the plate (fringes 
of equal thickness, sce 36.3.4.). If white light is used, differently 
coloured equal-thickness fringes are observed. 


B. INTERFERENCE WITH CONVERGENT Rays 


39.6.6. Upon the incidence of a convergent beam of rays of mono- 
chromatic light on a plane-parallel plate cut from a uniaxial 
crystal parallel to its optic axis, after passing through the polar- 


N Sereen 





Plate 
¥1G.39.7 


izcr and a converging Jens (Fig. 39.7), the difference in phase 
between the ordinary and extraordinary rays emerging from the 
plate (having travelled in it along the same direction) is 


Qn Od 


4p = --> tae (n, — 16) 
where A= wavelength of the light in 
vacuum 


d = thickness of the plate nor- 
mal to its surface 
n, and nj = refractive indices for the 
ordinary and extraordi- 
nary rays in the direction 
making the angle y with 
the normal to the plate 
surface. 





If the axis of the cone of convergent AGES 

rays is normal to the surface of the 

plate, then the interference pattern produced by the analyzer 
when put into the crossed position with respect to the polar- 


ir (B 5, see 89.6.8.) is of the type illustrated in Fig. 39.8. 
The interference maxima form a system of dark and bright con- 
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centric rings. If white light is used, a system of concentric isochro- 
matic rings of all possible colours is observed. The rings intersect 
a bright or dark right-angled cross whose position corresponds 
to the intersection of the plane of the screen with the plancs 
of polarization and oscillation of the light transmitted by the 
polarizer. At a = 0 or $ and f = 0, the cross is bright; at a = 
or + and f = =, the cross is dark. 


If the convergent beam of white light passes through a plane- 
parallel plate cut from a uniaxial crystal parallel to ils optic 
axis, the isochromatic curves closely approximate hyperbolas (Fig. 
39.9). 





¥1G.39.9 rig.39.10 


39.6.7. For a biaxial crystal, the isochromatic curves resemble 
hyperbolas, if the plate is cut parallel to the optic axes, and 
lemniscates through whose foci two hyperbolas pass (instead of 
the cross for plates from uniaxial crystals), if the plate is cut 
perpendicular to the bisector of the angle between the axes 
(Fig. 39.10.) 


39.7. Rotation of the Plane of Polarization 


39.7.1. Rotation of the plane of polarization consists in the progres- 
sive turning of the plane of polarization of a light wave as it 
travels through certain substances that are said to be optically 
active. 

Optical activity is exhibited by certain crystals, including some 
that display no double refraction (see 39.3.1.), and certain pure 
liquids, solutions and gases. All substances that are optically 
active in the liquid state (including solutions) retain this property 
to a greater or lesser degree in the crystalline state, The reverse 
is not always true, 
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39.7.2. Pure rotation of the plane of polarization is observed in 
anisotropic crystals for light propagated along the optic axis. 
For other directions of propagation, this phenomenon is compli- 
cated by double refraction. 
Two modifications have been discovered in the majority of optic- 
ally active substances. Those of the first modification rotate the 
plane of polarization clockwise and those of the second counter- 
clockwise (with respect to an observer looking toward the oncom- 
ing beam). Substances of the first type are called deztrorotatory 
or right-handed, and of the second are called levorotatory or left- 
handed. 
39.7.3. In solids the angle » of rotation of the plane of polarization 
is proportional to the length d of the path of a light beam in the 
body. Thus 

y = ad 


where a is the rotatory power (specific rotation) and depends upon 
the kind of substance, temperature and wavelength. This formula 
is valid for a birefringent crystal if light is propagated in it along 
the optic axis (see 39.2.2.). The specific rotation a may differ 
for the two optic axes of a biaxial crystal. The specific rotation is 
equal in value for the dextrorotatory and levorotatory substances. 
39.7.4. For solutions, the angle of rotation of the plane of polar 


ization equals 
= [aled = [aloKd 


specific rotation 

= volume-weight concentration of the optically active 
substance in the solution (ratio of the mass of the 
substance to the volume of the solution) 

= density of the solution 


0 
K= < = weight concentration (ratio of the mass of the 


optically active substance to the mass of the whole 
solution). 


The quantity [a] depends on the nature of the optically active 
substance and of the solvent, the temperature and the wavelength. 
An extremely sensitive method of determining the concentration 
« ov K is based on the preceding relationship. It is called polari- 
metry (saccharimetry). 

49.7.5. According to Fresnel’s theory, linearly polarized light, 
hefore entering an optically active substance, is regarded as the 
combination of two circularly polarized waves having the same 
frequency and amplitude. The rotation of its plane of polarization 


i 


where [a] 


| 
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is explained by the existence of two phase velocities of light in the 
optically active substance which correspond to its right- and left- 
hand circular polarization. If for a substance, the phase velocities 
of waves polarized as indicated are v,, (index of refraction n,,) 
and v,, (index of refraction n,,), respectively, then the angle of 
rotation of the plane of polarization (Fig. 
A B 39.11), after travelling a distance d in the 
substance, equals 





PS cae = a8 (4 — Ryn) 
where A is the wavelength of light in a va- 
cuum. Substances in which ny, > n, are 
dextrorotatory; those in which ny, < n,, are 
levorotatory. 
39.7.6. If optically inactive substances are 
subjected to a magnetic field, they acquire 
the ability to rotate the plane of polarization 
r1G.39.44 of light propagated along the direction of the 
applied field. This is called the Faraday 
effect. The angle of rotation of the plane of polarization equals 
g=VdB 
where B = induction of the uniform magnetic field (see 25.1.2.) 
d = path length of the light in the substance 
V = Verdet constant (rotation per unit path per unit 
field strength), depending upon the nature of the 
pute tance temperature and wavelength of the 
ight. 
The direction of rotation of the plane of polarization depends only 
on the nature of the substance and the direction of the magnetic 
field. The sense of rotation is defined for an observer looking along 
the magnetic field. Most substances produce right-handed positive 
rotation; all diamagnetic (see 28.2.3.) and certain paramagnetic 
(see 28.2.4.) substances produce right-handed rotation. Left- 
handed negative rotation is obtained with certain paramagnetic 
substances. 
39.7.7. Natural optical activity of a substance in the noncrystalline 
state is due to the asymmetry of the molecules. In crystalline 
substances, optical activity may also be due to features of the 
arrangement of the particles in the lattice. 
Magnetic rotation of the plane of polarization is due to the asym- 
melo optical properties resulting from the action of the mag- 
netic field. 
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89.7.8. The dependence of the rotation of the plane of polarization 
on the wavelength of the light is called rotary dispersion, As a 
firs’ approximation in the region of sufficiently long waves, far 
from the absorption band for the given substance (see 40.3.4.), 
the angle of rotation of the plane of polarization is inversely 
proportional to the square of the wavelength (Biot’s inverse- 
square law). Thus 
goa? 


CHAPTER 40 





Molecular Optics 


40.1. Dispersion of Light 


40.1.1. The dependence of the absolute index of refraction n of a 
substance on the frequency » of light (or onits wavelength 4 = © 


y 


ina vacuum) is called the dispersion of light. Thus 
n= [(A) = 9(o) 


where w = 2zyv is the cyclic frequency of the light wave. The dis- 
persion of light is said to be normal if the index of refraction in- 
creases monotonically with the frequency (or decreases with an 
increase in the wavelength); otherwise it is said to be anomalous 
(Fig. 40.1). Normal dispersion of light is observed far from the 
bands or lines of light absorption by the substance (see 40.3.4.); 
anomalous dispersion is observed within the limits of the absorp- 
tion lines or bands. 
n 7\ Absorption 40.1.2. According to classical 






gon |} VA line electronic theory, the disper- 
\ sion of light is due to the in- 
es | n=l teraction of light with charged 


particles that are part of the 
substance and execute forced 
oscillations in the variable 
electromagnetic field of the 
wave. The frequency is so 

a a large for visible light (vy ~ 10% 
ria.40.1 IIz) thal only the forced oscil- 
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lations of the owter-shell (more weakly bonded) electrons of atoms, 
molecules or ions are of any significance. These electrons are also 
called peripheral, or valence, electrons. In the process of forced 
oscillations of the outer-shell electrons in the field of a monochro- 
matic wave of frequency », the dipole electric moments of the 
molecules vary periodically and the latter emit secondary electro- 
magnetic waves of the same frequency ». 

The mean distances between the molecules are very much smaller 
than the length of a single wave train. Hence, the secondary waves 
emitted by a very great number of neighbouring molecules in an 
optically homogeneous medium (see 40.4.2.) are coherent with 
one another as well as with the primary wave. Upon superposition, 
they display interference whose effects depend upon the relations 
of their amplitudes and initial phases. The transmitted wave that 
is thereby formed in an optically homogeneous and isotropic me- 
dium has a phase velocity depending on the frequency, and a dire- 
ction of propagation coinciding with that of the primary wave. 
40.1.3. For an isotropic medium 


n? = Ke =14+%) (in SI units) 
n? = Kp =1+4nxj (in Gaussian unils) 


where n’ = n(1—ix) = complex refractive index of the medium 
(see 35.4.3.) 
Ki = complex relative dielectric permittivity 
of the medium 
x, = complex dielectric susceptibility of the 
medium. 


The complexity of x, and K7is due to the fact that the polariza- 
tion vector P, (see 20.7.10.) and the electric field intensity vector 
E oscillate in an absorbing medium with a certain phase difference. 
In a nonabsorbing medium this phase difference equals zero. For 
this reason, such a medium is characterized by the real values 
x,, K, and n (where x = 0). 

If N, is the number of molecules per unit volume, then 


2 No De . . 
n= =1+4  E (in SI units) 
n? = 1+ 42, 4 (in Gaussian units) 
where ey == permittivity of free space 


Pe = induced dipole moment of the molecule in the 
wave’s field of intensity E. 
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40.1.4. In classical electronic theory cach molecule is regarded 
as a combination of linear oscillators (see 6.1.10.) which represent 
the charged particles with charges g, and masses m,. The natural 
cyclic frequencies wp; of the oscillators correspond to the set of 
light absorption frequencies of the substance being considered. 
The differential equation for the forced oscillations of an oscillator 
is 
Sp t2 OpSe+ Wb = met 


where s, = displacement of charge g, from the equilibrium 
position 

6, = damping factor for the free oscillations of the charge 

E.s, = intensity of the effective electric field (see 20.7.11). 


In gases under ordinary conditions, E.,, practically coincides 
with the field intensity £ of the light wave. For monochromatic 
light EF = Eye, and in gases 
e = t CB yy fe 
Pe= Y ase 7, 2 m, @%,—@74+2id,0 m 2s 03,—07 + 2id,0 
where m = mass of the electron 
e = magnitude of the charge of the electron 


fe (2) = = force of the k-th oscillator. 


It follows that for gases 
214 — 2) — 4 4. Not” (o%:—0°)fe 
n?(1—2?) =14 ae ae 


2,—@*)?+ sofa 





ll 


(in SI units) 








Nye? 3 
eum 4 (02,— 07)? + 4dZ02 
: . 4 Aneel (204-0" fe 
n?(1—x?) = » (02,— 07)? + 4020? . : : 
(in Gaussian unils) 
ones ® 


* Oxhx 

Ae caer ae (@2,— 0)? + 4030? 

40.1.5. The a of absorption is significant only at frequencies 
near tO Woz, beyond these regions dw? « (w ,—*)? and for gases 
(where n?+1 = 2n) 


Noe? Ik 











n=1i+ ene gr Pear (in SI units) 
2nNoe? : F : 
ne 14 2tNoet > aaa (in Gaussian units) 
m gpa 
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In the classical theory of dispersion, the values of /, and eo, are 
considered to be known from experiments. They can he theoretic- 
ally calculated only by the methods of quantum theory. 

40.1.6. In an isotropic medium whose polarization in the high- 
frequency field of a light wave is of a purely clectronical nature, 
the effective field intensity is 


where E is the intensity of the wave field. The Lorenz-Lorentz 
equation is applicable in this case: 





21 Noe? er ee 
aes = a Z (in ST units) 
n2—1 _— AnNee? ‘ ' ; 
age = ge de (in Gaussian units) 


where is the electronic polarizability of the molecule (see 
20.7.3.). 
In the absence of absorption, this equation can be written as 


n2—1 Noe? fe : ee 
nt+2 7 Bmep - agp! (in SI units) 


n— 4nNoe? . . . 
“7 o =- pie x watt he (in Gaussian units) 
40.1.7. The quantity 

pa Mot 
~ n?+2 @ 
where gis the density, is called the specific refraction of a substance. 
For a given substance r is independent of 0. The quantities A;r; 
and 2 = mr, where A, is the atomic weight and r; is the specific 
refraction of atoms of the i-th species in a molecule with a molec- 
ular weight w, are called the atomic and molar (molecular) refrac- 
tions (see 20.7.16), respectively. The molar refraction is often ob- 
tained by simply adding the atomic refractions. Thus 


aA Ay 
= a oy k; Ayr; 


where k; is the number of atoms of the i-th species in the 
molecule. 

40.1.8. In the classical theory of light dispersion in metals, both 
the free electrons and those bound ‘n the ions of the metal are 
taken into account. For free electrons the frequency wo, = 0. 
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ITence 
bw _ @ Ne fi : ‘ 
n—4 = 2 larpeat to) amare aaa (ye Engi) 
; Ane? : : : 
n?-41 = ame Ee +N, We recrer rd (in Gaussian units) 
where WN, = number of free electrons per unit volume 
6. = factor taking into account the energy loss in the 


forced oscillations of the free electrons. 
In the region of low frequencies (w « 6,} 
é Ne 


o. ; : : 
n?—1Ts ii i des (in SI units) 
and 
2 e?Ne : 2 
n't % Tes ban (in SI units) 


The last equation coincides with that given in 35.4.3. if 





_ eNe _ 1 

6. Qny ot 

where y = conductivity of the metal 
t = mean free time for electrons in the metal. 


40.2. Spectral Analysis 


40.2.1. An arbitrary physical process which is periodic in time 
and whose time dependence can be described by a periodic func- 
tion y(t) of the frequency w, where this function complies with 
the Dirichlet conditions, can be represented as the superposition 
of an infinite number of harmonic oscillatory processes whose 
frequencies form a discrete sequence. This sum is known as a 
Fourier series: 


g(t) = x (A, cos nwt+ B, sin not) 
n=0 


where A, and B,, are Fourier coefficients. Their values are 


; tot? 
A=% J olt) at; B=0 
eee : Sel 
A, 7 J g(t) cos nwt dt; B, = =f y(t) sin not at 
bo 


where T = a and the initial instant of time ¢, is arbitrary. 
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The Fourier series can also be written in the form 
p(t) = Cot = Cp Cos (not — y,) 
im 


The totality of values C, forms the amplitude spectrum of the 
function g(t); the totality of y,, the initial phase spectrum. The 
intensity spectrum is defined as the totality of C2. 

40.2.2. An arbitrary physical process which is nonperiodical in 
time can be represented as a Fourier series in the interval of time 
(during which the process complies with the Dirichlet conditions) 
t) <t=t,+T, where the quantities 4; and T > 0 are arbitra- 
ry. Beyond the indicated interval of time, however, the Fourier 
series will not equal the function it represents. The representation 
of a process that is periodic in time by a Fourier series is valid at 
any instant of time. 

40.2.3. An arbitrary process which is nonperiodic in time and 
whose time dependence can be described by the function f(t) that 
complies with the Dirichlet conditions for any finite interval of 


co 


lime, and whose integral J |f(t)| dt is convergent, can be repre- 


—co 

sented as an infinite sum of oscillatory processes which are peri- 
odic in time and whose cyclic frequencies constitule a continuous 
sequence. This sum is known as the Fourier integral: 


9° 


[(t) = ka j C(w)e"' dw = & Re f C(w)eim dw 
—oco 0 


or 


f(t) = - fits (w) cus wt + B(w) sin wt] dw 


where C(w) = f [(§)e-*® dé = A(w)—-iB(w) and symbol Re 


denotes the real part of the subsequent complex expression. The 
quantity 


C =+C(w) do 
ma 


denotes the infinitesimal complex amplitudes of sine oscillations 
with cyclic frequencies from @ lo «+d, of which [(t) is composed. 
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Accordingly, the quantity C(w) is called the spectral density of the 


amplitude. The quantity 


8°() = C(w) C¥(w) = |C(a) |? 


where C*(w) = A(w)+tB(w), a function which is a complex 


F(2) 





PIG.A0.2 


conjugate of C(w), is known as the 
spectral density of the intensity. 
It characterizes the energy dis- 
tribution in the spectrum. 

40.2.4. An example of an oscilla- 
tory process that is limited in 
time is the event of emitting a 
train of waves. The function f(t), 
corresponding to the simplest 
train of waves of the form of a 
broken-off sine curve (Fig. 40.2) 
emitted by the source which 


oscillates with the cyclic frequency o*, is of the form 


0 
[(t) = 4 asin w*t 
0 


where 
a = amplitude. 


t 
abt< a 
Tt t 
al —y Sls 
t 
atti>= o 


t = duration of radiation of a train 


The representation of f(t) by a Fouricr integral is of the form 


ft) = +f Blo) sin at do 
0 


where 
¥ 


Bw) = 20 sin w*é sin wé dé =: 


0 


| 





f 4 , t 

sin [(ot o | sin [ows lw) * | 

2 2 
wt wo* 1a 


In the case when w*r >> 2vr, ic. the duration of radiation is many 
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times larger than the period of oscillation of the source of waves, 
the function g?(w) = [A>] , characterizing the intensity distri- 


bution in the spectrum f(t), is expressed by the following approxi- 


mate formula: 
t 2 
a sin [(o* --w) | 


B(o) = «| oa 


The curve of this function is illustrated in Fig. 40.3. The central 
maximum corresponds to w = w* and equals (s) The distance 


2 
Aw between two zero values of g?(), limiting the central maxi- 
An 
mum, equals ~-. Hence g*(w) 
doxt = in 


and’ 
dw xX An = 4ne 


where Mz = t-cis the spatial 
extent of the wave train in 
a vacuum. The shorter the 
train, the wider its spectrum, 
ic. the greater the difference 
between it and a monochro- 
matic wave. 

10.2.5. The spectrum of a 
wave is said to be continuous 
Wf the spectral density of its ¥1G.40.3 

mtensity g?() is a continuous 

function of w, and is nonvanishing within a wide interval of fre- 
quencies. A continuous spectrum is observed, for instance, for 
lysht radiated by incandescent solids and liquids. Light with a 
continuous spectrum can be regarded as the totality of monochro- 
imatic waves whose frequencies form a continuous sequence. 
The spectrum of a wave is said to be of the line type if g?(w) is 
nonvanishing only in narrow discrete intervals of frequencies 
ot: . Sw; (where 4w;<«<«,) each of which corresponds to its 
«pectral line. Light with a line spectrum is emitted, for instance, 
ly the atoms of incandescent dilute gases. As a first approxima- 
lion, such light can be regarded as a totality of monochromatic 
waves with the frequencies «,. 
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The spectrum of a wave is of the band type if the corresponding 
spectral lines form discrete groups—bands—which comprise a 
great number of closely spaced lines. 

40.2.6. The width (half-width) of a spectral line (also called the 
line-breadth) is the frequency interval 4w (or wavelength inter- 


val 4A) between points of its envelope for which g? = ‘ 8 ox 


(Fig. 40.3.). The intrinsic line-breadth in a spectrum is related to 
the finite duration of each event of emission of an atom (t ~ 1078 
sec) due to the loss of radiant energy (radiation damping). Thus 


Amin ~ 2%X108 sec! and AA, ~ 10-4 A 


40.2.7. The line-breadths of spectra observed in experiments are 
usually much wider than the intrinsic ones. This is due, firstly, 
to the fact that the radiating atoms, participating in the chaotic 
thermal agitation, travel at velocities, with respect to the meas- 
uring instrument, that differ in magnitude and direction. Hence, 
as a result of the Doppler effect (see 32.9.1.), the spectral lines 
are broadened. The more intensive the thermal agitation, i.e. 
the higher the temperature of the gas, the more the lines are 
broadened. This is called Doppler broadening of spectral lines. 
The amount of Doppler broadening is 


o QT * 
AOny = 2 i V ae In 2 


mass of the atom 
Boltzmann’s constant 


where mm 


T s absolute temperature 
e¢ = velocity of light in a vacuum 
@ = cyclic frequency of the spectral line. 


Doppler broadening is greatest for light atoms and under condi- 
tions of gas discharges. For visible light, at j= ~ 108 to 104m 
per sec, the broadening is 


Awyy ~ (10 to 10") seem! and Ady,, ~ (0.01 to 0.1) A 


40.2.8. The second reason for the broadening of the spectral lines 
is related to the shortening of the duration t of radiation of 
excited atoms owing to their interaction with other atoms. This 
effect is called collisional broadening of spectral lines. It depends 
upon the type of interaction of the particles, their concentration, 
and other factors. In a gas discharge, collisional broadening is of 
the same order as the Doppler kind, and may even exceed the 
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latter. Collisional broadening is accompanied hy the occurrence 
of a certain asymmetry in the distribution of energy within the 
limits of the spectral line; the maximum intensity of the line is 
shifted, as a rule, toward the higher frequencies. 

40.2.9. The spectrum of electromagnetic waves radiated by a sub- 
stance is called the emission spectrum of the substance. The spec- 
trum of electromagnetic waves absorbed by a substance is called 
the absorption spectrum. 


40.3. Absorption of Light 


40.3.1. The absorption of light refers to the reduction in the energy 
of the light wave as it is propagated in a substance. It results from 
the conversion of the energy of the wave into internal energy of 
the substance or into energy of secondary radiation having a 
different spectral composition and other directions of propagation 
(photoluminescence, see 43.1.3.). The following may occur due to 
light absorption: heating of the substance, ionization of atoms or 
molecules, photochemical reactions, photoluminescence, etc. 
The absorption of light (“true absorption”) should not be con- 
fused with the reduction in energy of a transmitted wave in an 
optically inhomogeneous medium due to the scattering of light 
(see 40.4.4.). 
10.3.2. The absorption of light in a substance is described by the 
Bouguer-Lambert law: 
I = Iye-#4 

where J, and J =: intensities of a plane monochromatic light 

wave at the entrance to and exit from a layer 


of absorbing substance of thickness d 
fe = linear absorption coefficient of the substance. 


The absorption coefficient is numerically equal to the inverse 
thickness of a substance which reduces the intensity of light 


passing through by the ratio of 1 to t (where e = 2.718...). 


‘The value of w depends upon the frequency (wavelength) of the 
light, and the chemical nature and state of the substance. The 
relationship between w and the complex index of refraction of the 
absorbing substance (see 40.1.3.) is of the form 


= "nm 
~h 


where 4 is the wavelength in a vacuum. 
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AU sufficiently high intensities of light, deviations from the 
Bouguer-Lambert law are observed for certain substances: the 
absorption coefficient ~ decreases with an increase in J). This 
phenomenon can be explained by the quantum theory of light 
absorption. It is associated with the fact that at high intensities 
of light in a substance in which the lifetime of the molecules in 
the excited state is comparatively long (see 44.5.9.), the fraction 
of excited molecules may be substantial, and of an amount 
increasing with J). 

40.3.3. Beer’s law is valid for dilute solutions of an absorbing 
substance in a nonabsorbing solvent: 


fu= Ae 
and the Bouguer-Lambert-Beer law is of the form 
= Iye74et 


concentration of the dissolved substance (solute) 
constant depending on the properties of the solute 
and on the frequency of the light. 


where c 
A 


i ll 


Beer’s law does not hold for high concentrations since the quantity 
A begins to depend upon the concentration of the solution due to 
the interaction between the closely spaced molecules of the 
absorbing substance. 

40.3.4. The appearance of the light absorption spectrum of a 
substance is determined by the nature of the dependence of yu 
on frequency. A dilute gas, consisting of atoms spaced at consid- 
erable mean distances from one another, has the simplest 
type—a line absorption spectrum. The frequencies of the absorp- 
tion lines coincide with those of the lines in the emission spectrum 
of the same gas. A dilute molecular gas has a band absorption 
spectrum. The structure of the absorption bands is determined 
by the structure of the energy levels in the molecule (see Sec. 
46.6.). Liquid and solid dielectrics have continuous absorption 
spectra consisting of comparatively wide frequency bands for 
which the absorption coefficient 4» ~ 0. Beyond the limits of 
these frequencies, the dielectrics are transparent (u = 0). The 
colouring of many minerals and solutions of pigments is due to 
selective (differential) absorption. 

The absorption of light by metals is dealt with in Sec. 35.4. 
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40.4, Scattering of Light 


40.4.1. The scattering of light is a process of transforming light by 
a substance which involves a change in the direction of light 
propagation. It is manifested as an extrinsic glow of the substance. 
This glow is due to the forced oscillations of the electrons in the 
atoms, molecules or ions of the scattering medium that are set up 
by the action of the incident light. Light is scattered upon being 
propagated in an optically inhomogeneous medium. 

40.4.2. An optically homogeneous medium is one in which the index 
of refraction is independent of the coordinates and is constant 
throughout the medium. Owing to the action of the incident 
light, the outer-shell electrons of the molecules in the medium 
execute forced oscillations and emit secondary waves. Small 
portions of the volume of the medium (in comparison with the 
wavelength 4), containing, however, a sufficiently large number 
of molecules, can be regarded as sources of secondary coherent 
waves (scattering centres). As a result of the uniform distribution 
of molecules of an optically homogeneous medium throughout its 
volume, there is no scattering of light in such media. For all 
directions other than that of the primary beam of light, the 
secondary waves cancel one another due to their interference. 
40.4.3. An optically inhomogeneous medium is one in which the 
index of refraction is not constant but varies irregularly from 
point to point of the medium (for example, due to fluctuations in 
density, the presence of small foreign particles in the medium, 
cte.). In this case, the secondary waves have incoherent compo- 
nents, owing to which the scattering of light is observed. The 
emergence of incoherent secondary waves is associated with the 
fact that light is scattered by “incoherent”, i.e. unrelated, inhomo- 
yeneities which, moreover, move about randomly in the medium 
due to thermal agitation. This, in turn, leads to chaotic variation 
in the path differences for the secondary waves emitted by the 
various inhomogeneities. Examples of optically inhomogeneous 
media are turbid media—aerosols (smoke, fog, etc.), emulsions, 
colloidal solutions, etc.—containing fine particles whose index of 
refraction differs from that of the surrounding medium. 
40.4.4. The scattering of light in turbid media in which the size 
of the inhomogeneities does not exceed (0.1 to 0.2) A, where A is 
the wavelength of the light, is known as Rayleigh scattering, or 
the Tyndall effect. If the particles of a turbid medium are elec- 
\rically isotropic and do not absorb light, then in the Rayleigh 
scattering of light (sec 39.1.1.), the inlensity of the light scattered 
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by unit volume of the medium at an angle 0 to the direction of 
propagation of the incident light equals 


2 
et Iy(1 + cos? 6) 


Ig =a 
volume of one particle 
number of particles per unit volume of the medium 
distance from the scattering volume to the point 
of observation 
wavelength of the light 
intensity of the incident light 
a = factor depending upon the degree of inhomogeneity 
of the turbid medium, i.e. on the refractive indices 
nand ny, of the particles and the medium containing 
them (at n = nm, a = 0). 


It is evident from this formula that, all other things being equal, 
the intensity of the scattered light is inversely proportional to 
A (Rayleigh’s law of scattering). Consequently, short-wave radiation 
predominates in the scattered light when nonmonochromatic 
light passes through a finely divided turbid medium, and long- 
wave radiation predominates in the transmitted light. 

The dependence of the intensity of the scattered light on the 
scattering angle 6 for Rayleigh scattering of natural light by 
electrically isotropic particles is of the form 


Ig = I,, (1+ .0os? 0) 
= 


where J, is the intensity of light scattered at the angle 0 = $ . 


where V 


a 
Til 


2 
The dependence of Jp on 0, represented in spherical coordinates, 
is called the scattering indicat- 
Direction riz. The indicatrix of Rayleigh 
of primary scattering is illustrated in Fig. 
6 40.4. It has the shape of a surface 
of revolution and is symmetrical 
with respect to both the direction 
of the incident beam of light (0= 


=0) and the plane 6 = = passing 


through the origin of the coordi- 
oe: nates which is also the centre of 
Direction of {he indicatrix. Light scattered at 


observation nos 
the angle 0 = g is completely 





FIG.40.4 
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polarized in a plane passing through the incident and scattered 
beams. 


40.4.5. When the linear dimensions of the inhomogeneities are 
comparable to, or are greater than the wavelength, the dependence 
of the intensity Z of the scattered light on the wavelength A 
becomes weaker. Thus J oc A~?, where p < 4 and decreases with 
an increase in the size of the inhomogeneities. Owing to the inter- 
ference of the light scattered by various portions of each inhomo- 
geneity, the dependence of Jg on angle 8 becomes more compli- 
cated than in Rayleigh scattering. The corresponding scattering 
indicatrix has only one axis of symmetry which coincides with 
the direction of the incident light. With an increase in the size of 
the particles, forward scattering (i.e. in the region of acute angles 
0) more and more strongly predominates over backward scatter- 
ing (i.e. in the region of obtuse angles @). 


This is called the Mie scattering. Light scattered at an angle 
= > is only partly polarized; the degree of its polarization 
depends upon the shape and size of the scattering particles. 


40.4.6. Scattering is also observed in optically pure media, i.e. 
in media which contain no foreign particles whatsoever (for 
example, pure liquids and gases, true solutions, see 14.5.1.). 
This phenomenon is known as the molecular scattering of light. 
It results from fluctuations in density (see 12.11.4.) that occur 
in the process of thermal agitation of the molecules. Further 
causes of optical inhomogeneities in pure media with electrically 
anisotropic molecules are the fluctuations in the orientation of 
the molecules (fluctuations in anisotropy) and, additionally in 
true solutions, fluctuations in concentration. 

lluctuations in the density of a gas are especially large at the 
critical point (see 13.4.4.). The great molecular scattering observed 
here is called critical opalescence. 


40.4.7. According to the statistical theory of fluctuations (see 
Sec. 12.11), the size of portions of the medium which correspond 
to anywhere near apprcciable fluctuations in density (and, conse- 
quently, in the refractive index) is considerably less, under ordi- 
nary conditions, than the wavelength of visible light. Hence, 
the dependence of the intensity of scattered light on the wavelength 
4 and the scattering angle 0 is the same for molecular scattering 
as it is for Rayleigh scattering by finely divided turbid media. 
lor molecular scattering of natural light, the intensity J, of the 
light, scattered al the angle 0 by unit volume of a medium 
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whose molecules are electrically isotropic, is 


2Qn2kT 
R2a4 





én\2 
i= B(on $e) (1+ cos? 0)I, 


Boltzmann’s constant 
absolute temperature 


where k 
, 


Heat 


6 = isothermal compressibility of the medium (sce 
10.7.3.) 

o = density of the medium 

n = refractive index of the medium for wavelength A 

R = distance from the volume being considered to the 


point of observation of the scattered light. 


In particular, for the molecular scattering of natural light by an 
ideal gas 
=, Ae ; 
In = “Re Node (4+ cos? 0)I, 
where 2 = index of refraction of the gas 
N, = number of molecules of the gas in unit volume. 


The blue colour of the sky, as well as the bluish tint of light 
scattered by a gas which is illuminated by white light, are due to 
the greater scattering of short wavelengths. 

40.4.8. In molecular scattering, natural light (see 39.1.1.) is 


partially polarized. At a scattering angle 0 = = and with elec- 


trically isotropic nonpolar molecules (see 20.7.2.), the scattered 
light is completely polarized in a plane passing through the inci- 
dent and scattered rays. With electrically anisotropic molecules 
and the same scattering angle, the scattered light is only partially 
polarized. A measure of the incompleteness of polarization of the 
scattered light is the quantity 


SAAT 
where J,, and J, arc the intensities of the components of scaltered 
waves corresponding to polarization in the plane mentioned 
above and in one perpendicular to it. 
40.4.9. Owing to the scattering of light in an optically inhomo- 
geneous medium, the intensity of a plane light wave is gradually 
reduced as the wave is propagated in the medium, The corre- 
sponding dependence is analogous lo the Bouguer-Lambert law 
(sec 40.3.2.) : 

P= Lye~4 
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where d = thickness of the layer of scattering medium 
h = extinction coefficient. 


If, in addition, the scattering medium absorbs light, then 
[= Tye “+4 


where «is the linear absorption coefficient (see 40.3.2.). 
The scattering coefficient of light is the quantity 
Ig Re 
BS dea ee 
where V = scattering volume 
= distance from this volume to the point of observa- 
tion at which the intensity of light, scattered at 
the angle 0, is equal to Ig 
I, = intensity of the incident light. 


l’or molecular scattering by the fluctuations of density in a medi- 
um having electrically isotropic molecules (notation as in 40.4.7.) 


ll 


Qx2 


On \2 
Ko = = (on --) BkT(1+ cos? 0) = Kn (1+0c08?0 
0 = “a (on Se) BET ) = Ka ) 


In particular, for an ideal sas 


Kg = 221" (44. cost) = K x (1+ 00s? 6) 
2 





~~ Noat 


where Ay is the coefficient of scattering for light scattered at 
ae 
the angle 0 =. 
The extinction coefficient is 
Qn a 16 
h= | dp| K,sin@d0 = -.-2K 
i) J 6 3 + 


0 


Combination scat..vring is dealt with in 46.8.1. 


CHAPTER 41 





Thermal Radiation 


41.1, Thermal Radiation 


41.1.1. Heated bodies emit electromagnetic waves. ‘This radiation 
is accomplished as a result of the transformation of the energy 
of the thermal agitation of the particles of the body into radiant 
energy. Electromagnetic radiation of a body which is in a state 
of thermodynamic equilibrium is called thermal radiation.* 
Such equilibrium radiation occurs, for instance, if the radiant 
body is located within a closed hollow cavity having opaque 
walls whose temperature is equal to that of the body. 
In a heat-insulated system of bodies, all of which are at the same 
temperature, heat exchange between the bodies by the emission 
and absorption of thermal radiation cannot lead to violation of 
the thermodynamic equilibrium of the system since this would 
contradict the second law of thermodynamics. Hence the thermal 
radiation of bodies must comply with Prevost’s law of exchanges: 
if two bodies at the same temperature absorb different amounts 
of energy then their thermal radiation at this temperature should 
also be different. 
41.1.2. The emissive power, or spectral density of radiant emittance, 
of a body is the quantity £,,7 which is numerically equal to the 
surface density of the power of thermal radiation of the body in 
a frequency interval of unit width. Thus 

Eye = 


* Sometimes thermal radiation is defined, not only as the equilibrium, but 
iso as the nonequilibrium radiation of bodies due to their being heated, 
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where dW is the energy of thermal radiation emitted from unit 
area of the surface of the body during unit time within the fre- 
quency interval from » to »+d». 
The emissive power E, 7 is the spectral characteristic of thermal 
radiation of a body. It depends upon the frequency », the absolute 
temperature T of the body, as well as on its material and the 
shape and condition of its surface. In SI units, 2,7 is measured 
in joules per m?. 
41.1.3. The absorptive power, or monochromatic absorptance of a 
body is the quantity A,,, which represents the fraction of the 
energy dW,,,, delivered in unit time to unit area of the body 
surface by incident electromagnetic waves with frequencies 
from » to »4-dv, that is absorbed by the body. Thus 
_ Ware 

Av = aWine 
The quantity A, 7 is dimensionless. It depends, in addition to 
the frequency of radiation and temperature of the body, on the 
material, shape and surface condition of the body. 
41.1.4. A body is said to be perfectly black if it completely absorbs 
all electromagnetic waves falling on its surface at any tempcrature. 
Thus A%®, = 1. It is usually called a black body. 
Real bodies are never perfectly black, some, however, approxi- 
mate black bodies with respect to their optical properties (carbon 
black, platinum black and black velvet have a value of A, 7 in 
the visible light range that is almost equal to unity). An ideal 
model of a perfectly black surface is obtained if a small hole is 
made in the opaque walls of a closed hollow cavity. Electromagnet- 
ic radiation, passing into the cavity through the hole, is practi- 
cally completely absorbed by the internal surface after multiple 
reflection from this surface, irrespective of the material of which 
the walls of the cavity are made. 
A body is said to be grey if its absorptive power is the same for 
all frequencies » and depends only on temperature, material and 
surface condition (A?, = Ap 
41.1.5. A relationship. exists between the emissive power Ey 7 
and the absorptance A,,, of an opaque body. This is called 
Nirchhoff’s radiation law in the differential form: 


Ey, 7 
Ayr 


lor an arbitrary frequency and temperature, the ratio of the 
emissive power to the absorptance is the same for all bodies and 
cquals the emissive power e,7 of a black body, which is a func- 
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tion of only the frequency and temperature (Kirchhoff’s function). 
It follows from Kirchhoft’s law that if a body at a given tempera- 
ture T absorbs no radiation in the frequency interval from » to 
v+dy (i.e. at A, 7 = 0), then, at the temperature 7, it cannot 
ee in equilibrium in this frequency interval. Thus Ey, = 
= = 0. 

41. 1.6. The total radiant emittance of a body is 


Ey = a E,, 7 dv 
0 


It represents the surface density of the power of thermal radiation 
of a body, i.e. the energy of the radiation at all possible frequencies 
emitted by unit area of the body surface in unit time. 

The total radiant emittance ep of a black body is 


Ep = f £y, 7 av 
i) 
The relation between the total radiant emittance of a grey body 
and its absorptance Ay, is 
E? = Agér 


This is Kirchhoff’s radiation law in the integral form (for grey 
bodies) and can be stated as follows: the ratio of the total radiant 
emittance of a grey body to its absorptance is equal to the total 
radiant emittance of a black body at the same temperature. 
41.1.7. The total radiant emittance of any body is 


co 
Ep = f Ay, p Ey, 7 dy 
0 
or 
Ep = aép 


where a is the degree of blackness of the body 


r) -) 


f Ay, 7 fy, 7 dv f Ay, 7 fy, 7 (y 
0 0 





a- — $e 


ey °° 
J ty, p dv 
0 
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The quantily a depends upon the temperature, material and 
surface condition of the body. 

The absorptance A,,7 of a body may vary in the range from 
0 to 1. Therefore, 0 <a <1. For a black body a = 1. Opaque 
bodies with a degree of blackness « = 0 neither emit nor absorb 
clectromagnetic waves (Ey, 7 = Ayr = 0). They completely 
reflect all incident radiation. If this reflection complies with the 
laws of geometrical optics, they are called specular bodies. 


41.2. Laws of Black-Body Radiation 


40.2.1. The laws of black-body radiation establish the dependence 
of ep and &, 7 on frequency and temperature. 
The Stefan-Boltsmann law states that 


Ep = aT4 


Thus the total radiant emittance ép of a black body is proportional 
to the fourth power of its absolute temperature. 
The quantity o is the universal Stefan-Boltzmann constant and 
is equal to 5.67x1078 Natt, 
41.2.2. The energy distribution in the radiation spectrum of a 
black body, i.e. the dependence of «,,7 on frequency at various 
temperatures, is of the form of the curves in Fig. 41.1. At low 
frequencies, €,,7 is proportional to the product »?7 and at high 
frequencies 

ay 


Ey, p oc ve 7 


where @ is a certain constant. 
The area S under the e,, 7 vs. 
r curve is proportional to ep. 
Thus 





Sx ep =f en dv 4] v 
0 FIG.41.4 


According to the Stefan-Boltzmann law, this area is proportional 
lo the fourth power of the absolute temperature. 
41.2.3. The Wien law is expressed by the equation 

deo ort) 
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e = velocity of light in a vacuum 
f (#) = universal function of the ratio of the frequency of 
radiation of a black body to its temperature. 


The radiation frequency vm, corresponding to the maximum 
emissive power ¢,,7 of a black body is equal, according to Wien’s 
law, to 


where 


Vnaz = b,T 


where b, is a constant depending on the form of the function 
v 

f(z): 

Wien’s displacement law states that the frequency corresponding 

to the maximum emissive power é,, 7 of a black body is propor- 

tional to its absolute temperature. 

41.2.4. The relationship between the emissive power ¢,, 7 referred 

to the frequency interval dv, and the emissive power é,, 7, 

referred to the wavelength interval dA, can be written as 


c 
far = yx &, 9 
Another form of W’ten’s law is 
5 c 
far = J f (5) 


The wavelength 4,,,2, corresponding lo the maximum emissive 
power €&j, 7, is ' 
D 
T 


Anaz = 
This is another form of MWien’s displacement law and states that 
the wavelength, corresponding to the maximum emissive power 
&,r of a black body, is inversely proportional to the absolute 
temperature of the body. The quantity 6 is called Wien’s constant 
and is equal to 0.002898 m-deg. 

The displacement law explains why long-wave radiation predomi- 
nates more and more in the spectrum of heated bodies as their 
temperature is lowered. 

The quantities Ano: and Vy, are not related by the equation 


A= a because the maxima of e, 7 and e,,7 are located at 


different parts of the spectrum. 

41.2.5. Equilibrium radiation in a closed hollow cavity with heat- 
insulated walls is called black-body radiation since, regardless of 
the material of the cavity walls, it is identical to the thermal 
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radiation of a black body at the same temperature. This radiation 
is isotropic, i.e. it can be regarded as the totality of unpolarized 
and incoherent plane waves with frequencies from 0 to co that 
are propagated in all possible directions with equal feasibility. 
The volume density of the energy w of the black-body radiation 
field is the same at all points and depends only on temperature. 
Thus 
— fer _ hora 


c Cc 
where €&p = total radiant emittance of a black body 
ce = velocity of light in a vacuum 
o = Stefan-Boltzmann constant. 


The spectral density of the volumetric energy density of the 
black-body radiation field is 


_ dw_ 4&4 
Wy = Gy = &y 2 


where dw = volumetric energy density of the radiation field 
in the frequency interval from » to r+dyr 
&y, 7 = emissive power of a black body. 


The pressure exerted by black-body radiation on the walls of the 
cavity is 


41.2.6. From the energy point of view, black-body radiation is 
equivalent to the radiation of an infinitely large number of 
noninteracting harmonic oscillators, the so-called radiation 
oscillators. If &(v) is the mean energy of a radiation oscillator 
with a natural frequency v, then 


2 2 
Wy = ae e(r) and & 7 = oe €(v) 


According to the classical principle of the equipartition of energy 
(see 12.4.1.), &(v) = kT, where k is Boltzmann’s constant, and 


Qn? 
fr = ea kT 


This is called the Rayleigh-Jeans equation. 

In the region of high frequencies, this equation leads to substantial 
disagreement with the experimental data. This disagreement has 
been called the “ultraviolet catastrophe”. According to the 
equation, «,, 7 increases monotonically with frequency and has 
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no maximum, while the emissive power of a black hody becomes 
infinite. 

41.2.7. The reason for the above-mentioned difficullies associated 
with the search for the proper form of the Kirchhoff function 
e,,r is based on one of the fundamental principles of classical 
physics: the energy of any system can vary in a continuous 
manner, i.e. it can take any arbitrarily close consecutive values. 
According to Planck’s quantum theory, the energy of a radiation 
oscillator with a natural frequency » can have only definite 
discrete (quantized) values differing from one another by a 
whole number of elementary portions, called energy quanta. Thus 


& = hv 


where h = 6.625X10-“4 joule-sec and is called Planckh’s constant 
(quantum of action). Accordingly, the emission and absorption of 
energy by the particles of a radiating body (atoms, molecules or 
ions) interchanging energy with the radiation oscillators, should 
occur discretely—in separate portions (quanta)—and not in a 
continuous sequence. 
41.2.8. The mean energy of a radiation oscillator is 
e(r) - J 
ekP_4 


Planck’s formula for the emissive power of a black body is 


Qa hy 


__ 2nc® h 
4,7 = Gs" ke 
ekAT _4 


Planck’s formula agrees well with the results of experiments 
conducted to measure the energy distribution in the spectrum 
of a black body at various temperatures. The Rayleigh-Jeans 
law can be derived as a particular case from Planck’s formula 
(when hy « kT). In the region of high frequencies (hy > kT), the 
Planck formula becomes 

hy 
Qnhvd ET 

oe ° 





&, 7 = 
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Wien’s displacement law and the Stefan-Boltzmann law follow 
from Planck’s formula, The Stefan-Bollzmann constant can he 
expressed in terms of Planck’s constant. Thus 


g a 2h 
"AS R3? 

The numerical value of Planck’s constant is found from the 
known values of &, o and ¢, It can also be expressed in terms of 
Wien’s constant b. 


41.3. Optical Pyrometry 


41.3.1. Optical pyrometry is the name given to the miscellaneous 
inethods for measuring high temperatures that are based on the 
use of the relationship between the temperature and the emissive 
power (either total or spectral) of the body being investigated. 
The instruments used for this purpose are called radiation pyro- 
meters. Total-radiation pyrometers record the integrated radiation 
of the heated body being investigated; optical pyrometers record 
its radiation in one or two narrow portions of the spectrum. 
The application of radiation pyrometers is feasible for the meas- 
urement of the temperature of solid, liquid and gaseous bodies 
only if it can be assumed, with a sufficiently high degree of accu- 
racy, that the bodies are in astate of thermodynamical equilibrium 
(or in states that are sufficiently close to an equilibrium one). 
41.3.2. The radiation temperature T, of a given body is the temper- 
ature of a black body whose total radiation coincides with the 
radiation of the body being investigated. The true temperature 
of the body is 


Yap 


where ay = Es. is the degree of blackness of the body (see 
41.1.7.) at temperature 7’. Since az <1, T = T,. 


41.3.3. The colour temperature T, of a nonblack body is the temper- 
ature of a black body which has an energy distribution in its 
spectrum that is closest to the energy distribution of the investi- 
gated body at the given temperature. Its measurement consists 
in determining the emissive power (£j,7) and absorptance 
(.14,7) of the investigated body for two different wavelengths 
4, and A,. Then, according to Planck’s simplified formula which 
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For grey bodies Aj,,r = Aa,,r and T, = T. The colour tempera- 
ture is meaningless for bodies that greatly differ from grey ones 
(for example, those having selective absorption and emission). 
41.3.4. The brightness temperature T, of a body is the temperature 
of a black body whose spectral density of energy brightness for 
the wavelength A, (usually 4, = 660 nanometres) is equal to the 
spectral density of energy brightness of the investigated body for 
the same wavelength and in a direction normal to its surface. 

The spectral density of energy brightness of a radiating body at 
the temperature 7’ is 


dB. 
b(4, T) = BBs 


where dB, is the energy radiated from unit area of the body’s 
surface, in unit time, in the wavelength interval from A to A+da, 
within a unit solid angle and in the given direction. For a radiating 
body which obeys Lambert’s law (see 38.9.7.) 


; 4 
b(4, T) = + Exe 
where Ey, 7 is the emissive power of the body. In particular, for 


a black body 
bd, T) = Lege 


If AT« fe (see 41.3.8.), the true temperature of a body is relat- 
ed to its brightness temperature (at A = 4,) by the equation 
A 1 _ Bay 4 B(4o, 2) 


T Ty he bo Ao, 2) 
If, in particular, the investigated body obeys Lambert’s law, then 


d= ph 2 thag 
TT 7 he MAwger 


where Aa,,7 is the absorptance of the body. For all except the 
black body T > T7,. 


CHAPTER 42 





Light Quanta 


42.1. The Photoelectric Effect 


42.1.1. Characteristic of light is ils wave-corpuscle (wave-particle) 
dualism. On the one hand, it possesses wave properties, mani- 
fested in the phenomena of interference, diffraction and polariz- 
ation; on the other hand, light is a stream of particles, called 
photons, which have zero rest mass and travel at a velocity equal 
to that of light in a vacuum. The energy £ of the photon and its 
momentum p for the corresponding electromagnetic wave of 
frequency » and of wavelength A in a vacuum are 


E = hy = — and p= wat 


where h is Planck’s constant (see 41.2.7.). 

luach photon has an intrinsic angular momentum, or spin, & (sce 
Table 1 on page 891). Photons comply with Bose-Jinstein statis- 
tics (see 12.7.1.). The wave properties of light predominate at 
low frequencies; the corpuscular properties predominate at high 
frequencies. 

Photons are produced (emitted) in the processes of transition of 
atoms, molecules, ions and atomic nuclei from the excited state 
(see 45.1.12.) to a state of less energy, as well as in the acceleration 
and deceleration of charged particles, and in the decay and anni- 
hilation (see 49.3.3.) of particles. In the processes of emission 
(or absorption) of a photon, an angular momentum equal to 
mh (where m = 1, 2, 8, ...) is carried away from (or introduced 
into) the system. 

42.1.2. The photoelectric effect (photoeffect) is the process of inter- 
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action of electromagnelic radiation with matter as a result of 
which the energy of the photons is transmitted to the electrons 
of the substance. In condensed systems (of solids and liquids) 
a distinction is made between the extrinsic photoelectric effect, 
known as the photoemissive effect, in which the absorption of pho- 
tons is accompanied by the liberation of electrons beyond the 
irradiated body, and the intrinsic photoelectric effect, in which the 
electrons remain in the body, changing their energy state. In ga- 
ses, the photoelectric effect consists in the ionization of the atoms 
or molecules due to the action of the radiation (photoionization, 
see 46.11.1.). 

A special kind of photoeffect involves the absorption of the 
photons of hard gamma rays by atomic nuclei. This is accompanicd 
by the escape of the component nucleons from the nucleus 
(nuclear photoeffect, see 48.2.8.). 

42.1.3. The electrons that escape from the substance in the photo- 
emissive effect are called photoelectrons. If an electric field with 
a potential difference y is set up between the irradiated body and 
a certain conductor (anode) to accelerate the photoelectrons, an 
ordered motion of these electrons is established. This is called a 
photoelectric current (photocurrent). At a certain value > 0, 
the photocurrent J reaches its saturation value (J = J,) when all 
the clectrons escaping from the irradiated body (cathode) reach 
the anode. To stop the photocurrent it is necessary to set up a 
retarding field between the anode and cathode with a potential 
difference gy, equal to 





gy = — Ahmet <0 


whcre e = magnitude of the charge of the electron 

Ex max = Maximum kinetic energy of the photoelectrons. lor the 

photoelectric effect caused by visible light and ultraviolet rays, 

the maximum initial velocity of the photoelectrons v,,4, «< ¢ and 
£, max = pies 

where mis the rest inass of the electron. 

42.1.4. Einstein’s photoelectric emission equation follows from the 

law of conservation of energy. Thus 


hy = A+E, max 
where 4 = ey, = work function in emitting an clectron from 
the irradiated substance (see 24.1.1.) 
Yo = emission potential 
hy = energy of the photon, 


t 
1 
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The quantities A and g, depend upon the initial energy state of 
the photoelectron. 
According to the conservation laws for energy and momentum, 
the absorption of a photon by free electrons is impossible, and 
the photoelectric effect is possible only by means of electrons 
bound in atoms, molecules and ions, as well as the electrons of 
crystalline solids. 
42.1.5. The laws of the photoemissive effect (extrinsic photoeffect) 
are the following: 


(a) The maximum initial velocity of photoelectrons depends upon 
the frequency of the light and does not depend upon its intensity. 
(b) The number of photoelectrons emitted in unit time by the 
cathode is proportional to the light intensity. The saturation 
photocurrent (see 42.1.3.) is proportional to the energy irradiation 
of the cathode. The number of photoelectrons leaving the cathode 
per second is proportional to the number of photons absorbed 
by the substance in the same time. The latter, when the spectral 
composition of the radiation is constant, is proportional to the 
energy irradiation of the cathode. 

(c) ach substance has its photoelectric threshold, a minimum 


frequency » = 4 for which photoelectric emission is still detect- 
able. This frequency (»)) depends upon the chemical nature and 
condition of the surface. The wavelength A, = le corresponding 


to the frequency », is in the ultraviolet part of the spectrum for 
most metals. 
The photoelectric effect is practically inertialess. 


42.1.6. The number of photoelectrons emitted per incident photon 
is called the quantum yield I of the photoelectric effect. The 
quantum yield depends upon the properties of the substance and 
the wavelength of the radiation. The dependence of the quantum 
yield of the extrinsic photoeffect in metals on the energy of the 
photons, expressed in eV (electron volts), is called the spectral 
characteristic of the photoeffect. Near the photoelectric threshold 
") (see 42.1.5.), the yield J for metals is of the order of magnitude 
of 10-4 and increases proportionally to (v— )?. At photon ener- 
gies of the order of 10 eV, J begins to grow sharply and reaches 
i maximum of the order of 0.1 to 0.15 at hy ~ 18 eV. The maxi- 
mum quantum yield corresponds to the range of frequencies in 
which a minimum coefficient of reflection of light from a metal 
surface is observed. 

42.1.7. The phenomenon of an appreciable increase in the quantum 
yield (and the saturation photocurrent) in definite ranges of 
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frequency of the incident radiation is called the selective photoeffect. 
Here the quantum yield strongly depends on the angle of incidence 
of the radiation and on its polarization. There is no selective 
photoeffect when the radiation is polarized in its plane of incidence. 
If the radiation is polarized in the plane perpendicular to its 
plane of incidence, the selective photoeffect is a maximum and 
depends on the angle of incidence i, increasing as ¢ increases from 


0 to < These features indicate that the wave properties of light 


have an influence on the extrinsic photoeffect. 


42.1.8. If composite cathodes are employed (compositions of alkali 
metals with antimony or bismuth, or cathodes with semiconduc- 
tor layers) the extrinsic photoeffect (photoemissive effect) is due 
to the absorption of photons by electrons which are either in the 
filled band or at the impurity levels (see 23.2.2.). Owing to the 
low work function, the quantum yield of composite cathodes in 
the region of the visible part of the spectrum considerably excceds 
that of metal cathodes. 

42.1.9. The extrinsic photoeffect causcd by the photons of X- or 
gamma radiation consists in the absorption of the energy of the 
photon by an atom and the emission of an electron from some 
inner shell of the atom. The atom is thereby in an excited state 
and the photoeffect is accompanied by the emission of a photon 
of secondary X-radiation or an additional photoelectron in the 
case when the excitation energy of the atom is transmitted to one 
of its electrons (Auger effect, see 45.7.7.). 

42.1.10. In addition to the extrinsic photoeffect, an intrinsic 
photoeffect (photoconduction) is observed in crystalline semicon- 
ductors and dielectrics. It consists in an increase in the electrical 
conductivity of these substances due to an increase of free current 
carriers in them (conduction electrons and holes). At a photon 
energy hv», = W,, where W, is the activation energy of conduction 
in pure substances (difference between the energies at the lower 
level of the conduction band and at the upper level of the valence 
band), an electron may be transferred from the filled valence band 
to the conduction band (see 23.1.2.). The frequency », is called 
the photoconductive threshold, or photoconductive threshold frequency. 
Pairs of oppositely charged carriers (electrons in the conduction 
band and holes in the valence band) are capable of initiating 
ordered motion when subjected to an external electric field, 
thereby producing an electric current. The electrical conductivity 
a the substance is proportional to the intensity of monochromatic 
ight. 

The introduction of impurities into a semiconductor (doping) 
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reduces the threshold frequency », because it leads to the transfer 
of electrons to the conduction band from the donor impurity 
levels, or from the valence band to the acceptor impurity levels 
(see 23.2.4.). The photoconduction of an electron (n-type) semi- 
conductor (see 23.2.3.) is of a purely electron nature. The photo- 
conduction of a hole (p-type) semiconductor (see 23.2.4.) is 
purely of the hole type. Strong absorption of light may reduce 
the conductivity of a semiconductor because the photons intensify 
hole-clectron recombination and thereby reduce the concentration 
of free charges in the neighbouring parts of the semiconductor. 
42.1.11. The photovoltaic effect (barrier-layer photoeffect) consists 
in the origination of an clectromotive force due to the intrinsic 
photloeffect near the contact surface between a metal and a semi- 
conductor or between an n-type and a p-type semiconductor. 
Such a contact has unidirectional conductivity due to the deple- 
tion of the layers of the semiconductors, adjacent to the contact 
surface of current carriers (conduction electrons and holes, sec 
23.1.4.). The intrinsic photoeffect in semiconductors leads to a 
violation of the equilibrium distribution of current carriers in the 
contact regions (see 24.1.8.) and alters the contact-potential 
difference in comparison with the equilibrium value. Hence it 
leads to the origination of a photoelectromotive force. The value of 
this photo-emf produced by monochromatic light is proportional 
lo the light intensity. The photovoltaic threshold is determined 
by the value of W, (see 42.1.10). The photovoltaic effect in a 
p-n junction constitutes the direct transformation of the energy 
of electromagnetic radiation into the energy of an electric current. 
This phenomenon is applied in photoelectric current sources (sili- 
con, germanium and other photocells). 


42.2. The Compton Effect 


42.2.1. The Compton effect is the change in the frequency or wave- 
length of photons when they are scattered by electrons and nu- 
cleons. The Compton effect differs from the photoelectric effect 
in that the photons do not completely transfer their energy to the 
particles of the substance. Special cases of the Compton effect are 
the scattering of X-rays by the electron shells of atoms and the 
scattering of gamma rays by atomic nuclei. The simplest case of 
the Compton effect is the scattering of monochromatic X-rays 
by light substances (graphite, paraffin, etc.). In this case the 
electron is assumed to be free. 

42.2.2. The scattering of a photon by a free electron can be regard- 
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ed as the process of their elastic collision. Investigation is usually 
conducted on the basis of the laboratory frame of reference 
(sce 44.4.17.) in which the electron is assumed to be at rest at the 
beginning and travelling at the velocity v after the collision. This 
velocity is not small in comparison with the velocity ¢ of the in- 
cident photon. Then, according to the law of conservation of 


energy, 
he 2 _ he ° 
7 +my,c* = yo time 
where 4 and A’ = wavelengths corresponding to the primary 
and secondary (scattered) photons 
m, = rest mass of the electron 


m= -—®— = relativistic mass of the clectron 
yi-% (sce 32.6.3.). 
cz 


According to the law of conservation of momentum (see 5.6.3.) 


(mv)? = (4 )+ ( ny - * cos 0 
where 0 is the angle between the directions of the primary and 
scattered photons (Fig. 42.1). This equation leads to the relation- 
ship for the change in wavelength (Compton shift) Ad = 2’-- Ain 
Compton seatlering. Thus 





, O 
Aa = 2" sin? ? 
Moc 2 


The quantity 
he = th. = 2.426107 cm 


“moc 





FIG.42.4 is called the Compton wavelength for the 
electron. 
Compton’s equation for the frequency of the photon after scat- 
tering is 
ri v 
” = TFEC—cos 6) 


Le 


where EF = ‘mot = CNeTBY of the primary photon in units equal 


to the rest energy of the electron 
myc? = 511 keV. 


42.2.3. The change (shift) in wavelength in the Compton effect 
depends on the scattering angle 0 of the photons and reaches 
its maximum for backward scattering (0 = 180°). 
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Under the condition that hv > mc? (A« A,), the wavelength 2’ 
of radiation scatlered backward is twice the Compton wavelength 
(4’ = 2A,) regardless of the wavelength of the incident radiation. 
The angular distribution of unpolarized radiation which undergoes 
scattering by a free electron at rest is given by the Klein-Nishina- 
Tamm formula (see also 47.9.11) 
r2 1+cos? 0 E2(1—cos 6)2 
do(0) = “> ThFEd—cos HF {1 + (feos? 6) (1+ EC —c0s mi dQ 
where do() = differential effective cross section for scattering 
the photon at an angle 0 within the element of 
solid angle dQ 


r= ao = classical electron radius (see Appendix II). 
The intensity J of scattered radiation at a distance R from the 
scattering centre is related to the intensity J, of the primary beam 
by the equation 
Ty» do(8) 


P= de 


in which the ratio = is determined from Compton’s equation 


(see 42.4.2.). At hy >> m,ec?, the differential scattering cross-section 
du(0) decreases rapidly with an increase in 0 and the scattered 
radiation is directed practically only along the primary ray of 
light. At hy «< myc?, the Klein-Nishina-Tamm formula is trans- 
formed into the classical formula of J. J. Thomson for scattering 
by the electron (see also 47.9.11.): 


do(6) = 7 (4+cos*0) dQ 
The Klein-Nishina-Tamm formula is applicable for calculating 
the scattering of light by any charged particles with a spin of 
oft and magnetic moment of sh (where M is the mass of the 


particle). 

42.2.4. The scattering electron that acquires a velocity upon 
collision with a photon in the Compton effect is called a recoil 
electron. 

The angular distribution of the scattered recoil electrons is 


= pt FEY 0089 
do, (¢) = 4r° (A+2E+E? sin? ¢)?2 


{1+ 


x 
2E2 cos! o = 
(1+2K+4 EF? sin? g) (1+E(E + 2) sin? 9] 
2(1 + E)2 sin? » cos? » 
— AD, 
(1+ E(E + 2) sin? 9]? ° 
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where do,(y) = differential effective cross scction for scattering 
the electrons at the angle » within the element 
of solid angle dQ, 


r = classical electron radius 
k=. by 
moc? * 
The kinetic energy of the recoil electron is 
T =hy ze 


142k + +E) tan? p 
and as <p <-2. for all angles 0. From the laws of the conser- 


vation of energy aiid momentum in the Compton effect, it fol- 
lows that 


(1+ 2) tan » =—cot + 


The maximum value of the kinetic energy Tm, is reached at 
0 = 180° (p — 0°): 


1 Qk 
1 mar hy tak 


42.3. Light Pressure 


42.3.1. Light pressure is the mechanical action produced by electro- 
magnetic waves falling on some surface. 

42.3.2. According to the electromagnetic theory, the pressure of 
light is due to the development of mechanical forces acting on the 
electrons which are on the surface of the illuminated body and 
exerted by the electric and magnetic components of the field set 
up by the light wave. The electric field of the light wave causes 
oscillation of the charges in the surface layer of the body. The 
magnetic field acts on these charges with the Lorentz force (see 
26.1.1.) whose direction coincides with that of the Poynting vector 
(see 30.6.2.) of the light wave. The light pressure exerted on a 
certain surface by a normally incident parallel beam of light is 
determined by the magnitude of the Poynting vector. 

42.3.3. The light pressure p on a surface is 


p=. (1+R) = w(t +R) 


where P = energy of electromagnetic radiation normally inci- 
dent to a surface of unit area per sec 
ce = velocity of light in a vacuum 


reflection coefficient (see 35.2.6.) 
volumetric energy density of electromagnetic radi- 
ation. 


toa 


w 
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The light pressure 


£ for a perfectly absorbing body (black body) (R = 0) 
p= cay 
2p for a perfectly reflecting body (R = 1) 

The pressure of isotropic equilibrium radiation (see 41.2.5.) filling 
a certain volume is 

p= + w 
42.3.4. According to the quantum theory of light, the light pressure 
results from the transferring of the momentum of the photons to 
the atoms or molecules on the surface of the body. The luminous 
flux of frequency » that fansite energy P to 1 cm? of the body 


surface an ° sec consists of N = ;- P photons, each having the mo- 
mentum ” (see 42.1.1.). Upon peine absorbed, the photon gives 
up the momentum m, ; upon reflection (elastic scattering), the 


hy 
momentum given up is me since the momentum of the photon 


changes from +- ne to —””. The total momentum given up by the 


photons at the reflection coefficient R is 
hy P 
(1+R)N~ = ~ (1+) 


Thus, the results obtained coincide when light pressure is calcu- 
lated by the electromagnetic and the quantum theory of light. 
42.3.5. Light pressure, whose existence was first shown experi- 
mentally by P. Lebedev, is one of the reasons why comets acquire 
tails when they come close to the sun. Owing to the very small 
size of the particles of matter in comets, their repulsion by the 
light pressure, proportional to the surface area of the particles, 
exceeds the attraction of the sun’s gravitational field which is 
proportional to the volume of the particles. 


42.4. Chemical Effects of Light 


42.4.1. The effect of light on the substance it is absorbed by may 
cause chemical changes of the substance that are called photo- 
chemical reactions. Distinction is made between the primary photo- 
chemical event and secondary reactions. Such reactions include 
the dissociation of complex molecules, radicals or multiatomic 
ions into their components, the formation of complex molecules 
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from simpler ones, and the formation of coinplexes of identical 
molecules (polymerization, see 17.1.1.). 

42.4.2. The decomposition of complex molecules by the effect 
of light into simpler ones or into their component atoms is called 
photochemical dissociation of the molecules (also photodissociation, 
photolysis or photodisintegration). The products of photodissocia- 
tion are atoms, radicals, and ion-radicals. One of the particles 
in the process is in an excited state and assumes the difference 
between the energy of the absorbed light and the dissociation 
energy. Photodissociation becomes possible at a light frequency 


v complying with the condition 
D 


he 
where + = boundary frequency of pholodissociation 

D = energy of photodissociation, which is usually less 

than the dissociation energy of the principal state 
of the system. 
Lixamples of photochemical reactions are: the decomposition of 
carbon dioxide by sunlight 
2 CO,-+-2hy + 2.CO-+O, 
the dissociation of chlorine molecules by light 
Cl, +hy + Cl+ Cl 
and the decomposition of silver bromide in photographic mate- 
rials when they are illuminated 
AgBr+hy + Ag+Br 

Photodissociation may take place according to the mechanism 
of predissociation (see 46.9.3.). 
42.4.3. Photochemical reactions comply with the postulate of 
Einstein (law of photochemical equivalence) that only one quantum 
of absorbed light is required for each primary event of photo- 
chemical transformation. The number of molecules that react is 
related to the energy of the absorbed quanta. The number N of 


molecules of the substance that undergo a photochemical trans- 
formation upon absorbing a unit of light energy is 


A 

he 

The mass of the substance that reacts is 
M= Nm 


where m is the mass of a molecule. 
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The Bunsen-Roscoe law (reciprocity law) states that the amount 
of asubstance m that reacts in a photochemical reaction is propor- 
tional to the radiation power ® and the exposure time ¢. Thus 


m = k@t 


where k is a coefficient of proportionality depending upon the 
kind of reaction (it is assumed that the spectral composition 
of the light is constant and enables the reaction to be accom- 
plished). 

According to the Bunsen-Roscoe law, m = const for the con- 
dition (®t). const = (Pete) = consty Where c is the concentration of 
the product formed in the photochemical reaction. The law is 
violated if the primary photochemical event is complicated by 
secondary nonphotochemical reactions. In silver halide photo- 
graphic layers, the Bunsen-Roscoe law is complied with at the 
exposure times of 10-5 to 107! sec. 

42.4.4. If the frequency » of the light which irradiates a substance 
does not lie within the absorption band of this substance, then 
there is no absorption of light and, consequently, no photochem- 
ical reactions. Such a reaction can be effected, however, if another 
substance, a sensitizing agent, whose absorption band contains 
frequency », is added to the first substance. The photon is absorb- 
ed by a molecule of the sensitizing agent, or sensitizer, and the 
energy obtained is transmitted to a molecule of the first sub- 
stance in intermolecular collisions. Such photochemical reactions 
are said to be sensitized. To accomplish them, frequent collisions 
are required between the molecules of the sensitizing agent and 
the first substance, i. e. a sufficiently high pressure. 

An example of such a reaction is the formation of hydrogen 
peroxide H,O, from H, and O, upon sensitizing them with atoms 
of mercury and illuminating the mixture with light of a wave- 
length of 2537 A which corresponds to the absorption line of the 
mercury atoms. The reaction progresses according to the following 
possible scheme: 


Hg+hv > Hg* 
lig* + 1], + HgH+H (Hg* +11, + Hg+2 IT) 
2 11+0, > 11,0, 
where Hg* denotes the excited atom of mercury. The excitation 


of the mercury atom is removed when the excitation energy is 
transmitted to the hydrogen molecule, 


CHAPTER 43 


Luminescence 





43.1. Classification and Features 
of Luminescence Processes 


43.1.1. Luminescence is the radiation of light by bodies which is 
in excess of that attributable to thermal radiation (sce 41.1.1.) at 
the given temperature, and persists considerably longer than the 
periods of radiation in the optical range of the spectrum. This 
radiation can be caused by the bombardment of the substance 
with electrons or other charged particles, by passing an electric 
current through the substance (nonthermal effect), by illumi- 
nating the substance with visible light, X-rays or gamma rays, or 
by means of certain chemical reactions occurring in the substance. 
43.1.2. In contrast to equilibrium thermal radiation (see 41.1.1.), 
luminescent radiation is not of an equilibrium nature. It is initi- 
ated by a comparatively small number of atoms, molecules or 
ions. By the action of the source of luminescence, they go over 
to the excited state and their subsequent return to the normal 
or a less excited state is accompanicd by the emission of lumines- 
cent radiation. The length of time the luminescence continues 
is dependent upon the length of time the excited state persists. 
Apart from the properties of the luminescent substance, this time 
depends upon the surrounding medium. If the excited state is 
metastable, particles may continue to be init for as long as 10~4 sec. 
This correspondingly lengthens the persistence of luminescence. 
43.1.3. Luminescence that ceases immediately after the cause of 
excitation is cut off is called fluorescence. Luminescence that per- 
sists for an appreciable time after the stimulating process has 
ceased is called phosphorescence. 

Fluorescence is caused by the change of atoms, molecules or ions 
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from the excited state to the normal one. Phosphorescence is 
due to the existence of metastable excited states of the atoms 
and molecules from which a change to the normal state is hindered 
for some reason or other (see 44.5.10.). The change from the meta- 
stable state to the normal one becomes possible only as a result 
of some additional excitation, for example, the application of 
heat. The demarcation between fluorescence and phosphorescence 
is quite arbitrary. Luminescence stimulated by light is called 
photoluminescence; that due to the bombardment of electrons is 
called cathodoluminescence; that caused by the application of an 
electric field to matter is called electroluminescence; and that 
resulting from chemical reactions is called chemiluminescence. 
Luminescent substances are called luminophors, or phosphors. 
43.1.4. According to the nature of the elementary processes that 
stimulate luminescent radiation, distinction is made between 
spontaneous, induced and recombination luminescence processes, 
as well as resonance fluorescence. Resonance fluorescence is observed 
in a vapour of atoms and consists in the spontancous de-excitation 
from the energy level reached by the radiating atom upon absorb- 
ing energy from the source of luminescence. The stimulation of 
resonance fluorescence by light leads to resonance radiation which 
goes over to resonance scattering when the density of the vapouris 
increased. In spontaneous luminescence, the atoms (molecules or 
ions) are first excited by the action of the source of luminescence 
and reach intermediate excited energy levels. Then, from these 
levels, radiative or, more frequently, nonradiative transitions 
occur to levels from which luminescent radiation begins. This 
type of luminescence is observed for complex molecules in vapours 
and solutions and for impurity centres in solids (see 23.2.1.). 
It is also observed in transitions from exciton states (see 44.4.39.). 
Induced (metastable) luminescence involves a change to a metasta- 
ble level, by the action of the source of luminescence, followed by a 
transition to the level of luminescent radiation. An example is the 
phosphorescence of organic substances. Recombination lumines- 
cence is a recombination radiation that occurs when particles, 
separated upon absorption of energy from the source of lumines- 
cence, are recombined (in gases this refers to radicals or ions; 
in crystals to electrons and holes, see 23.1.3.). 

Recombination luminescence may occur at defect or impurity 
centres (luminescence centres) when the holes are trapped at the 
principal level of the centre and the electrons at its excited level. 
43.1.5. Upon the excitation of luminescence by electrons, the 
energy of the bombarding electrons is transmitted to the elec- 
trons of aloms (molecules or ions) and changes them to the exciled 
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state. The transmission of energy is possible only under the con- 
dition that the kinetic energy of the bombarding electron is 





T=" > E,-Ey 


where Ey and Ey, represent the total energy of the atom (molc- 
cule or ion) in the normal and the nearest excited states, respect- 
ively. The atom (molecule or ion) returns from the excited to the 
normal state after emitting a quantum of light (photon) of fre- 
quency ». Thus 

hy = E,-Ey 


If the energy of excitation is sufficiently high, the atom (molecule 
or ion) may return from the excited to the normal state in several 
stages, passing through less and less excited states. This involves 
the emission of several photons of different frequencies. Their 
total energy equals that of the initial excitation. 

43.1.6. Photoluminescence is stimulated by light of the visible 
or ultraviolet regions of the spectrum. For complex ]uminescent 
substances (complex molecules, condensed media, etc.), the 
spectral composition of the photoluminescence does not depend 
upon the wavelength of the light that caused the luminescence, 
and obeys Stokes’ law (see 43.2.1.). 

Line, band and continuous spectra of photoluminescence are 
observed. The character of the spectrum depends essentially 
on the state of aggregation of the substance. In many crystalline 
phosphors, the quantum yield (see 43.2.3.) increases with the 
frequency of the stimulating light, provided that hv > 2 AW, 
where AW is the width of the forbidden band (see 44.4.34.) 
(photon multiplication in photoluminescence). 

43.1.7. Electroluminescence in gases is caused by an electric 
discharge in which the energy of excitation is transmitted to the 
molecules of the gas by a mechanism involving electron or ion 
collisions (see 46.11.1.). In electroluminescence, the excited state 
is always caused by the passage of some kind of current and is 
thus associated with the existence of an electric field. In solids, 
electroluminescence is observed, for instance, at the p-n junction 
in semiconductors (see 24.2.9.). 

43.1.8. Chemiluminescence accompanies certain exothermic chem- 
ical reactions. The chemical transformations in the substance are 
associated with a rearrangement of the outer electron shells of the 
atoms. The emission of light leads to the formation of a chemical 
compound with a more stable electron configuration (see 45.3.6.) in 
the given surroundings and under the given conditions, Ghemi- 
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luminescence is frequently observed in oxidation processes in 
which more stable products of combustion are formed. 
Chemiluminescence is caused by the molecules (atoms or ions) 
of the products obtained in the reaction which are in the excited 
electron, vibrational and rotational states. Examples of chemi- 
luminescence are the luminescence of low- and high-temperature 
flames and luminescence in the recombination of peroxide radicals 
in the chain oxidation of liquid hydrocarbons. 


43,2, Laws of Luminescence 


43.2.1. Stokes’ law of radiation states that the wavelength of the 
emitted radiation in photoluminescence is greater, as a rule, than 
that of the stimulating light. A more general statement is that the 
maximum of the luminescence spectrum is shifted toward the 
long-wave side of the maximum of the absorption spectrum. From 
a quantum point of view, Stokes’ law means that the energy hv 
of a quantum of the exciting light is partly expended on nonoptical 
processes. Thus 


hy = htiymt FB, i.e. ym <2? OF Atm > A 


where £ is the energy expended on various processes with the 
exception of photoluminescence. 

3.2.2. In certain cases, photoluminescent radiation has wave- 
lengths in its spectrum that are shorter than the wavelength of 
the stimulating light (anti-Stokes radiation). This phenomenon is 
due to the addition of the energy of therinal agitation of the 
atoms, molecules or ions in the phosphor to the encrgy of the 
exciting photon. Thus 


Ahram = hays + kT 


where a = factor depending upon the nature of the phosphor 
k = Boltzmann’s constant 
T = absolute tempcrature of the phosphor. 


Anti-Stokes radiation is manifested more and more distinclly as 
the temperature of the phosphor is raised. 

13.2.3. The ratio of the energy radiated as luminescence to the 
energy absorbed by the phosphor under steady conditions from 
the source stimulating luminescence is called the energy efficiency 
of luminescence. 

The quantum yield in photoluminescence is the ratio of the number 
of photons of luminescent radiation tu the number of photons 
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absorbed from the stimulating light, upona fixed energy of the 
latter. The energy efficiency of photoluminescence increases 
proportionally to the wavelength A of absorbed radiation. Then, 
after reaching its maximum value in a certain interval at A ~ Ang 
the efficiency drops rapidly to zero upon a further increase in A 
(Vavilov’s law). With an increase in the wavelength of the stimu- 
lating light, there is an increase in the number of photons of 
energy hy contained in the given energy of primary radiation. 
Since each photon produces a quantum of luminescence hijym, 
an increase in the wavelength leads to an increase in the energy 
efficiency. The sharp drop in energy efficiency at A> Ange is due 
to the fact that the energy of the absorbed photons becomes insuf- 
ficient to excite the particles of the phosphor. 

According to Vavilov’s law, the quantum yield in photolumines- 
cence is independent of the wavelength of the stimulating light 
in the Stokes region (v.26 > Yum) (see 43.2.1.) and drops sharply 
in the anti-Stokes region (see 43.2.2.) (2. < Vium)- 

The values of the energy efficiency and quantum yicld depend 
strongly on the nature of the phosphor and the external conditions. 
This is connected with the possibility of nonradiative transitions 
of the particles from the excited to the normal state (quenching 
of luminescence). The main part in quenching processes is played 
by collisions of the second kind, as a result of which the excitation 
energy is converted into internal energy of thermal agitation 
without radiation. There is also a sharp reduction in the intensity 
of fluorescence upon an excessively high concentration of the 
molecules of the luminescent substance (concentration quenching). 
Here, due to the strong bonds between the particles, the formation 
of luminescence centres is impossible. 

43.2.4. The intensity of spontaneous and metastable lumines- 
oe (see 43.1.4.) varies with time according to the exponential 
aw: 


I,= Ie * 


where J, = intensity of luminescence at the instant of time ¢ 
I, = intensity of luminescence at the instant the stimu- 
lating radiation is cut off 
t = mean duration of the excited state for the atoms or 
molecules of the phosphor. 


he value zt is usually of the order of 10-® or 10-8 sec. In the 
absence of quenching processes, t depends only weakly on the 
conditions and is delermived mainly by intramolecular processes. 


oul 
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43.2.5. The intensity of recombination luminescence (see 43.1.4.) 
varies wilh time according to the hyperbolic law: 
= _/o_ 
I= (1 + at)s 
where a and vn are constants. The value of a ranges from a fraction 
of a sec~! to many thousand sec~!, a o ¥/,, where J, is the intensity 


of recombination luminescence at the instant it is initiated. 
The value of n ranges from 1 to 2. 


PART SIX 
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CHAPTER 44 





Elements of Nonrelativistic Quantum 
Mechanics 


44.1. Wave Properties of Particles. The Wave 
Function 


44.1.1. Quantum (wave) mechanics is the department of theoretical 
physics dealing with the laws of motion of particles in the micro- 
cosm region (on a scale from 10~° to 10-!8 cm). For the motion 
of particles at velocities v « c, where c is the velocity of light in 
a vacuum, nonrelativistic quantum mechanics is applied; at 
v ~ c, itis replaced by relativistic quantum mechanics. The objects 
studied by wave mechanics are crystals, molecules, atoms, atomic 
nuclei, and elementary particles. 

44.1.2. Quantum mechanics is based on the conceptions of Planck 
concerning energy quanta (see 41.2.7.), of Einstein concerning the 
photon, on data proving the existence of discrete values for certain 
physical quantities that characterize the state of particles in the 
microcosm (for instance, energy) (see 44.2.3.) and on de Broglie’s 
hypothesis concerning the wave-like behaviour of particles of 
matter. The de Broglie formula is 

| ae 


mov Dp 


where m 
DvD 


mass of the moving particle 
velocity of the particle 


h = Planck’s constant (see 41.2.7.) 
p = mv = momentum of the particle 
A = wavelength associated with a moving particle of 


matter. 
These waves are called de Broglie waves. Another form of the 
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de Broglie relationship is: 


am 
where k = Fig om wave vector 


n = unit vector in the direction of wave propagation. 


The de Broglie wavelength of an electron after being subjected 
to an accelerating voltage U is 





poh oy ON wast 
mau V i (U is in volts) 
Wave properties are not manifested by macroscopic bodies because 
their de Broglie wavelengths are vanishingly small. 

44.1.3. The de Broglie formula, which enables the concept of the 
dual—wave-corpuscle—nature of electromagnetic radiation (see 
42.1.1.) to be applied as well to particles of matter (called the 
wave-corpuscle dualism of particles of the microcosm), is confirmed 
by experiments in which electrons and other particles are reflected 
by and pass through crystals. The diffraction pattern observed in 
these experiments is an indication of a wave process. This effect 
is observed when the electron wavelength is of the order of the 
interatomic distances in the crystal (see 37.5.3.). The method of 
investigating the structure of substances, based on the diffraction 
of electrons, is called electron diffraction study (see 37.5.6.). 
44.1.4. According to the statistical interpretation, de Broglie 
waves have the special physical meaning of “probability waves”. 
Each free electron of a beam falling on a crystal is associated with 
a plane de Broglie wave. The interaction between the electrons 
and the points of the crystal lattice leads to scattering of the 
electrons which can be regarded as diffraction of a plane wave by 
a three-dimensional structure. The diffraction pattern, in this 
case, is a manifestation of a statistical law, according to which the 
electrons reach definite parts of the photographic plate (the dark 
rings) with a greater probability and other parts (the bright rings) 
with lesser probability. A plane incident wave corresponds to 
equal probability of the electron being located at any point in 
space. If a beam of electrons is emitted by a point source, it is 
associated with a divergent spherical wave. The intensity of the 
probability wave is a measure of the probability that the electron 
will be found at a given point in space. 

44.1.5. The probability that a particle will be found at a given 
place in space at a given instant of time is characterized by the 
function Y(z, y, z, t), called the wave function (or psi-function). 
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This function can be either real or complex. The only quantity 
having a physical meaning is the square of its magnitude 
I=|¥|? = YW*, where Y* is the complex conjugate of Y. The 
quantity J is the probability density. The probability w(z, y, z, t) of 
finding a particle in the volume dV = dz dy dz is 

w(x, y,2,t) = Pla, y,s, t) Pav 
44.1.6. A concept introduced by quantum mechanics is the aver- 
age density of physical quantities. For example, the average den- 
sity of charge is 

gue\|PP 

and the average density of a current of particles with the charge 
e and mass m is 


j= 7 (Wgrad Y*_¥* grad ¥) 





The law of conservation of electric charge (the continuity equa- 
tion, see 30.6.1.) is valid for g@ and j. 
44.1.7. A free particle is associated with a plane wave. Thus 


Pir, j= qeil2art—(kr)} 


where vy = = = frequency 
k = wave vector 
r = radius vector characterizing the location of the par- 
ticle in space 
a = amplitude. 


The frequency » and the wave vector K are related to the energy 
and momentum of the particle hy the de Broglie formula (see 
44.1.2.) 
_ Ak 
~ Qn 
and by a similar equation that is valid for light quanta 
E = hy 


De Broglie waves, in constrast to electromagnetic waves, are 
subject to dispersion (see 34.14.11) even in the case of particles in 
a vacuum. The phase velocity of de Broglie waves 


we og AE = Vo hatte! Antmict _ 
aaa + heh? 


exceeds the velocity e Pee in a vacuum and is a function of k 
(dispersion). 
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The group velocity of de Broglie waves is 
V = dw hk 


= ch — oat =U 
where ov is the velocity of the particle. As a result of dispersion, 
the de Broglie wave trains (or wave packets, see 34.1.12.) spread 
out in the course of time. This does not allow particles to be re- 
garded as de Broglie wave trains. 


44.2. The Schrédinger Wave Equation 


44.2.1. The fundamental equation of quantum mechanics, deter- 
mining the type of function Y required for various cases of motion 
and interaction of microparticles, is called the Schrédinger wave 
equation. For a single particle in the absence of a magnetic field 
it has the form 

ih ow he 

on at =~ §n2m A+ U(z, y, 4, hd 
where 4 = Laplace operator 
U(a, y, 2, t) = potential energy (see 3.5.3.) which is related to the 

force function (see 3.4.1.) if the forces acting on the 

particle are conservative 

m = mass of the particle 


t=)y-1. 
The Schrédinger equation may also be written in the form, 
ih OW 
in a YP 
where H is the Hamiltonian operator, or Hamiltonian (see 5.3.1.). 
44.2.2. In the case of free motion of the particle (U = 0), the 
Schrédinger equation has the solution ¥(z, y, 2, t) = 
= (Et—p,e—pyy —P,2) 
= ae which describes a plane wave (see 34.1.3.). 
44.2.3. The case = | ¥%|? = 0 corresponds to a steady, i.e. invari- 


able in time, state of motion of particles. For this case, the Schré- 
dinger equation is of the form 


Av +55 [E-U(z,y,2)]P = 0 
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where H is the Hamiltonian coinciding with the total energy 
operator. The solutions to this equation, called eigenfunctions, 
exist only for definite values of EZ, called eigenvalues. The whole 
set of eigenvalues of £ is called the energy spectrum of the par- 
ticle (or system of particles). If U is a monotonic function and 
U0 at infinity, then in the region E < 0, the eigenvalues 
form a discrete spectrum. 

The most important aim of quantum mechanics is to determine 
the eigenvalues and eigenfunctions of particles (or systems of 
particles). 

44.2.4. The eigenfunctions are normalized by the condition that 
the probability of finding a particle throughout all available space 
equals unity, since a probability of unity represents the certainty 
of an event (that the particle cannot be in more than one place 
in any instant and that it must be somewhere). Thus 


+400 
f |W2dv =1 


—0°° 


44.3. The Heisenberg Indeterminacy Relation 


44.3.1. The concepts of classical mechanics, for example, the con- 
cept of the coordinates of a particle and its momentum can be 
applied to microparticles possessing wave properties (see 44.1.2.) 
only to a limited degree. Since the conception of the “coordinates 
of a wave” is devoid of any physical meaning, the path of a par- 
ticle is likewise devoid of physical meaning in quantum mechanics. 
In classical mechanics, each definite value of the coordinates of 
a particle corresponds to an exact value of its momentum. In 
quantum mechanics, however, fundamental uncertainty exists 
in any simultaneous determination of the position in space and 
the momentum of a particle. This is due to the nonclassical nature 
of microparticles. 

44.3.2. The indeterminacy Az in measuring the coordinate x of 
a particle is related to the indeterminacy Ap, in measuring the 
projection p, of its momentum by the Heisenberg indeterminacy 
relation: 


Az Ap, > a 
h h 
In the same way dy Ap, => in and dz 4p,>7,- 


The more accurately the coordinates of the particle have been 
determined (i.e. the smaller 4z, 4y and 4z are), the less accurately 
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the projection of its momentum is determined (i.e. the larger 
Ap,, Mp, and Ap, are). Exact values of the coordinates of a par- 
ticle correspond to complete indeterminacy in the values of the 
projections of its momentum. 

Under no circumstances can both the coordinates and momentum 
of a particle be measured simultaneously with absolute preci- 
sion. 

44.3.8. Using the root-mean-square deviations (see 12.11.1) 


Ax? and Ap? for evaluating the degree the measured values x 
and p, deviate in each case from their average values, the Heisen- 
berg relation can be written in the form 





he 
1672 





Ap? Ax? > 


14.3.4. Owing to the finiteness of the value of a quantum of action 
h (see 41.2.7.), according to the Heisenberg relation, any attempt 
to measure a certain physical quantity characterizing a micro- 
object leads to a change (that can be determined by this relation) 
in another quantity characterizing a property of this object. The 
Heisenberg relation is valid for any pair of canonically conjugate 
quantities (see 5.5.2.). The relation for the energy £ and time t is 


AE At > 
na 


The longer a particle is in a certain state, the more accurately 
its energy in this state can be determined. 

44.3.5. The Heisenberg indeterminacy relation is based on the 
complex interrelations between the corpuscular and wave prop- 
ortics of microparticles for whose description the concept of 
coordinates and momenta of the particles, borrowed from classic- 
ul mechanics, proves inadequate. 

‘he corpuscular properties of particles could have been described 
hy classical conceptions if there were no wave properties insep- 
wrably superimposed on the corpuscular ones. The wave-cor- 
puscle dualism of particles of the microcosm is a manifestation 
of the most general interrelation between the two principal forms 
of matter studied by physics—substance and field (see 49.3.1.). 
44.3.6. In comparison with classical physics, there is an essential 
difference in the way the measuring process and measuring in- 
xtruments are understood in quantum mechanics. The process 
uf making measurements in the microcosm is inevitably connected 
with the substantial influence of the measuring instrument on 
(he course of the phenomenon being measured. For example, 
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to determine the position of an electron it is necessary to “illu- 
minate” it with a quantum of short wavelength, But the frequency 
and energy of the quantum are increased with a reduction in its 
wavelength. As a result, the collision of the quantum and the 
electron substantially changes the momentum of the latter, and 


by an indeterminate amount (of the order of aig): 
44.3.7. The Heisenberg principle is by nu means a statement indi- 
cating fundamental limitations to our knowledge of the micro- 


cosm. It only reflects the limited applicability of the concepts of 
classical physics to the region of the microcosm. 


44.4, Simplest Problems Dealt with by Quantum 
Mechanics 
44.4.1. The wave function V(r, ¢), describing the arbitrary state 
of amicroparticle, whose Hamiltonian does not involve time explic- 


itly, can be represented as the superposition of a full set of wave 
functions of steady states. Thus 


ir, t) = Yona (r,t) 


or 
2ntk, 


Pr,t) = enh, (re * 





where ¢, constant factors 


Ml 


W,(r) = wave functions of steady states which are solutions 
of Schrédinger’s steady-state equation 
E,, = eigenvalues representing the energy spectrum of 


states of the particle or system. 


Summation is carried out over all steady states. The determina- 
tion of the spectrum of eigenvalues Fj, ..., E, is one of the most 
important tasks of quantum mechanics. 


A. Harmonic OsciLLator 


44.4.2. A one-dimensional (linear) harmonic oscillator is a particle 
of mass m oscillating with the natural cyclic frequency w, (see 
6.2.4.) due to the action of an elastic force (see 6.2.5.) along a cer- 
tain direction. 
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The potential energy of an oscillator, oscillating along the « 
axis, is 


The Schrédinger equation for a linear harmonic oscillator is 


dew | 8atm 


Al pe 
ae as (E- ryy 0 
44.4.3. The totality of energy levels is 
B= hv(n +) (n = 0,1, 2,3,...) 


where ») = 3°. The levels £, are located at various distances 
from one angther: The minimum energy 


(hat the harmonic oscillator can have is called the zero-point 
energy. It can be reduced only by 


changing the properties of the V(z) 

oscillator itself, ie. by reducing 5 
(%, but this is impossible to 2=2 E2=> vo 
accomplish by any external in- | _, B= 2 hy, 
fluences. The value Ey does not — rae 
become zero at any temperature, 7=0 Eo= ee, 


including T = 0°K. A diagram 

of the quantum energy levels and FIG.44.1 
the shape of the potential energy 

curve of a harmonic oscillator are illustrated in Fig. 44.1. 
14.4.4. The eigenfunctions (wave functions) are: 


W(x) = ya ore (-+) A,(§); €&= as 


where Gm = Vix 
n = n-th Chebyshev-Hermite polynomial. 
nn 
This polynomial is 
1) ee dae 
Hips. 
Venn! | Vn ag 
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For n = 0,1, 2: 
22 
Wo (2)= te 
xo 
a2 
P(e) = te 
VoxoVa *° : 
x 
4 4x2 ene 
YP, (x) = —-—2)e 0 
2 V 8x9 Vx (a ) 


The number of nodes of function ¥,, i.e. values equal to zero, 
is equal to the quantum number n (see 44.4.13.). 

44.4.5. A comparison is given in Fig. 44.2. of the probability den- 
sity of finding a particle, oscillating with the amplitude a in ref- 
erence to its equilibrium position 
according to a harmonic law, at 
points along its path as calculated 
according to quantum mechanics (at 
n= 1) and according to classical 
mechanics. The maxima of the wave 
function are near the points of 
maximum deviation, but still differ 


from them Vse= as distinguished 


-a O tl z th 
FIG.44.2 from Vox in the classical case). 


In quantum mechanics, the probabi- 
lity of finding a particle at points x > a, i.e. in a region where its 
potential energy exceeds its total energy, does not become zero. 
This does not contradict the law of conservation of energy since, 
according to Heisenberg’s indeterminacy principle (see 44.3.2.), the 
kinetic and potential energies of a particle (including those of a 
harmonic oscillator) cannot be exactly measured simultaneously, 
because the kinetic energy depends upon the velocity or momen- 
tum, and the potential energy on the coordinates of the particle. 
44.4.6. With an increase in the quantum number n, the quantum 
probability density of a linear harmonic oscillator approaches 
the classical value. This is an expression of the principle of corre- 
spondence, established by Bohr, which states that at high quantum 
numbers the conclusions and results obtained in quantum mechan- 
ics must go over into the classical results. A more general for- 
mulation of this principle requires that between any theory devel- 
oped from a classical one and the initial classical theory there 
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inust be a regular relationship: in certain definite limiting cases, 
the new theory must go over into the old one. Thus, under the 
condition that 4 — 0, where Ais the wavelength (see 33.4.5.), wave 
optics goes over into geometrical optics. Likewise, the formulas 
of kinematics and dynamics in the theory of relativity go over to 
the formulas of classical mechanics at low velocities v of motion, 


such that (2) + 0, where c is the velocity of light in a vacuum. 


44.4.7. For the state with E = E, (zero-point oscillations), the 
classical probability of finding a particle at z = 0 is unity (the 
oscillator rests in the equilibrium position). The quantum prob- 
ability has a maximum at x = 0 and drops gradually on both 
sides to become zero only at infinity. 


B. Rotator 


44.4.8. A rigid rotator is a particle of mass m, rotating in space at 
a constant distance from a fixed centre. 

‘The wave function of a rotator is represented as the product of 
the radial R,,(r) and spherical Y,,, (9, g) functions. Thus 


¥, (r, 6, 9) me Ruu(r) Yim (6, 9) 
where r, 9 and g are the usual coordinates of a spherical system. 


The Schrédinger equation for the radial function u(r) = rR(r) at 
V = 0is 





du , 8a%m RUL+A)) 

ae tae LE Satine |% = 0 

he equations for the orbital and azimuthal functions are 
Yim(9, ¢) = O(8) O(¢) 


aint ie (6in 0) + (tga) ® = 0 





ao 


where A is a constant value. 
44.4.9. The energy spectrum of a rotator is 
» _ hel+1) _ 
Ey= 8ntl, =o 2; 
where J, = moment of inertia of the rotator 
l = orbital quantum number, which coincides with the 
classical expression for the kinetic energy of rotary 
motion (see 3.5.2.). 
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The angular momentum p, differs for different quantuin numbers l. 
The distance hetween the energy levels increases with J. The 
energy levels of a rotator are shown in Fig. 44.3. 


44.4.10. The orbital and azimuthal wave 


\ E; 1 functions of a rotator are 
a 7 ima t+ im 
| O(0) = (1-42) 7 ~ ya — (a? - 1)! 
x ‘ att! mi ( : 
3 ux = cos@ 
< @ ae Pa 
0 


where c¢ = constant 
m, = whole number called the magne- 
tic quantum number (see 45.4.7.). 


Here —1 < m, < so that each state with a given lJ corresponds 
to 24+41 substates with m = +1, +(1—1), (7-2), ..., £1, 0. 


biG.44.3 


C. Motion oF AN Evectron in A NUCLEAR 
Coutoms Fretp (HypRoGen-LikE SYSTEMS) 


44.4.11. The potential energy of Coulomb interaction (see 20.4.4.) 


between a single electron —e anda nucleus + Ze of a hydrogen- 
like system (see 47.1.2.) is 


V(r) = -% 


where r = distance between the electron and centre of the 
nucleus 


Z = atomic number of the nucleus (see 47.1.2.). 
In ST units 
Ze* 
V(r) 55 Aneor 
where «¢ is the permittivity of free space. 
44.4.12. The Schrédinger equation for the radial part u(r) — 
= rR(r) of the wave function ¥(r, 0, p) (see 44.4.8.) is 


@u | 82m RAUL+1) , Zeey ; ee ie 
ae te [E- peers ees -|u =v (in Gaussian units) 





Only the form of V(r) (see 44.4.11.) is changed in SI units. 
At E < 0, the Schrédinger equation has a discrete spectrum of 
eigenvalues (energy levels), but its spectrum of energy levels is 
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continuous at EF > 0. The case E = 0 corresponds to ionization 
of the atom; E > 0 corresponds to a free electron. 

44.4.13. At E < 0, continuous finite and single-valued solutions 
u(r) or Rr) of the Schrédinger equation exist only for the follow- 
ing eigenvalues £,: 





27204 Z? ‘ . . 
E, = _t us a= -A (in Gaussian units) 
1 _  Zem t _ — Z*Rh : : 
Ey = ~ neh rn? 2 (in ST units) 


which form the energy spectrum of a hydrogen-like system. Here 
n= 1, 2, 3,4, ... is called the principal quantum number and R 
is called the Rydberg constant (see 45.1.3.). The energy of a hy- 
drogen-like system does not depend upon the orbital quantum 
number which assumes the values / = 0,1, 2,...,m—1 (see 45.1.9.), 
ic. all states with different values of 1 but with the same value 
of n are degenerate. 

When the relativistic effects and spin of the electron (see 28.1.1.) 
are taken into account, multiplet structure of the energy levels 
is obtained for a hydrogen-like system. The additional energy 
associated with these effects gives the expression for the fine 


structure 
RhZ? Za? n 3 
E,, = - —- [14+ [——~ --- 
nj n2 ne j+4 4 


where j= Its = inner quantum number (see 45.3.1.) 


Qnez 1 
a he a7 = fine-structure constant. 


Relativistic effects and spin-orbit interaction (see 45.3.5.) 


remove the degeneracy of the energy levels. 
44.4.14. The radial wave functions R,, are 


mi 
Ril€) = Nye Perper (é) 
Zo 2zZr 


2 
where € = —— = 
n Nao 


a, = radius of the first Bohr orbit of the electron in a 
hydrogen atom (see 44.4.15). 


LEtME) = Sean ef an (e-€s"*")] = associated Laguerre poly- 
nomials. 
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The multiplier V,, is determined from the condition of normal- 
ization: 


+oo 
f Rpt dr = 4 


44.4.15. The equations for the orbital and azimuthal wave func- 
tions are similar to the equations for these functions in the case 
of a rotator (sce 44.4.8.). The following are wave functions for 
a series of values of n and I: 


n = 1,1 = 0 (1s subshell, see 45.6.5.) 
1/2 \3? -~ 
eye a) = 
n = 2,1 = 0 (2s subshell) 
3 Bee 
Wy. = pase 2 peace 209 
20 4% (:.) ( om 
n= 2,1 = 1, m, = 0 (2p subshell) 


1 zyt = 
(-) re *% cos 4 


210 = ih V2a as 
n= 2,l= 1, m, = $1 (2p subshell) 
1 Z i aot . tig 
Poa =e (~) re *% sin Oe 
+s 8Yx \ao 
where a, = aa first Bohr radius in Gaussian units 


m, = magnetic quantum number (see 45.4.7.). 


In SI units 
éh? 
ame® 





a = 


D. ScaTTERING OF PARTICLES IN A CENTRAL Force FIELD 


44.4.16. Scattering in a force field that possesses central symmetry 
is the deviation of particles from their initial direction of travel 
due to interaction with a scattering centre. In particular, this 
centre may be an atom or ion. 

The number of particles scattered per unit time at the angle 
6 with respect to the direction z of their initial motion within 
the solid angle dQ equals 


dN = o(0)n dQ 
where n is the number of particles passing through unit area of 
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the cross section per unit time in the initial beam of particles 
(beam density). 

The quantity o, having the dimensionality of area, is called the 
differential effective scattering cross section within the solid angle 
dQ. The quantity 


4n n 
% = | o(0)dQ = 2x f (0) sind ao 
0 0 


is called the total effective scattering cross section of the particles. 
Sometimes the differential cross section is denoted by do and the 
total cross section by o. The total effective cross section is defined 
as the total number of particles scattered per unit time from an 
incident beam of unit intensity. 

If scattering occurs without a loss of kinetic energy by the par- 
ticles, it is said to be elastic, otherwise it is said to be inelastic. 
44.4.17. If the scattering centre is not fixed, then a collision is 
dealt with in either of the two frames of reference: the laboratory 
system (lab system), with respect to which the motion of both the 
scattering and scattered particles is taken into consideration, 
and the centre-of-mass system (or centre-of-inertia frame) (see 
2.3.3.) of the colliding particles (c.m. system). 

If a scattering centre of mass M is at rest before the collision with 
respect to a lab system and the incident particle is of mass m and 
travels at the velocity vp, then the kinetic energy of both particles 
is 


and the velocity of the centre of mass of the particles with re- 
spect to the lab system is 
ns V2mEo 
o" M+m 

In the c.m. system, the kinetic energy of relative motion of the 
two particles is 

M 1 

E = Equi E=7E, when M =m 

The energy of a particle in the lab system after being scattered 
is related to its energy before being scattered by the equation 

E,; _ M*+m?+2Mmcos @ 

Eo (M+m)? 


a E, at 0 = 180°, i.e. in a central 





E, min = 
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collision (see 3.7.2.) (where @ is the scattering angle). The rela- 
tionships between the scattering angles for the particle m in the 
c.m. system (6,) and lab system (6,) are 

M sin 6, and cos 6, = m+ M cos 6, 


tan 0, = ————— ———— 
+ m+ M c05 8 Vm? + M?+2mM cos 6, 


44.4.18. lf the potential U of the scattering centre possesses 
spherical symmetry, then the flux of scattered particles is rep- 
resented as a divergent yaa wave. Thus 


= a(6) etkr 


where a(6) is called the scattering amplitude and |a(@)|? = o(6). 
44.4.19. The Schrodinger equation for the scattering of particles 
of mass m in a central force field is given in 44.4.12. Solutions 
are considered for the case when E > 0 which corresponds to 
free motion of the particles (see 44.4.12.). Here the potential 
of the forces is considered to decrease sufficiently rapidly with 
r (at least as rapidly as +). 


44.4.20. The scattering amplitude for elastic collisions is equal to 
a(6) = sti 3 (2+ 4) ( e*! 1) P, (cos 0) 


where a(8) is a complex function. The scattering intensity 1(6) 
is determined from the square of the modulus of a(@). Thus 


(0) = A?+ B? 


where A = ie pve 2141) (cos 27, —1) P, (cos 4) 
B= y 214+1) sin 2n,xP, (cos 6 
a ba ( ) ™ U ( ) 
The total effective cross section is 
a 
& = 20 f |a(9)/*sinodo = 43 >» (21+4) sin? 1, 
0 


where k? = Some = square of the wave number of the incident 
particle 
7? = quantum numbers determining the angular momen- 


tum of the particle (see 45.3.1.) 
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P, (cos 9) 
™ 


Legendre polynomial 
so-called scattering phases (phase shifts), depending 
upon the properties of the scattering field. 


The various terms of the series are called the partial effective 
scattering cross sections o,. The maximum partial cross section is 


L il 


‘ae hnt 
Oi mar ae (20+ 1) 


At l = 0, scattering is spheritally symmetrical, al / = 1, it has 
the symmetry of a dipole; atl = 2, thesymmetry ofa quadrupole, 
ete. 

The effective cross-sections for inelastic scattering are of complex 
form, depending upon the structure of the particles manifested 
upon their collision, and also on their energies. 

44.4.21. If V can be regarded as a weak perturbation, only slightly 


changing the initial motion of the particles (this case corresponds 


to smallness of all the scattering phases, 1, <«< 3), then, for o(6) 
in elastic collisions, use is made of Born’s frm 
do = bhatt | F y(n sin KY pa dp “as 
0 


where K = 2k sin 3 = magnitude of the vector connecting the 


momenta of the particles being scattered 
with those incident to the centre 
dQ = solid angle. 


Born’s approximation in collision theory is valid for all veloc- 
ities v of particles scattered by the centre of force, under the con- 


dition that | V(a)|« ota , where a are the linear dimensions of 


the region in which the influence of the centre affects the particle. 
If this condition is not complied with, then Born’s formula is 


valid only for fast particles which satisfy the condition that re > 


»|V(a)|. For fast particles, travelling at a velocity v > oe 3 


the total effective cross-section & (see 44.4.16.) is inversely propor- 
tional to the energy of the incident particle. 

44.4.22. The differential effective cross section for the elastic 
scattering of sufficiently fast particles of mass m, velocity v 
und charge e, by an atom of nuclear charge Ze and with a volume 
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density 9 of the electric charge of the swarm of electrons equals 


o(6) = 8 [Zz — F(0)} cosect & 


hmv 4 


where F(0) = 4x f ae r? dr = so-called atomic scattering factor 


0 
6 = scattering angle in a c.m. system (see 44.4.17.). 


If @ decreases exponentially with an increase in the distance from 
the centre of the atom: 


e= ae * 


where a has the same meaning as in 44.4.21., i.e. is a “radius” 
of the atom, then 


F(6) = -__—2—__ 
(1-+4n%a? sin? =) 
and 


efe2Z2 1 ks 0 
(of (7) = = 11 —-—___——_— cosec* = 
") al (14440? sin’ ay | - 


Valid for fast particles (ka > 1) and not excessively small scatter- 
ing is Rutherford’s formula: 


(0) = z rete! cosec# $ 





E. PENETRATION OF PARTICLES THROUGH 
A PoTENTIAL BARRIER 


44.4.23. In the interaction of two particles, in which two kinds 
of forces participate —long-range forces of repulsion and short- 
range forces of attraction—the potential of the resultant forces 
of interaction is of the form shown in Fig. 44.4 (such a potential 
corresponds, for instance, to the interaction between alpha par- 
ticles and the atomic nucleus, see 47.6.5.). 

44.4.24. A potential well is the name given to the region (7 < Png) 
in the vicinity of a centre of attraction, in which region the poten- 
tial energy of the particle V < Vinge (Fig. 44.4). For a particle 
in such a potential well, the total energy E < V,,,, and its corre- 
sponding energy levels are discrete. The region under the poten- 
tial energy curve is called the potential barrier. The height h 
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and width a of the barrier depend upon the energy E of the par- 
ticle in the potential well. In order for a particle to get out of a 
potential well or to enter it from outside, it will be necessary, 
according to classical mechanics, to impart energy to the particle 
of an amount equal to or gre- 
ater than the difference bet- 
ween the height of the barrier 
and its (the particle’s) energy 
(Vmaz—E|=h). 

44.4.25. The behaviour of a 
particle in a potential well is 
described by Schrédinger’s 
steady-state equation for 
E < Vygz With the potential 
energy V(r) depending upon 
the shape of the potential 
well. Besides rectilinear mo- 
tion, the particle in the well 
may have oscillatory motion (oscillator, see 44.4.2.), rotary motion 
(rotator, see 44.4.8.) or a combination of these motions. All these 
motions are not free, and take place in the field of the centre of 
attraction. 

44.4.26. The wave function (x) of a particle in a one-dimensional 
potential well, when the well is bounded by a barrier of finite 
height and width, does not become zero at the walls of the poten- 
tial barrier or outside it. Contrary to what would be expected on 
the basis of classical physics, there is the nonzero probability in 
quantum mechanics of finding the particle outside the potential 
well even if the energy of the particle in the well is insufficient 
for it to overcome the barrier (see 44.4.5.). If the potential barrier 
separates two potential wells, the probability of the particle sur- 
mounting the barrier is nonzero only under the condition that 
there is a level or series of levels with the same or less energy 
on the other side of the barrier. The surmounting of the barrier 
ut the level of equal energy is called a resonance transition. 
4.4.27. In the simplest case of a one-dimensional rectangular 
harrier, the dependence of the potential on the coordinates (Fig. 
44.5) is of the form: 


-o=<2r<0 V=0 (Region I) 
0<zx<a V=V, (Region II) 
a<x<+o0o V=0 _ (Region III) 


The condition that V, =—aV, Vy = 0 and Vy, = —bV (Fig. 





v1IW.44.4 
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44.6) corresponds to a barrier between two wells of different depths. 
Either a particle impinging against the barrier in its free motion 
is considered, or one impinging on the barrier from a potential 
well. The first case corres- 
ponds to the penetration of 
the particle into the well; the 
second case is its escape from 
the well. 
44.4.28. Consistent with the 
three regions of V, the Schré- 
dinger equation for the prob- 
0 lem of penetrating a barrier 
ee oe has three different solutions. 
FIG.44.5 FIG AL For a flux of free particles 
incident to a barrier, the solu- 
tion indicates not only the existence of a reflected wave, taking 
into account the reflection from the barrier of particles with 
an energy less than its height, but the transmitted (“refracted”) 
wave as well. The latter corresponds to particles that pene- 
trate through the barrier. 
44.4.29. The quantity 





ron Livan 
ne te 
is called the potential barrier penetrability. Here Jing ANd L tran 
are the intensities of the incident and transmitted waves (see 
ta). 
4.4.30. The penetrability of a rectangular barrier is 


id V2m(V,— 2) 
——— )2m(V,- Ea 
h ° 


D = Doe 
where a = width of the potential barrier 
V, = height of the potential barrier 
E = energy of the particle (both Z and V, are measured 


from the common zero value corresponding to the 
bottom of the potential well) 

m = mass of the particle 

D, = coefficient near to unity. 


If the barrier is not rectangular but has some more complex 
shape, then 


ae) 
an eee ee 
ae f V2m( F(z) — B) ae 


D-De  * 
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where x, and x, are the coordinates of the points at the begin- 
ning and end of the barrier for the given value of E. The penetra- 
bility of a rectangular barrier becomes appreciable when 


42 V2m(V—E)a = 4 


44.4.31. The penetration (“leaking”) of particles through a po- 
lential barrier is called the tunnel effect. According to classical 
physics, a particle can only pass over the barrier, i.e. surmount 
the barrier when its energy E > Vo. In the region where V(x) > E, 
since B= T+V= Fy V, it turns out that - <0, ie. the 
momentum of the particle becomes an imaginary value. This 
means that a particle can never pass a potential barrier if V(x) > 
>E. The quantity D becomes zero as h > 0 (transition to classical 
physics), when V >2£, i.e. the barrier becomes impenetrable to 
particles. 

The tunnel effect is a purely quantum phenomenon which is 
associated with the impossibility of exact simultaneous determi- 
nation of the kinetic and potential energies of a particle (ser 
44.4.5.). The indeterminacy 4z* in determining the coordinates 
of a particle penetrating a barrier (4z? =< a?, where a is the width 


of the barrier) corresponds to such an uncertainty Ap? in the 


momentum of the particle, that SP = V-E, ie. the change 


in the kinetic energy of the particle resulting from the indeter- 
minacy of its coordinates exceeds the energy which the particle 
lacks to surmount the barrier. Hence, the particle is able to pene- 
trate the barrier in the “classical” manner. 


F. Motion or ELectrons In Pertopic FIELDS 


44.4.32. The property of periodicity of a potential field V(z, 
y, 3), possessing three-dimensional periodicity, is expressed by 
the equations 

Viet a, y, 2) = V(z, Y, 3) 

V(x, y+, 2) = V(z,y, 2) 

V(z,y,2+e) = V(z,y, 2) 
where the quantities a, b and c characterize the period of the field 


along the Ox, Oy and Oz axes, respectively. Such a field exists 
in ideal crystals where the nuclei of the atoms and the mean charge 
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are distributed periodically. The potential of the electric field, 
in this case, is three-dimensionally periodic. An exact solution 
of the problem of such motion (many-electron problem) is found 
to be impossible and it is replaced by the solution of the approxi- 
mate problem of the motion of a single electron in a certain exter- 
nal periodic field of the crystal lattice. The solution in this case 
possesses many essential features of the solution of the exact 
problem. 

44.4.33. For the single-dimensional problem, the wave function of 
the electron is selected in the form of a plane wave in Fourier’s 
momentum representation. Thus 


+00 
(2) = f elk)e"* dk 


27Pz 

h 

pP = Pz = momentum of the electron along the Ox axis 
c(k) = amplitude in the momentum representation. 


The potential energy V(z) of the electron in the crystal is represent- 
ed as the Fourier series 


where k=k, = 





where a is a parameter describing the periodicity of the potential 
of the field in the crystal along the Ox axis. The values to be de- 
termined are c(k) and Z, corresponding to the given type of func- 
tion V(z). 

44.4.34. The energy levels of an electron in a periodic field form 
the separate bands 


E=Ejk)  (i=1,2,3,...) 


in which the energy depends upon the wave number (quasi-con- 
tinuous energy spectrum in the band). These are called allowed 
energy bands. The allowed bands are separated from one another 
by intervals of forbidden values of energy (forbidden energy 
bands). With an increase in the number i of the band, the for- 
bidden bands become narrower and narrower (overlapping of allow- 
ed bands may also occur), until an entirely continuous spec- 
trum is reached (at i = oo). The energy of the electron is subject 
to a discontinuity at the boundaries of the bands. The general 
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shape of the energy curve over £ ! 
a set of bands is illustrated in [ee 7 
Fig. 44.7. _—— ee 
44.4.35. The formation of a band- isG 
type energy spectrum for the t=5 
electrons in a crystal follows i=h 
from the indeterminacy principle = 
(see 44.3.4.). Owing to the fini- —————————— a) 
teness of the electron’s life i ~~“ am 
the excited state (r~1078 sec) 
in an isolated atom, the natural SSS é=2 
width AE of an energy level is / 
h =) z 
4E = -y— = 10-7eV ——- t=/ 
= k 


The valence electrons of the 
atoms in a crystal, being more 
weakly bound to the nuclei than 
the inner-shell electrons, can pass from one atom to another by 
means of the tunnel effect by leaking through the potential bar- 
rier (see 44.4.31.) that separates the atoms in the crystal. This 
leads to an essential reduction in 7, and the energy levels of such 
electrons are widened and transformed in the allowed energy bands. 
The frequency » with which an electron penetrates a rectangular 
barrier, is expressed by the equation 


FIG.A4.7 


v= a D 
where v = velocity of the electron in the atom 
d = linear dimension of the atom 
D = potential barrier penetrability. 


This equation gives a mean lifetime r of the electron at the given 
atom of t + 10-5 sec, from which, according to the indetermi- 
nacy relation, JE = 1 eV. 

This means that instead of the natural width AE = 10-7eV 
of an electron’s energy level in an isolated atom, in a crystal there 
is a band of allowed energy values with a width of the order of 
several electron-volts. 

The wave functions of an electron travelling in a periodic one- 
dimensional field are 











2nn 2an 
Aes see ale 7 )s 465 “ = 2 
Pile) DEES gag Oe ae a 
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where k’ = kom corresponds to plane waves modulated with 


the periodicity of the potential (with the period a). The real part 
of function ¥ (x) is shown in Fig. 44.8 by the solid line. Near the 
values of x corresponding to the positions of the ions in the lat- 
tice, Y(xz) approximates the 
wave functions of the elect- 
rons in atoms. 

44.4.36. The energy of an 
electron in a crystal is a perio- 
dic function of k and can 
be represented by a Fourier 
series: 


E(k) = Be E,,, cos (mak) 


me 





FIG.AAS 


in which the coefficients £,,, 
depend upon the kind of po- 
tential cnergy V(x). If only the first two terms of these series 
(m = 0 and m = 1) are made use of, then 


E,{k) = Ej +Ej cos (ka) 


In the centre of the band, at k = 0, £,(k) can be expanded in 
powers of k: 


E(k) = Ew+Ey(t1—"2 +...) 


and represented in the form 
5 n2R2 
E,({k) = const+ 


From a comparison with the energy of free motion of an electron 


hehe 
“Baim 


it is evident that the difference between the motion of an elec- 
tron in a crystal and its free motion is taken into account by in- 
troducing the effective mass m* of the electron in place of its ordi- 
nary mass m. The effective masses of the electron in the middle 
and at the top of the band are of opposite sign. Usually m* > 0 
at the middle of a band and m*<0 at its top. The momentum 
of an electron in a crystal 


FE, = const+ 


vk 


P~ on im 


differs from the momentum of a free electron by the factor pay ; 
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As a result of the action of an electric field applied to the crystal, 
an electron having an energy corresponding to the boundary of 
the band begins to move as if it had an effective charge e* 

m 

m* 

The sign of the effective charge is opposite to that of an ordinary 
one (because ae < 0). 

44.4.37. The energy-band theory of solids, based on the foregoing 
discussion, explains many features of metals and nonmetallic 
crystals (semiconductors and dielectrics). The modulation of the 
plane wave by the periodic potential of the field set up by the 
crystal lattice effects a change in the probability density (see 
44.1.5.) |W]? of the electrons in the lattice as compared to the 
motion of free electrons. In case of a violation of strict periodic- 
ity of the lattice field potential, caused by thermal anharmonic 
oscillations of its atoms (see 15.2.4.) and defects in lattice struct- 
ure, scattering of electron waves occurs. This, in turn, changes 
the value of ||? in the given direction as well as the electron 
current density j (see 44.1.6.). The scattering of electron waves 
is responsible for the resistance to an electric current (see 21.2.11.). 
The degree of this scattering is proportional to the magnitude and 
number of violations in the periodicity of the potential. An in- 
crease in the amplitude of oscillation of the atoms (with an in- 
crease in temperature) and in the number of distortions of lattice 
structure (for instance, due to impurities) raises the electric resist- 
ance. Near absolute zero temperature, electron wave scattering 
approaches zero, but a part of the scattering, due to lattice de- 
fects, is not reduced at zero temperature and provides residual 
resistance which depends upon the individual properties of the 
crystal. Resistance caused by thermal scattering of electron waves 
is independent of the properties of the crystal. 

44.4.38. The energy bands in crystals are divided into: 

(a) bands filled with electrons (valence bands) and made up of the 
energy levels of the electrons from the inner shells of free atoms: 
(b) partially filled or empty bands (conduction bands) in which 
the energy levels correspond to the energies of the outer collec- 
tive electrons of isolated atoms (or ions). The transition of an 
electron from one band to another is accomplished when the 
electron absorbs or gives up sufficient energy to enable it to 
jump across the forbidden gap. 

44.4.39. The energy levels in the conduction band are not com- 
pletely occupied (see 21.2.4.) in metals at room temperature (T~ 
~ 800°K). This is the reason for the good electric conductivity of 


e*=e 


759 


Atomic and Nuclear Physics VI. 


metals. In dielectrics the first empty band is separated from the 
lower filled band by a wide forbidden gap. Hence a breakdown 
is possible in dielectrics only in a strong electric field. 
Crystalline semiconductors belong to the class of solids in which, 
unlike dielectrics, the forbidden gap between the completely filled 
(valence) band and the first empty band is not very wide so that 
jumping of the electrons, due to thermal agitation, is possible. 
Therefore, at T > 0, there may be a current in such semiconductors 
and the upper band turns out to be a conduction band. 

An exciton is an elementary electrically neutral excitation which 
is a kind of quasi-particle in semiconductors and dielectrics. An 
exciton originates upon the formation of an electron-hole com- 
bination in crystals when the electrons go over from the valence 
band to the conduction band (see 44.4.38.). If the excitation energy 
is less than the width of the forbidden gap, the electron and hole 
cannot move around independently in the crystal and are in 
the coupled state of an electrically neutral quasi-particle—the 
exciton. In moving through the crystal, the exciton transfers 
energy. Definite quantum numbers are assigned to the exciton, 
it has a band-type energy spectrum (see 44.4.34.). Excitons have 
integral spin (in # units), ie. they are bosons (see 12.7.1.). 
44.4.40. In applying a uniform magnetic field to a metal or semi- 
conductor, the electrons in the conduction band of the substance 
begin to describe either circles, in a plane perpendicular to the 
direction of the magnetic field, or spirals (if the electrons have 
velocity components that are with the magnetic field). The rota- 
tion frequency in a circle (or along a spiral) equals 


eB 


"= Fant (in SI units) 
where e = charge of the electron 
m* = effective mass of the electron (see 44.4.36.) 
B = induction of the magnetic field in the substance 
v, = Larmor frequency of the electrons in the metal 


or semiconductor (see 28.1.7.). 

If an alternating electric field is simultaneously applied to the 
substance, strong selective absorption of energy of the field is 
observed at the frequency »,. This is called cyclotron resonance 
(because of the similarity of the paths of the electrons when a 
magnetic field is applied to the substance and their paths in a 
cyclotron, see 26.3.5.). Making use of cyclotron resonance it is 
possible to determine the effective masses m* of electrons in semi- 
conductors and metals, the mean free path of electrons (see 
21.2.7.), and other quantities. 
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44.5. Quantum Transitions Pee 


44.5.1. A change in the state of a microparticle or system of mi- 
croparticles that takes place due to any internal or external causes 
is called a quantum transition of the particle or system from the 
initial state A (at the instant of time ¢ = 0) to the final state 
B (at the instant of time ¢ = T). A quantum transition is usu- 
ally associated with a change in the energy of the particle (or 
system of particles). 
44.5.2. The change in the state of a system is characterized by 
the quantity Pz, called the probability of a transition from state 
A to state B. The probability can be calculated for a transition 
within a continuous energy level spectrum, within a discrete 
spectrum, as well as from a continuous spectrum to a discrete 
one and vice versa. 
44.5.3. The probability of quantum transitions can be calculated 
if the cause leading to a change in the state of the system acts 
for a finite interval of time. A solution of the Schrédinger equa- 
tion (see 44.2.1) that determines Y(z, y, z, t) from the wave func- 
tion at the initial instant of time ¢ = 0, Y(z, y, z, 0), involves 
considerable difficulties, and can be carried through only in cases 
when the transition of the system is due to interactions that are 
weak in comparison with the forces acting in the system. In these 
cases, the weak influences on the system are regarded as small 
perturbations. 
44.5.4. In perturbation theory, the Hamiltonian of the system 
(see 5.3.1.) is represented in the form of the sum of the Hamilto- 
nian H® of the unperturbed system and the perturbing term 
Wir, t), in which W<«dH°. The problem is solved by successive 
approximations: first a solution is found for the corresponding 
equation for H® and then corrections W are introduced that have 
an order of smallness satisfying the first approximation, etc. 
44.5.5. The Schrédinger equation, considered in the first approx- 
imation of the perturbation theory for motion along the z axis, 
is 

hE = HY (2) P+ W (2, )¥ 
By expanding W(x, t) according to the wave functions of the 
steady states (see 44.4.1.) of the unperturbed system: 


oni By 


Ya, t) = Yexlt) Pale * 
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the first equation can be written as 


ih de, {Om 
me ae = 2 W nz (te mie, (t) 


where W,,,; (t) = f Ws (x) W(a, t) V(x) dr = matrix element of per- 
turbation energy (transition matrix element) 


Onk = iAP mm Ey) = 227,, = Bohr frequency of the tran- 
sition E,, > E, for the given kind of _Denuuebe: 
tion. 


If at t = 0 the system is in the state n, then the coefficients ex(t) 
should comply with the condition: 


(0) fatk=n 
¢,(0) = 
i Oatk zn 


44.5.6. The probability of finding the system at the instant of 
time t in the state m with the energy £,, equals |e,,(t)|?. Conse- 
quently the quantity 


Pann (t) = 1@m»(t) 1? 


is called the probability of the transition from a state with the 
energy £, to a state with the energy £,, by the instant of time 
t. In the first approximation of perturbation theory (when c® = 
= 0 at ¢ = 0 and ci) is small), the probability of quantum tran- 
sitions in a discrete spectrum is 
And 
Pic = aie W mn (yn) = 

A transition is possible if the spectrum of the perturbation con- 
tains the frequency »,, corresponding to the transition, since 
Pan is nonzero only when W,,, (%mn) # 0. The formula for Pry 
pertains to a discrete energy spectrum (£Z,, E, <0) and can be 
generalized for the following cases: transitions to a continuous 
spectrum (£ > 0), transitions from a continuous spectrum to a 
discrete one and vice versa, and transitions due to perturbations 
that are independent of time. 

44.5.7. An example of quantum transitions of a system due to 
the influence of weak perturbations is the interaction between 
atoms and an electromagnetic field. The absorption of photons 
by the atoms is accompanied by the transition of the electrons 
in atoms from a state with energy E, to another state with energy 
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E,,. If the electromagnetic wave falling on an atom has in its 


spectrum the frequency %m, = Ente (Bohr frequency condition), 
then the transition occurs at the frequency v = ryj,9. 

44.5.8. If the wavelength of the radiation falling on the atom is 
much larger than the size of the atom, then the intensity é of the 
lectric field in the wave is almost constant within the limits of 
the atom. The perturbation energy is W = —éer, where er = p,= 
= dipole moment of the electron in the atom. 

The transition matrix element is 


W mn (Omn) = —6(Omn)P mn 


where Dan = —e f Per, dV is the matrix element of the dipole mo- 
ment. 


The transition probability is 


Haat \ 9 ’ 
Pun = he GOrnn) ? Pun 


The probability of the transition of an atom from state E, tv 
state £,, in unit time is equal to the probability of absorbing 
a quantum of radiation with the frequency »,,, in unit time. Thus 


_ 8x3 , ‘2 
Bin a “Sh2. > | Pmn 


in which summation is carried out for various combinations of 
E£, and E,, of the degenerate levels that give the same value 
Of vm, in Bohr’s frequency condition (see 44.5.7.). The quantity 
By» is called the Einstein coefficient for the absorption of light of 
frequency Mm. 

44.5.9. The corresponding quantity for the reverse spontaneous 
transition E,, + £,, which accompanies the emission of a light 
quantum of the same frequency equals 


2 b4at Yan 


Aan = ghee Dy Pm * 


in which A,,, is called the Einstein coefficient of spontaneous 
emission of light of frequency ¥m,». Coefficients A,,, and B,,, 
are related by the equation 
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where g,, and g, are the statistical weights of states m and n (num- 
bers of different states with the energies E,, and E,,). 
The quantity A,,, determines the lifetime tr, of the system in 
the state n in reference to a spontaneous transition from this 
state to a different state m. Thus 
1 
Tam = Aya. 





Owing to the finiteness of the value of t,,,, the corresponding 
energy of state n is somewhat indeterminate in accordance with 
Heisenberg’s principle (see 44.3.4.). Thus 
h 
AE, > oes 
The quantity 4E, = I, is called the width of level E,. The width 
i determines the intrinsic breadth of the spectral lines (see 40.2.6.). 
us 
c In 4 
Mam = Beg | Ann | = h © Untan 
Any factor that reduces t,,, widens the level corresponding to 
this state, as well as the corresponding spectral lines (see 40.2.6.). 
For electromagnetic interaction between atoms, the value Of Tam 
is of the order of 10-8 sec. In cases when A,,, is small (Trg >> 107% 
sec), the corresponding state with the energy £, is said to be 
metastable (see 45.1.12.). : 
44.5.10. Metastable states of a system correspond to transitions 
that are forbidden to some degree. This forbidding is based on 
the fact that of all the conceivable transitions from state £, to 
state £,, and back again, only those are feasible for which the 
matrix element Wmae(@mn) => 0. This condition leads to the so- 
called selection rules (see 45.1.10) which are specified in the form 
of relationships between the quantum numbers characterizing 
the initial and final states of the system in a transition due to 
the given perturbation. 
44.5.11. The existence of selection rules is associated with the 
fact that the matrix element of the dipole moment (or the moment 
of some other multipole order, see 44.5.8.) and the transition 
probability P,,, reach their maximum values when the wave 
functions, ¥, and ¥,,, of the initial and final states of the system 
in the transition, substantially overlap in some region of space. 
Transitions between states for which the matrix element is negli- 
gible are said to be forbidden for the given kind of matrix ele- 
ment (given kind of perturbation). This forbidding, however, 
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is not an absolute one. It only implies that forbidden transitions 
have a matrix element and a probability that are extremely small 
in comparison with those of transitions that are allowed by the 
selection rules. 

44.5.12. The wave functions, for example, of a harmonic oscilla- 
tor (see 44.4.4.), corresponding to various values of the quantum 
number n, overlap in considerably large regions of space. This 
provides a substantial probability of the transition from a state 
with some n’ to a state with n” which may differ significantly 
from n’. If, on the other hand, a certain additional perturbation 
is transmitted to the oscillator during the transition, essentially 
changing ¥,,.., the transition may become very unlikely. The in- 
tensity of the lines allowed by the selection rules will be the great- 
est when the external causes do not appreciably change the state 
of the system at the instant of transition (adiabatic approzi- 
mation). In application to electron transitions in molecules whose 
nuclei execute an oscillatory motion, the preceding proposition 
is called the Franck-Condon principle (see 46.6.4.). 

44.5.18. The interaction between an electromagnetic field and 
atoms is the basis for the theory of the spectra of emission and 
absorption of light by atomic systems. The type of spectrum ob- 
tained (the positions of the spectral lines) is determined by the 
arrangement of the energy levels in the quantum system. The 
wavelengths are related to the transition frequency by the equa- 
tion 

c 


Ymn 


and the intensity of the spectral lines is related to the total num-* 
ber of atoms in the radiating system, their statistical distribution 
among the states, and to the probabilities of the corresponding 
transitions by the equation 


Inn = OnAnm = BnBrnn 


where a, and £,, are certain factors which differ for the emission 
and absorption of radiation (see 44.5.8 and 44.5.9.), they also 
take into account the statistical weights of the states (see 44.5.9.). 
The determination of the values of Z,fof a quantum system (energy- 
level scheme) from the type of spectrum obtained by combining 
various observed values of m, is called the Ritz combination 
principle. 

44.5.14. In the absence of any external influences, a quantum 
system (for instance, an atom) is in the steady state with mini- 
mum energy E,,. If the system is subjected to some kind of action 
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(for example, electromagnetic radiation) it passes over to a high- 
er level with the energy E,, absorbing quanta of radiation with 
a eee determined by the Einstein coefficient B,,, (see 
44.5.8.). 

From this higher level the system can return to the initial level 
either spontaneously, with a probability determined by coeffi- 
cient Ay», or by being induced, with a probability depending 
upon the coefficient of induced emission or negative absorption 
Bam = Bun. In a state of equilibrium, the numbers of events 
of absorption and emission of quanta h»,,, per second by the 
ey are equal to each other (condition of detailed balance). 

us 
Nin Ban Oman = Ny (Bam Cnm+ Anm) 


where N,, and NV, < N,, = numbers of atoms at the energy lev- 
els £,, and E,, 
Oun = Onn = Volume energy density of radiation 
with the frequency »,,,. 


U GamBram >> Ann, then, with the aid of special methods, the sys- 
tem can be transferred to a state with NV, > N,,. Such an “in- 
verse” distribution among the states can be conditionally de- 
scribed by the Boltzmann distribution (see 12.5.1.) with a neg- 
ative absolute temperature (see 7.1.8.) equal to 


If such a system is subjected to the action of an external elec- 
tromagnetic field of frequency »,, or the spontaneous radiation 
of neighbouring atoms, the induced emission of a great number 
of the atoms of the system can be obtained in a very short inter- 
val of time. This emission has high coherence (see 36.1.1.), great 
power and is highly directional. 

The corresponding devices, operating in the ultrashort radio wave 
range, are called masers. Those operating in the optical range 
are called lasers. 


GHAPTER 45 





The Atom 


45.1, Atoms and Ions with a Single Valence 
Electron 


45.1.1. An atom is the smallest particle of a chemical element. 
possessing the chemical properties of the element. An atom con- 
sists of a positively charged nucleus and electrons moving about 
in its Coulomb field. In an atom the nuclear charge (see 47.1.2.) 
is equal in magnitude to the total charge of all its electrons. An 
ion of the given atom is the electrically charged particle formed 
when the atom loses or gains electrons. 

45.1.2. The simplest atomic system is the hydrogen atom which 
consists of a single electron moving in the Coulomb field of a 
single proton. Hydrogen-like or hydrogenic or isoelectronic with 
hydrogen are terms used to describe ions which also have only 
one electron, such as Het, Lit+, Be+++, B4*+, C5+, etc. Atoms 
having a single valence, or outer, electron, one not included in 
the filled shells (see 45.6.4.), are Li, Na, K, Rb and Gs. 

45.1.8. The emission spectrum of an atom of hydrogen is of the 
line type (discrete). The frequency of the lines of this spectrum 
is described by the Balmer-Rydberg formula: 


y= oem) = RUG) 





where R= iateme (in Gaussian units) 
R= “ahi (In SI units) 


The quantities R and R’ are called the Rydberg constant (in sec~! 
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and in cm~! or m™}, respectively). The value of R = 3.288 x 1015 
sec-!; the value of R’ is given in 45.1.14. The quantities n and 
m are called the principal quantum numbers (see 44.4.13.), and m = 
= n+1,n+2, etc. A group of lines having the same n value is 
called a series. At n = 1 the Lyman series is obtained, at n = 2 the 
Balmer series, at n = 3 the Paschen series, at n = 4 the Brackett 
series, at n = 5 the Pfund series. The first of these series lies in 
the far ultraviolet region, the second covers the visible region 
and the remainder are in the infrared region. Valid for hydrogen- 
like ions is the Balmer-Rydberg series formula: 
1 4 

v= BR ae) 
where Z is the atomic number of the element in Mendeleev’s 
Periodic Table (see 45.6.4.). 
45.1.4. The maximum frequency for each value of n in the Balmer 
formula (at m =co) corresponds to the series limit. The frequency 
corresponding to the series limit is called the spectral term and is 
denoted by T,. Thus 


Ty 7 (for hydrogen) 
The term for a hydrogen-like ion is 
i 
n 


45.1.5. In a hydrogen-like ion the energy corresponding to the 
term is 

hRZ? 
nz 


|En| 
h 





E,=- and 7, = 
The magnitude of £, is called the binding energy of the electron 
in an atom which is in a state with the given n. The minimum of 
the £, values 

Emin = —hRZ? 


corresponds to the ground, or normal, state of the system. The 
maximum energy E£,,,, = 0 corresponds to the ionization of the 
atom or ion, i.e. to the removal of an electron from it. In magnitude 
the ionization energy equals the binding energy of an electron 
in the atom or ion. The ionization potential (see 22.5.3.) is 


_ RZ 
= 





where e is the magnitude of the charge of the electron. A diagram 
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of the energy levels in an atom of hydrogen is given in Fig. 45.1. 
The features of the hydrogen spectrum are explained by Bohr’s 
postulates. 

45.1.6. Bohr’s first postulate yoy¢, 
(steady states postulate) affirms 13.59 
that thereare certain stationary, ~’ 
or steady, states of the atom in 
which it does notradiate energy. 72 
The steady states of the atom 
correspond to stationary (non- 
radiating) orbits along which g }-. 
electrons travel. Notwithstand- 
ing their acceleration, the elect- 
rons do not radiate electromag- 
netic waves (see 34.2.4.) when 
they move along stationary or- 
bits. 

Bohr’s second postulate (orbit 
quantization rule) affirms that 
when an atom is in the steady 
state an electron travelling ina 
circular orbit should have quan- 
tized values of the angular 
momentum which comply with 
the condition . 


ni 
MValn = On . 


vc? 
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where r, = radius of the n-th ri@45.4 
orbit 
MV,»'n = angular momentum of the electron on this orbit 
n = whole number (n # 0). 
Bohr’s third postulate (Bohr frequency condition, see 44.5.7.) states 
that the atom emits (absorbs) a quantum of electromagnetic 
energy when the electron passes from an orbit with a greater 
(lesser) n value to one with a lesser (greater) value. The energy of 
the quantum is equal to the difference between the energies of the 
ecen on its orbits before and after the transition or “jump”. 
Thus 
E = lian = En-En 


The frequency of the quantum (photon) emitted or absorbed in 
the transition is 


’ En—-E. 
Van = pe 
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45.1.7. Bohr’s postulates do not follow from any principles of 
classical physics and are completely based on quantum mechanics. 
The stationary (steady) states of the electrons, introduced by 
Bohr’s first postulate, represent the steady- -state motion of elec- 
trons in a Coulomb field given by the solution of the relevant 
Schrodinger equation (see 44.2.3.). The possibility of emitting and 
absorbing quanta is the result of quantum transitions from one 
steady state in the atom to another. The probability of these 
transitions is given by the equation in 44.5.8. and the frequency is 
given by the frequency condition (see 44.5.7.) which coincides with 
the requirement of Bohr’s third postulate. Wave mechanics ena- 
bled the spectral line intensities to be calculated. This could not be 
done using Bohr’s theory. 

45.1.8. The concept of the electron orbit in the atom, introduced 
by the Bohr theory, is only conventional, owing to the wave-like 
nature of the electron and Heisenberg’s indeterminacy principle 
(see 44.3.2.), as, in general, is the concept of the path of micra- 
particles possessing wave properties. In accordance with the gen- 
eral properties of their wave functions (see 44.1.5.), the electrons 
in an atom seem to be charged “clouds” whose density (probability 
density, see 44.1.5.) is a maximum at distances r from the nucleus. 
These distances are called the radii of the orbits. The mean distance 
of the electron from the nucleus in a hydrogen-like system (for 
Z > 1) for the states of the electron with the quantum numbers n 
and I (see 44.4.13.) is 


tm = So [8n®—UL+ 1) 


This formula is only approximate since it does not take the lack of 
spherical symmetry into account for orbits with / ~ 0. The 
quantity a, = 0.529x10-§ cm is called the radius of the first 
(innermost) Bohr orbit in the hydrogen atom (see 44.4.15.). 

45.1.9. To find the terms of spectral atoms with a single valence 
electron it is assumed that the action of the electrons of the filled 
shells of the atom on the valence (outermost) electron can be 
substituted by their screening of the positive charge of the 
nucleus. The motion considered is that of a single valence electron 
in the field set up by the atomic core, which consists of the nucleus 
and the filled electron shells. The states of electrons with various | 
values correspond, according to quantum mechanics, to electron 
“clouds” with various kinds of symmetry. For instance, at 1 = 0, 
the cloud is spherically symmetrical. The appearance of the “or- 
bits” (in the quantum mechanics sense) depends upon the magni- 
tude of the orbital quantum number / (see helow). At / = 0, the 
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“orbit” is a circle; at 1 = 1, 2, 3, ..., it becomes an ellipse which 
is more and more prolate as / increases (Fig. 45.2). “Orbits” with 

= 1, 2,3, ..., penetrating the region of space through which the 
electron “orbits” of the filled shells pass, are subjected to addition- 
al interaction with the “orbits” of the atomic core. The energy 


n=/ 1=2 
l=h 
t= t=O 
n= f=] n=4 
l= l=2. 
ae l=8 
L=0 1=0 
FIG.45.2 


levels E,, of atoms with a single valence (outermost) electron are 
calculated by the approximate formula 


__ARZ* 
(n= A)? 


Ey = 


where Z* = Z—o = effective nuclear charge 
a = so-called screening constant which increases with Z 
+) 
= + te i a - gy = quantum defect 
('— 5) (i+ x) den (14-5) 
olarizability of the atom (see 20.7.3. 
p y 


first Bohr radius in the hydrogen atom (see 44.4.15.) 
orbital quantum numbers. 


a 
| 





a 
My 


l 


‘The orbital quantum numbers are related to the principa) quantum 
numbers by the condition 


l=n-1, n-2, ...,1 


ot Ul 
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45.1.10. The following notation is used for the spectral terms 
corresponding to the various / values: 


1 0 14 2 38 4 
Term s p dfs g 


These letter symbols correspond to the names of the spectral 
series for atoms with a single outer electron: s—sharp, p—princip- 
al, d—diffuse, and f—fundamental series. The selection rule (see 
44.5.10.) for an orbital quantum number is 


AMdl= +1 


Transitions are possible only between terms T,, and Tm, 141, 
no restrictions being imposed on the numbers n and m by the 
selection rules. Combinations are possible, therefore, only between 
the s- and p-terms, p- and d-terms, etc. 
45.1.11. Any of the spectral terms may be either the initial or the 
final one for a transition. Since 


| Eni— Em, 141| = Em, 141 — En, 1| 


where £, 2 E,,, then, in combinations, the same frequencies are 
obtained both for absorption spectra (EZ, < £,) and for emission 
spectra (EZ,, > E,). The intensities of the corresponding lines are 
not equal in the general case because of the unlike conditions of 
excitation for absorption and emission spectra. 

45.1.12. The state of an atom in which it has greater energy than 
in the ground state (see 45.1.5.) is called the excited state. Absorp- 
tion spectra correspond to transitions of atoms from the ground to 
the excited states; emission spectra, to transitions from an excited 
to the ground or a less excited state. The degree of excitation is 
assessed by the difference between the energies of the excited and 
ground states. An excited state characterized by a long lifetime of 
the atom in it is called a metastable stute (sce 44.5.9.). 

45.1.13. The existence of stationary excited states in atoms was 
shown by the experiments of Franck and Hertz in which a gas 
was bombarded by electrons of a definite energy. Simultaneously 
with the measurement of the loss of energy of the electrons, the 
spectrum of gas glow, due to the electron bombardment, was 
observed. Experiments with mercury vapour established that 
electrons with an energy E < 4.9 eV do not cause the gas to glow 
and are elastically reflected by the atoms of the gas. At E = 4.9eV 
low-velocity electrons are observed. This indicates that electrons 
with EF = 4.9 eV completely transmit their energy to the mercury 
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atoms. At the same time, a line appears in the mercury spectrum 
with 4 = 2537 A. The frequency of this line, according to Bohr’s 
tule, corresponds to the difference in the energies of the excited 
and normal states of the mercury atom. This means that an atom 
of mercury, transferred by an electron-atom collision to the excited 
state, returns to the ground state, emitting a quantum with the 
wavelength A = 2537 A. 

45.1.14. Taking into account the motion of both the electron and 
the nucleus in a hydrogen atom with respect to the common 
centre of mass, m, in the series formula (see 45.1.3.) is to be 
mearded as the reduced mass of the electron-nucleus system. 

‘hus 
meM Me 


U ngtM m 
e 14+-4 
M 








where M = mass of the nucleus 
m, = mass of the electron. 


If the motion of the nucleus is taken into consideration, the 
Rydberg constant reaches its minimum value for the hydrogen 
atom: RZ = 109,677.6 cm—!. Its maximum value is for infinite 
mass (M =co): RZ = 109,737.38 cm-!. 
Owing to the different values of R for different masses M, the 
isotope effect (isotope shift) is observed in certain spectra (see also 
46.6.5.). [t is associated with the existence of several isotopes of 
the same chemical element (see 47.1.4.). For a mixture of isotopes 
this effect consists in the presence of additional spectral lines 
besides the lines of the atoms whose nuclei belong to the most 
abundant isotope. The intensities of these lines are proportional 
to the percentage of the corresponding isotopes in the substance. 
The wavelengths of the lines are displaced relative to one another 
for isotopes of masses M’ and M” by the amount 

4A _ m 4M 

“A MP 
where 4M = M’’—M’ = difference between the masses 

of the two isotopes 

M = mean mass. 

On the other hand 

44 _ RR, 

a Ra 


where R, and R, are the Rydberg constants (see 45.1.3.) of the 
lwo isotopes, 
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45.1.15. In the interaction between negative muons (see Table 1 
on page 891) and a substance, the atomic nuclei may capture 
muons on the orbits and form mesonic atoms. The behaviour of 
muons (mu-mesons) in atoms does not essentially differ from that 
of electrons except that muons have a short lifetime. The radius of 
a muon orbit in a mesonic atom is only sat of that of the corre- 
sponding electron orbit since mem = 207 (see Table 1 on page 891). 


For this reason the electrons in ‘an atom do not strongly influence 
the motion of a muon in the atom. The small radius of a muon 
orbit, which is further reduced with an increase in the charge of the 
nucleus (see 45.1.9.) brings about the penetration of the nucleus by 
muons beginning with Z = 30. Hence the size and structure of the 
nucleus influence the energy levels of the muon, and the nucleus 
cannot be assumed to be a point as in solving the Schrédinger 
equation for an atom (see 44.2.1.). 

45.1.16. In slowing down positrons (see Table 1 on page 891), 
positronium is sometimes formed in the substance. Positronium 
is a system consisting of a positron and an electron which rotate 
about the centre of mass of the system. The positron cannot be 
regarded as fixed since its mass is equal to that of the electron. The 
orbit radii are twice those of the corresponding orbits in the 
hydrogen atom; the binding energy of positronium is only one 
half that of the hydrogen atom. 

Depending upon the orientation of the spins (see 28.1.1.) of the 
electron and positron, positronium may be in either of two states: 
the orthostate for parallel orientation of the spins and the parastate 
for their antiparallel orientation (see also 45.2.8.). Orthopositro- 
nium has a mean life of 1.41077 sec and, owing to the annihila- 
tion of the positron and electron (see 49.3.3.), is converted into 
three gamma-ray photons. This is stipulated by the principle of 
conservation of momentum (see 2.7.1. and 5.6.3.) and the existence 
of spin # (see 42.1.1.) in the photon. Parapositronium has a mean 
life of 1.25 X 10-19 sec and upon annihilation is converted into two 
gamma-ray photons. The ground energy level of orthopositronium 
(the triplet state, see 45.3.5.) is 0.84%10—3 eV higher than the 
ground level of parapositronium (singlet state, see 45.3.5.). Upon 
the collisions of positronium with molecules having an uneven 
number of electrons and small gaps between the energy levels for 
different orientation of the resultant spin (for example, 13.6 x 107% 
eV for molecules of No), the transition from orthopositronium to 
parapositronium is possible at room temperature. 
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45.2. Many-Electron Atoms 


45.2.1. Many-electron atoms are atoms having two or more 
electrons. The Schrédinger equation (see 44.2.1.) for many-electron 
atoms is 


rN 


cu 2m © Zee 
i=l ‘ fel 


oe oz ez 
where A; = ox? t oyF Oat 
r,; = distance from the nucleus to the i-th electron 


N 
V = ha = potential energy of interaction between 


the i-th and all the rest of the electrons; summation 
is carried out over all NW electrons of the atom; fora 
neutral atom N = Z 

Ze2 


= potential energy of interaction between the i-th 


electron and the nucleus 

E = total energy of the atom. 
The remaining notation is given in 44.2.1. 
45.2.2. The Schrodinger equation for a many-electron atom can 
be solved only by approximate methods and, first of all, by 
methods of perturbation theory. The solution is based on represent- 
ing the energy of interaction V between the electrons as a small 
perturbation in comparison with the energy of interaction between 
the electrons and the nucleus. As a zeroth-order approximation, 
vigenvalues £, and eigenfunctions ¥, are obtained which corre- 
spond to asolution when V = 0. Thus 


N AY 
E,= Ew and ¥, = I] Dai 
fol i=] 


N 
where II denotes the product of N wave functions ¥,,;. A solution 


ral 

of the Schrédinger equation by the methods of perturbation theory 
is practically possible only at small values of NV. 

15.2.3. With an increase in NV, even the approximate solution of 
Schrédinger’s equation by methods of the theory of perturbations 
hecomes difficult. To find a solution, two principal methods are 
vmployed to approximate the central field in the atom. They are 
the Hartree and the Thomas-Fermi method. 

The Hartree self-consistent field method is based on replacing the 
electric field of the nucleus and all the electrons of the atom, 
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except for one selected electron, by a certain self-consistent field, 
constant in time, in which the selected electron travels. The in- 
troduction of the potential of this field into the Schrédinger 
equation enables the quantum numbers n and / to be found for 
each selected electron and, thereby, the energy states of the 
electrons. The Hartree method can be refined by taking the 
quantum exchange effects into account (Hartree-Fock method). 
The Thomas-Fermi method is based on the so-called statistical 
atom model in which a continuous distribution is assumed for the 
electric charges in the atom with a density that complies with 
Poisson’s equation (see 20.4.8.) for the potential of the electric 
field. The density of the electric charges is independently calculated 
by means of quantum statistics (see 12.7.3.) and Pauli’s exclusion 
principle (see 45.6.2.). 

The Thomas-Fermi method (or Thomas-Fermi model) is appli- 
cable to both the atom and the ion, but the potentials at the bound- 
ary (of the atom or ion) are specified differently. 

In the case of a neutral atom, for the function ¢(z), related to the 
potential V(x) of the atom by the equation 


V(x) = % g(x) 
where x = 


the Thomas-Fermi differential equation follows from statistical 
atomic theory. Thus 


where r = distance from the nucleus of the atom 
a, = first Bohr radius of the hydrogen atom 
Ze = nuclear charge. 
The Thomas-Fermi equation provides a good description of the 
distribution of electrons in heavy atoms. 
45.2.4. The Schrodinger equation for N = 2 (the helium atom) is 
8n?m Ze? Ze? oe? = 
A+ A+ or (E+ 5-+5-2)¥ = 0 
where 4, and 4, = Laplacian operators 
E = total energy of the atom 
2 
Ze and = potential energies of interaction between each 
electron and the nucleus 
— = energy of interaction between the electrons. 


i 
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The energy levels and the eigenfunctions of the zeroth approxima- 
tion (in which electron interaction is neglected) are 


E=E,,+E, and % = %,P%n, 


2 472 
where E, = — nee 





WY, = hydrogen-like wave function of the electron (see 
44.4.15.). 


As a first approximation of perturbation theory, the normal state 
of the helium atom is calculated taking account of the energy of 
mutual repulsion of the electrons, which are described by the wave 
functions of the normal state of the hydrogen type. As the zeroth 
approximation, the total energy of the ground state of a two- 
electron system is 

Ey = 22Ey 


As the first approximation, it is 
5 
E,= (222-3 Z)Ey 


where E, is the total energy of an atom of hydrogen in the normal 
state. 

45.2.5. In solving the problem of the arbitrary state of the electrons 
in a helium atom, it is necessary to take the indistinguishability 
of the electrons (see 12.6.2.) into consideration. Owing to the fact 
(hat the two electrons of the helium atom are indistinguishable 
from each other, there may be two types of eigenfunctions: 


w= W(1)%,(2) and P= ¥,,(2)¥%, (4) 


in which the figures in the parentheses denote the “number” of 
the electron. Since the energy £,, corresponding to these two cases 
is one and the same, then ¥ describes a doubly degenerate state. 
Such degeneracy of energy levels, associated with the indistinguish- 
ability of atomic electrons (or any identical microparticles), is 
called exchange degeneracy. It is typical of quantum systems. 
45.2.6. The general solution of the Schrédinger equation for the 
helium atom can be represented in the form of a linear combination 
(sum or difference) of its particular solutions. Thus 


Pa Pry (1) Pn, (2) = Pay (2) Png (1) 
Ps Pn (1) Pra (2) + Pry (2) Pr, (1) 
The wave function ¥, changes its sign when the figures (elec- 
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trons) 1 and 2 are interchanged, and is said to be untisymmetrical. 
The wave function ¥%, does not change its sign under the same 
circumstances, and is said to be symmetrical. 


45.2.7. In taking the perturbation & into account, i.e. mutual 


12 
repulsion of the electrons, the exchange degeneracy is removed 
and the doubly degenerate state is split into two states with the 
energies Ey and E,. The mean perturbation energy JE due to 
the interaction of two electrons in the helium atom is 


e? 
AE = fflyr ean, dv, 
and, upon normalizing the wave function (see 44.2.4.) 


+00 
ff |witav, dv, = 1 


—0o 


AE is expressed by the symmetrical and antisymmetrical wave 
functions as follows: 


AE = [fire ee C+A 
ff iviza ao, 7 


where ||? = (jx, (4)i?!™,, (2)? +, (1) ¥, 


iP 





(1) Pe (2) Pe, (2)} 


In this equation, the first integral in the denominator is equal to 
unity because the wave functions are normalized, and the second 
is equal to zero because of their orthogonality. The first compo- 
nent of the integral in the numerator corresponds to Coulomb 
interaction of the electrons. It is the product of the probability 
densities for each of the electrons and is called the Coulomb 
integral. The second component has no analogy in classical 
physics and is associated with the exchange interaction of the 
electrons due to their indistinguishability. It is called the exchange 
integral (see also 46.2.3.). 

45.2.8. The existence of spin (see 28.1.2.) as a new independent 
variable describing, along with the coordinates, the state of the 
microparticles, leads to certain complications in the wave func- 
tions. Taking spin into account, they can be written in the form 


Y= P(x, Y; 3, +4 ; t) 


where 4 = sey 
Qn 
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Usually, the spin wave function S,(p,) is singled out of Y. Thus 
Y= p(z, ¥, 3, t) Sa( Ps) 


where a (subscript) = +4, and p, = +4 (see 28.1.1.) 


The argument of this function can have only two values; the 
function itself is defined as follows: 

t,ifa=++ at p,=+ 
Sq(Ps) = . 4 
0, ifa= F> at p,=+ 


The spin function possesses definite symmetry properties. There 
ure four possible spin functions for a two-electron system: 

Sg = Su(t) Sa(2) 

Sg = Sp(1) Sp(2) 

Sg = Salt) Sg(2) + Sa(2) Se(4) 

Sy Sa(1) Sa(2) = S.(2) Sa(1) 
in which the subscripts a and 6 correspond to spins of the electrons 
equal to & and -4, the figures in the parentheses are the 
“numbers” of the electrons. The first three functions are sym- 
metrical and refer to the triply degenerate orthostate of the atom, 
characterized by a total spin S = 1 (in units of 4, see 45.3.1). 
The last function is antisymmetrical and refers to the parastate 
with a total spin S = 0 (in units of A). 
In accordance with Pauli’s exclusion principle (see 45.6.2.) com- 


plete wave functions, complying with the states of a two-electron 
system, should be antisymmetrical: Y, = W,S4 (or Wy = Y4Ss). 


Il 


45.3. Vector Model of the Atom 


45.3.1. The vector model of the atom is employed for the purpose 
of systematizing complex spectra of many-electron atoms and 
for investigating the fine structure of spectra (see 45.3.5.). In this 
model the angular momentum corresponding to the orbital motion 
of each electron is represented by vector 1, and the angular 
momentum corresponding to the electron spin by vector s. 

‘The projections of vectors 1 and s in a certain direction (coinciding 
with the external magnetic field) are quantized and assume values 
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that are multiples of 4. This is called space quantization of the 
orbital and spin angular momenta of the electron in the atom. 

The projection of vector 1] assumes (in units of #) the values J, 
1-1,...,0,..., —d, ie. 2141 values in all. The projection of 


vector 8 assumes the values +f and -+ (in units of A). The 
magnitudes of vectors 1 and s equal 


[lj = Vit+I) & and |sj|= 2a 


The sum j = 1+8, where |j| = Vj(j+4)A, is called the resultant 
angular momentum vector of the electron, j is called the inner 
quantum number; the quantities 1 and s are the orbital and spin 
quantum numbers, respectively. 
45.3.2. In an atom (or ion) having two or more electrons, the 
orbital and spin angular momenta of all its electrons can be 
added together in two ways. The 
first method is resorted to when the 
interaction between the orbital an- 
gular momenta 1, and 1, of the elect- 
rons, and between the spin angular 
momenta s, and s;, is stronger than 
the interaction of the momenta 1], 
and s;. The coupling of the orbital 
and spin momenta in this case is 
called weak (also Russel-Saunders or 
FIg.45.3 LS) coupling. It is the most widely 
found one in light atoms. The vec- 
tors of the orbital and spin momenta of electrons are combined 
separately to obtain the vector of the total orbital angular momen- 
tum of the atom (Fig. 45.3.): 


L= v1, and |L|=VL(L+1)% 


and the vector of the total spin angular momentum of the atom: 





NV es, 
S=)s, and |S|=VS(S+1)h 
fol 
where J is the number of electrons in the atom. The two total 


momenta are combined to obtain the resultant total angular 
momentum of the atom: 


J=L+8 and [3| = VI(J+1)h 
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The magnitude J of vector J, expressed in units of 4 is called the 
total inner quantum number of the atom. The quantities Z and S 
are the total orbital and total spin quantum numbers of the atom, 
respectively. Owing to the various possible orientations of vectors 
L and §, the quantum number J assumes the following values 


J=L+S, L+8-1,..., |L-S| 


Thus J has 2S+1 values for l= S and 2L+1 values for L<5. 
Vectorial addition of L and §S corresponds to algebraic addition 
of ZL and S. 

45.3.3. The second method of combining orbital and spin angu- 
lar momenta of atomic electrons is 3 

employed when the interactions bet- Jz 

ween I; and s,; for each of the elec- 
trons are stronger than the separately 
taken interaction of the orbital and 
spin momenta of different electrons bet- 
ween one another. The coupling of the 
momenta of the atomic electrons is 
called strong or j-j coupling. Such coup- 
ling exists mainly in heavy atoms. The 
vectors of the orbital and spin angular 
momenta of each electron in the atom VIG454 

are added to obtain the vector of the 

resultant angular momentum of the electron (Fig. 45.4). Thus 


j= 1 +8; 





The total resultant angular momentum of the atom is obtained 
by adding up the resultant momenta of each of the electrons. 
Thus 


r= 34 and |J| =VI(J+1) 4 


45.3.4. For an atom with two outer electrons and weak coupling, 
the total orbital angular momentum is 


L=L+h, ie L=kth, 4+h-1,..., |h-hl 


The maximum value of L corresponds to parallel and the minimum 
value to antiparallel orientation of the orbital momenta of the 
two outer electrons in the vector model. The total spin angular 
momentum is 


S$ =s,+8, ie. S=s,ts,=1 or 0 
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respectively for parallel and antiparallel orientation of the spin 
momenta. 

45.3.5. The quantity 2+1 is called the multiplicity of a spectral 
term (see 45.1.4.). It shows into what number of components each 
spectral term is split due to the supplementing of Coulomb inter- 
action (between the electrons and nucleus and between ther 
electrons) with the interaction between the spin and orbital 
momenta of the atom (spin-orbit interaction). This splitting 
results in what is known as fine structure of the spectral lines. 

In accordance with the two values of S for atoms with two outer 
electrons, two kinds of multiplets are obtained: 


singlets (single terms) with S = 0 
triplets (triple terms) with S = 41 


The multiplicity of a term 25+4 coincides with the multiplicity 
of the system to which the given term belongs only when L> 5S. 
Quantum transitions (see 44.5.1.) are optically allowed between 
spectral terms having the same S, i.e. at AS = 0. They are 
optically forbidden between terms with different S values (inter- 
combination exclusion). This forbidding is strictly complied with 
only in light atoms. 

45.3.6. The following notation has been accepted to characterize 
the spectral terms of a many-electron atom: 


(nyl,)* (no, Ip)¥ 22. 2S44L, 


where the first to be indicated are the electronic configurations 
of the atom corresponding to its given spectral term, i.e. the 
number of electrons k,, k,,... in states with the given principal 
and orbital quantum numbers n, and I, of the electrons. Also 
indicated are the symbol of the spectral term L of the atom, the 
multiplicity 25+ 4 of the term (as a superscript at the left) and 
the inner quantum number J of the atom (as a subscript at the 
right). Quantities characterizing the state of the atom are denoted 
by capital letters; those referring to the states of the electrons 
are denoted by lower case letters. 
45.3.7. The interaction between the magnetic moments of the 
electrons and the atomic nucleus results in hyperfine structure 
of the spectral terms. The magnetic moment of the nucleus, 
made up of the magnetic moments of its component nucleons 
(see 47.1.1.), is of the order of magnitude of the nuclear magneton 
(see 47.3.1.). Thus 
eh 
Lnue = 2M, 
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where M, is the mass of the proton (see Table 1 on page 891). 
Consistent with the smallness of the nuclear magneton in com- 
parison with the Bohr magneton (see 28.1.2.), hyperfine structure 
of spectral lines is characterized by the splitting of lines to a 
degree a thousand times finer than in a fine structure. 

Magnetic interaction between the nucleus and electrons, like the 
interaction between the electrons themselves, is expressed in the 
vector model of the atom by means of the nuclear moment 
vector I (spin). Thus 


F=I+J3 and [Fj =VF(F+1)h 


where J = resultant total angular momentum vector of the 
electrons in the atom 
total angular momentuin vector of the atom (in- 
cluding its nucleus). 


F 


The quantum number F corresponding to F can assume the 
following values (for a fixed value of J): 


Fe=J4+l, J+I-4,..., |J-1| 


The systematics of spectral lines with hyperfine structure is no 
different from that adopted for a fine structure in the case of 
weak coupling. 

The vector model of the inolecule is dealt with in 46.3.3. 


45.4. The Zeeman Effect and Resonance Phenomenu 


15.4.1.. The Zeeman effect is the splitting of energy levels and 
spectral lines when the radiating substance is subjected to a 
magnetic field. Distinction is made between the normal and ano- 
malous Zeeman effects, and also the longitudinal and transverse 
effects. The longitudinal effect is observed along the magnetic 
ier and the transverse effect in directions perpendicular to the 
field. 

45.4.2. In the normal longitudinal Zeeman effect each spectral 
line is split into two components (normal Zeeman doublet) with 
frequencies »+ Av, where » is the frequency of the line when there is 
no magnetic field. In the normal transverse Zeeman effect, an 
undisplaced line is observed along with the doublet mentioned 
above, i.e. three lines in all (normal Zeeman triplet) with the 
frequencies » and »+ Ay. In the longitudinal effect the line with 
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the frequency »— A» shows left-hand circular polarization (see 
34.1.8) and that with the frequency »+ 4» shows right-hand 
circular polarization. In the transverse effect, the two displaced 
components correspond to a plane of polarization (see 34.1.8.) 
parallel to the external magnetic field (c-components) and the 
undisplaced line to a plane of polarization perpendicular to this 
field (x-component). In the longitudinal effect the line of fre- 
quency »— Ap is called the red line; that with a frequency of 
v+ Ay is called the violet line. 

45.4.3. The Zeeman effect observed in absorption spectra is 
known as the inverse Zeeman effect. The laws governing the inverse 
effect are similar to those for the direct effect. From the fact that 
the frequencies of the components are near to that of the original 
line in a dispersive medium, dispersion of the index of refraction 
occurs and the index for the red line of the longitudinal effect 
differs from that for the violet line. Since these two lines have 
circular polarization of opposite hand, then, upon the propaga- 
tion of light of these frequencies through a substance, one will 
lag in phase behind the other, i.e. rotation of the plane of polar- 
ization will occur (see 39.7.5.). 

45.4.4. In the classical theory of the normal Zeeman effect, the 
motion of an electron in an atom is regarded as the harmonic 
oscillation of a linear harmonic oscillator (see 44.4.2.). 
Arbitrary linearly polarized oscillation of the electron (see 6.3.6. 
Example 2) can be resolved into two oscillations: one along the 
magnetic field and the other in a plane perpendicular to this field. 


The latter can be further resolved into two oscillations, circularly 
polarized (see 6.3.6. Example 2) with opposite directions of 
rotation, that occur at the Larmor precession frequency (see 
28.1.7.). For circularly polarized oscillation with the direction of 
rotation coinciding with that of precession, the frequency of 
oscillation of the radiating electron will be »+ Av (violet line) 
and for oscillation in the opposite direction of rotation the fre- 
quency will be »— Ap (red line). Along the magnetic field, linearly 
polarized oscillation of an electron, coinciding in direction with 
the field, will produce no radiation because a harmonic oscillator 
does not radiate along its axis (see 34.2.4.). Hence, in the longi- 
tudinal Zeeman effect, only two oscillations are observed. They 
are both circularly polarized and are displaced in reference tu the 
initial frequency by Av. In the transverse Zeeman effect all three 
oscillations provide linearly polarized radiation with the frequen- 
cies »y and v+ Av. 

Line splitting dy in the normal Zeeman effect coincides with the 
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Larmor frequency. Thus 


Av = (el (in SI units) 
Ape (in Gaussian units) 
4n me 


where e and m = charge and mass of the electron 
H = intensity of the magnetic field. 


The quantity A» is usually extremely small; at H ~ 10° amperes 
per metre, 2 ~ 10-5. The Zeeman effect is not easy to observe 


ca a optical instruments of high resolving power (see 
38.8.2.). 

45.4.5. The normal Zeeman effect can be observed only in strong 
magnetic fields. In weak magnetic fields, the anomalous Zeeman 
effect occurs. Here, the effect of spectrum-line splitting is much 
more complex than in the normal effect. The number of compo- 
nents of the lines often considerably exceeds their number in the 
normal effect. The distribution of intensities in a system of 
components (Zeeman multiplet) turns out to be extremely com- 
plex. The distance between the line components is determined as 
before from the magnetic field intensity H. Figure 45.5 shows the 


2 2. 
SY @ Sie H We. 


lines corresponding tu the sodium doublet in the cases of the 
unomalous (a) and normal (b) Zeeman effects, as well as the 
transition from the first to the second. The transition from the 
inomalous to the normal Zeeman effect, as the intensity of the 
ee magnetic field is increased, is known as the Paschen-Back 
effect. 

45.4.6. Classical theory cannot explain the anomalous Zeeman 
effect. The quantum theory, however, of the Zeeman effect (both 
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normal and anomalous) deals with it as the result of changes in 
the energy levels of atomic electrons due to the interaction of 
their spin and orbital angular momenta with each other and with 
the external magnetic field (strong or j-j coupling, see 45.3.3.). 
The vector model of the atom (see 45.3.1.) is made use of to 
describe this interaction. Distinction is made between cases of 
weak and strong magnetic fields. 

45.4.7. A weak magnetic field is one with an intensity H that 
causes the splitting of w,uzH levels in the normal Zeeman 
effect, satisfying the condition 


Holts <«<|E,—E,| (in SI units) 


where yz = Bohr magneton (See 28.1.2.) 
E, and E, = energies of two adjacent levels in the absence of 
a magnetic field. 


The condition for a strong field in the Zeeman effect is 

MottaH > |E,—E;| (in SI units) 
jn a weak magnetic field, the interaction between the orbital and 
spin magnetic momenta is greater than the interaction of each 
of them with the field (see Fig. 45.5). The latter interaction is 


regarded as a small perturbation leading to the change in energy 
AE of an atom in a magnetic field of intensity H. Thus 


AE = gmuguol (in SI units) 


where m = magnetic quantum number 

“#2 = Bohr magneton 

g = so-called Landé splitting factor. 
The Landé factor equals 
J(d+1)—L(L4+1)+5(S +1) 

2I(F+1) 

here the notation is the same as in 45.3.2.). If there is no spin 
(S = 0, J = L) then g = 1; if L = 0 then g = 2. The number 
of components of the multiplet is determined by the relationship 


between L and S. 
The magnitude of splitting in the anomalous Zeeman effect is 


Av = (1481 — M282) "2 


where m, and m, = magnetic quantum numbers 
g, and g, = Landé factors 


g= 1+ 


beet = Larmor frequency. 
e ’ 


Bee a 
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For light which is linearly polarized parallel to vector H, m, = my: 
for light with circular polarization perpendicular to H, m, = 
= mati. 

45.4.8. In a strong magnetic field the interaction of the orbital 
and spin angular momenta of the electron breaks down and each 
of these momenta interacts separately with the magnetic field. 
As the magnetic field intensity grows, line splitting increases 
until components of the multiplets of adjacent spectrum lines 
begin to merge with one another. Finally, of all the components 
of the multiplets only three lines remain (for the transverse 
Zeeman effect) or only two lines (for the longitudinal effect). 
Their frequencies are 


v = y+ 42H (m,— mg) (in SI units) 
where ») = frequency of the undisplaced line 
“elt = Larmor frequency 


m, and m, = magnetic quantum numbers. 
The selection rule for these quantum numbers is 

my—m, = +1,0 
from which the Zeeman triplet is obtained. In strong magnetic 
fields, the results of classical and quantum calculations of the 
Zeeman effect coincide. 
45.4.9. The existence of spin brings about the condition in which 
cach energy level of the electron in the atom is doubly degenerate 
(see 12.3.1.). The application of a magnetic field to the atom 
eliminates this degeneracy and each spectral line is split into at 
least two (spin doublet). 
45.4.10. Electron paramagnetic resonance (EPR) is the selective 
absorption of electromagnetic radiation by a substance. It is 
associated with the transitions of the atomic electrons between 
the Zeeman energy levels that are set up when a constant magnetic 
field is applied to the substance. For transitions complying with 
the selection rule for a magnetic quantum number (see 45.4.8.) 
Am = +1, the resonance frequency equals 


Vere = fen voll (in SI units) 


where g = Landé factor (see 45.4.7.), equal to 2 for free electrons 
(conduction electrons in metals) 
“4s = Bohr magneton 
H = intensity of the constant magnetic field applied to 
the substance 
h = Planck’s constant. 
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45.4.11. The magnetic field applied to the substance is usually 
strong enough to eliminate the spin degeneracy of the magnetic 
sublevels (see 45.4.9.). At the same time a weak electromagnetic 
field that brings about transitions is applied to the substance. 
The magnetic vector of the last field is perpendicular to the 
vector of the constant magnetic field. 
The quantity »gp, for H ~ 10'° amperes per metre is of the order 
of 10 MHz and requires radio-frequency measuring instruments 
for its observation (in the range of centimetre waves). 
45.4.12. The shape and intensity of the lines observed in electron 
paramagnetic resonance depend upon the interaction of the spins 
of the atomic electrons with one another and with the lattice of 
the solid. 
Spin-spin interaction of atoms is due to the occurrence of a result- 
ant spin magnetic moment of the atom not equal to zero (see 
45.3.2.). In the general case it is added to the interaction between 
the atoms and the external magnetic field, thereby leading to 
broadening of the resonance lines. This (spin-spin) interaction 
decreases rapidly with an increase in the distance between the 
atoms and can be made negligibly small by diluting the para- 
magnetic substance in nonmagnetic solvents. 
45.4.13. Spin-lattice interaction is due to the fact that the orbital 
magnetic moment of the atom, coupled by an LS coupling (see 
45.3.2.) with the spin moment (spin angular momentum), is 
additionally coupled by electrical forces to the crystalline field 
(spin does not interact directly with the lattice). This interaction 
is responsible for the fact that the spins of the atoms become 
oriented along the external magnetic field not instantaneously, 
but gradually. This phenomenon is called spin-lattice relaxation 
and is characterized by the period zt which is related to the 
energy of atomic transition by the Heisenberg indeterminacy 
relation (see 44.3.). The transition of the atom to a higher (absorp- 
tion) or lower (emission) level of Zeeman splitting does not occur 
before the neighbouring atoms in the lattice can give up or 
accept an energy quantum hygprp = AE. 
If the spin-lattice relaxation is achieved by interchanging phonons 
(see 15.3.7.) with the lattice, then the relaxation time for hydrogen- 
like systems (having a total spin quantum number S = =, see 
45.3.1.) is 
c 

To eye 
This equation is usually valid when T > @p where @y» is the 
Debye characteristic temperature of the crystal (see 15.4.3.). 
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If the spin-lattice relaxation is accomplished by the scattering of 
acoustic waves by the atoms of the lattice, then the usual formula 
at T « @p is 
Cc 
TO wr 
where 1 = relaxation period 
H = intensity of the magnetic field 
C = proportionality factor which depends on the strength 
of the j-j coupling (see 45.3.3.) and on the splitting 
of the orbital levels in the crystalline field 
T = absolute temperature of the substance. 


These two formulas are valid if spin-spin interaction is neglected. 
45.4.14. In addition to the factors indicated above, electron 
resonance in ferromagnetic materials also depends upon the 
presence of demagnetizing fields. In the general case, the resonance 
trequency for a transition with 4m = +1 equals 
VerR = £2 V(H,+(N,— NII (H,+(N,—N,)1.] 
where N,, N, and N, = so-called demagnetization factors for the 
: xz, y and z axes 
; = Magnetization of the specimen in the 
direction of the applied magnetic field 
H,. 


It is assumed that the magnetic component of the electromagnetic 
high-frequency field is directed along the z axis, that the specimen 
is uniformly magnetized, and that the Landé factor g is the same 
throughout the specimen. 

If the constant magnetic field and the magnetic component of the 
variable field are parallel to a flat surface of the specimen, then 


VerR = aor y BH 


where B is the induction of the magnetic field in the specimen. 
If the constant magnetic field is perpendicular and the variable 
field is parallel to a flat surface of the specimen, then 





VerR = ne (H —4z1) 


where J is the magnetization of the specimen. 
For small spherical specimens 
VerR = ae H 
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For long circular cylinders with the direction of the constant 
magnetic field along the axis of the cylinder and that of the mag- 
netic component of the high-frequency field perpendicular to this 
axis 


Vere = “4 (H+2n1) 


These formulas are valid under the condition that the depth of 
penetration of the high-frequency field into the specimen at the 
resonance frequency (skin depth, see 27.3.6.) is comparable to the 
dimensions of the specimen. All the formulas of 45.4.14 are given 
in Gaussian units. 


45.5. The Stark Effect in Hydrogen-Like Systems 


45.5.1. The Stark effect is the splitting of spectral lines due to the 
action of an external electric field on the radiating substance. 
Since even very strong external electric fields are weak compared 
to the intratomic fields, their action on the motion of the atomic 
electrons can be regarded as small perturbations. Consequently, 
the Stark line splitting is very minute and can be observed only 
with instruments having a high resolving power (see 38.8.2.). The 
lines are split into a series of components (satellites) located, in the 
eet of hydrogen, symmetrically on both sides of the original 
ine. 

45.5.2. In the first approximation of perturbation theory (see 
44.5.5.) in hydrogen and hydrogen-like atomic systems, the linear 
Stark effect is observed. It partly eliminates degeneracy between the 
levels of the single atomic electron (see 44.4.11.). The split- 
ting is 

3 h 
41 = Gat eZ 
where 6 = intensity of a uniform electric field 
n, and n, = so-called parabolic quantum numbers 


(m1 —N2)né (in Gaussian units) 


nytng<7n 
(where n is the principal quantum number see 44.4.13). 


If the linear Stark effect is observed, the system has an aver- 
age dipole moment of 
3 h? 
Po = Gat meetz (Ma— Ma)n 
resulting from its polarization in an electric field. 
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45.5.3. After a partial elimination uf degeneracy in the linear 
Stark effect, degeneracy of the states remains. These states differ 
in the values of the magnetic quantum number m. Further elimi- 
nation of degeneracy occurs in the effect of the second approxima- 
tion—the quadratic, or second, Stark effect. In sufficiently strong 
electric fields, having an intensity é exceeding 10° volts per cm, 
the observed splitting is 


Av, = By)‘ [17n*— 3(ny— ng)? 9m?+ 19] 6 
(in Gaussian units) 


where By = — ; dzantmict and depends upon the magnetic quantum 


number m in addition to other quantum numbers. The quadratic 
Stark effect is always negative and displaces the energy levels in the 
direction of smaller energy. 


45.6. The Pauli Exclusion Principle. 
The Periodic System of Elements 


45.6.1. On the basis of the principle of indistinguishability of 
identical particles (see 12.6.2.), quantum mechanics leads to the 
conclusion that there are two types of particles differing only in 
their nature. These types are: (a) particles having a spin equal 
to an integral number of # units (bosons, see 12.7.1.), described by 
the symmetrical complete wave functions YW, (see 45.2.6.) and 
(b) particles with a spin equal to a half-integral number of # units 
(fermions, see 12.7.3.), described by the antisymmetrical complete 
wave functions ¥, (see 45.2.8.). 

45.6.2. A statement, valid for all particles having half-integral 
spin (fermions, in units of 4), is: there cannot be more than one 
fermion in the same quantum state of a given quantum system. 
This statement is called the Pauli exclusion principle. The quan- 
tum mechanics formulation of the Pauli principle comprises the 
requirement of antisymmetry of complete wave functions for 
systems of particles that comply with this principle. 

45.6.3. In its application to an atom in which the electron state is 
uniquely determined by a set of four quantum numbers, i.e. 
principal n, orbital 1, magnetic orbital m, and magnetic spin m,, 
the Pauli principle states that no two electrons in an atom may 
have the same set of quantum numbers n, I, m, and m,. 

45.6.4. The Pauli principle is at the basis of the systematics for 
filling the electron states in atoms and explains the periodicity of 
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the properties of chemical elements, i.e. Mendeleev’s Periodic 
System of Elements. 

The total number of electron states in a many-electron atom, fora 
given principal quantum number n, is 


n-1 
2 ¥ (2144) = 2n? 
t=0 


Electrons, occupying a totality of states with the same value of 
quantum number n, comprise an electron shell. 


Principal quantum number n 123 4 5 6 7 
Maximum number of possible 

electron states 2 8 18 32 50 72 98 
Shell symbol KLM N OPQ 


45.6.5. In each of these shells the electrons are distributed between 
the subgroups, or subshells, in accordance with the given value of / 
( < n, see 45.1.9.). The maximum number of electron states in a 
subshell with a given J equals 2(21+ 1). 


Orbital quantum number I 04 2 8 &..... 
Number of possible 

electron states 2 6 10 14 18..... 
Subshell symbol sp d ff g ueee 


45.6.6. ‘he order for the filling of the electron states in the shells 
and, within one shell, in the subgroups (subshells) is the same as the 
order in which energy levels with the given n and I are arranged. 
First the states with the minimum possible energy are filled and 
then the states with higher and higher energies. For light atoms 
this order entails the filling of the shell with the least n value first, 
and then the next shells are filled with electrons. Within one shell 
the state with J = 0 is filled first and then the states with larger 
i values, up tol = n—1. 

45.6.7. Beginning with potassium (Z = 19), frequent deviations 
from this regular order for filling the electron shells are observed 
because certain electron states with a higher n value correspond 
to smaller energy than some still unoccupied states with a lower n 
value. This pertains to states (n+1)s and (n+ 1) p (compare with 
the states nd and nf). Elements in which the filling of preceding 
shells (subshells 3d, 4d, 4f, 5d and 5f) is completed after the partial 
filling of subsequent shells are called transition elements. 

45.6.8. The following table indicates the distribution of electrons 
among the states (shells and subshells) in the atoms of the elements, 
as well as the fundamental terms of the corresponding atoms. 
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51/Sb| 2/26/26 10 | 26 10 23 Si), 
52|Te| 2/261]26 10 | 26 10 24 3p, 
53 | I 2/26]2610]26 10 25 *P3) 
54 | Xe] 2/26 )/2610 | 26 10 26 189 
55|Cs | 2/26]26 10 | 26 10 26 4 *Si), 
56 |Ba| 2/26 |26 10 | 26 10 26 2 189 
57|La| 2/26 ]26 10 | 26 10 26 2 *Da), 
58 |Ce| 2]/26/2610/26 10 2/26 2 3H, 
59 |Pr| 2/26/26 10/2610 3/26 2 "3 
60|Nd] 2/26/2610}26 10 41/26 2 BI, 
61] Pm| 2/26/26 10/26 10 5) 26 2 °Hs), 
62|Sm| 2/26/26 40|/26 10 6/26 2 Fy 
63 |Eu] 2/26/26 10/26 10 7126 2 8S7/ 
64|Gd} 2/26/26 10/26 10 7| 26 2 °Ds 
65|/Tb| 2/26/26 10}26 10 8| 26 2 Hr), 
66|/Dy| 2}/261/26 10 | 26 1010| 26 2 513 
67| Ho} 2/26]26 10 | 26 1011] 26 2 ‘Tis/, 
68|Er| 21/26 |26 10 | 26 1012] 26 2 2H 
69| Tm} 2/26 | 26 10 | 2 6 1013] 26 2 *Fi), 
70| Yb] 2126]2610/126 1014/26 2 1S» 
[714 ]/Lu] 2] 26]26 10 | 26 1044] 26 Q *Ds/, 
|72| Ht) 2/26/26 10/261014/262 2 3F, 
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Hi | 1s | 2¢ 2p] 3s 3p 3d | 4s 4p 4d 4f| 5s 5p 5d 5f |6s6p 6d) 7s | 2” 
73|Ta| 2/26/26 10|261014/263 2 ‘Fay, 
m4)/Ww] 2/261]26 10 |261014) 26 4 2 5Do 
75|Re} 2}26/2610/261014/265 2 88s), 
76/0s| 2}/26]26101261014| 266 2 5Da 
77 \Ir | 2}26{/2610|261014/267 2 ‘Fo), 
78|Pt} 21/26)26101/261014|269 4 3Ds 
79 | Au] 2/26/26 10/261014| 26 10 4 *S1), 
80|He| 2}/26)26 10 |261014] 26 10 2 1g, 
81 | Tl | 2/26)2610]261014} 26 10 214 *Pr, 
sz | Pb] 2/26 |]2610|261014| 26 10 22 3p, 
83 |Bi |] 2/261)]2610/261044] 26 10 23 ‘Sa/, 
84 | Po} 2}/26]2610}261014| 26 10 24 ap, 
g5 | At] 2/26/26 10 | 261014] 26 10 25 aP5 
86 |Rn| 2/26/26 10 | 261014] 26 10 26 189 
87 /Fr}| 2/26 |2610]261014| 26 10 26 1 | *S1j, 
88 |Ra| 2/26/26 10 | 261014] 26 10 26 2 | 1S 
89 |} Ac} 2/26 ]26 10 |261014| 26 10 2641] 2 | Day, 
90/Th}| 2}/26]2610|261014| 26 10 262) 2| Fe 
91|Paj 2}26/2610|261014/26102}264]| 2 |*Kuy, 
g2/u | 2/26/2610 |261014/26103]261| 2] SLe 
93 |Np] 2/26/2610 /261014/26104/2614]| 2 |*Lu;, 
94/Pul 2|26/2610|261014/26106]26 2| 7Fe 
95/Am] 2|26]/2610]261014/26107|26 2 | *S7), 
96|Cm|] 2/26/2610 ]261014/26107]2614| 2] %De 








796 


45. The Atom 








Concluded 
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_|s [KIL M N (a) P |Q| és 
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| 4s | 2s 2p| 3s 3p 3d | 4s 4p 4d 4f | 5s 5p 5d 5f |6s 6p 6d) 7s a 
97 | Bk 2126/2610 |261014;2610 8/261] 2 87), 
98 | Cf 21/26]26 10 | 261014] 26 10 10) 26 2 | 5Ig 
99 | Es 2126126 10 | 2610144) 26 10 11], 26 2 {Tis}, 
100 |Fm{| 2/26]26 10 | 261014] 26 10 12) 26 2 | 3He 
101) Md/ 2)/26)]26 10 | 2610144] 26 10 13) 26 2) °F 7), 
102 | No 2126/2610 | 261014) 26 10 14) 26 2 | 1S 
103 |Lw] 2/26]26 10 |261014] 2610144) 261] 2 


45.6.9. The outer (valence) electrons of an atom are those that form 
part of the s- and p-subgroups of the shell having the highest n 
number in the given atom. These electrons determine the chemical 
and optical properties of their atoms. 

15.6.10. The magnetic spin momenta of the electrons are balanced 
in the completely filled s-subgroup; the magnetic orbital angular 
momenta are also balanced in the completely filled p-, d- and 
[-subgroups. Hence the total magnetic angular momentum with 
completely filled subgroups is zero and the corresponding element 
displays diamagnetic properties (see 28.3.1.). In atoms with not 
completely filled subgroups, the uncompensated magnetic angular 
momentum (not equal to zero) brings about paramagnetism (see 
28.4.1.) and, in many cases, ferromagnetism and antiferromagnet- 
ism (see 28.6.3.). 

1.6.11. The filling of the nd- and nf-subgroups in atoms takes 
place at almost unchanged electron configuration of the (m+ 4) s- 
und (n+41) p-subgroups and therefore has almost no effect on the 
chemical properties of the transition elements, which (properties) 
are similar within the given group of elements. On the other hand, 
the filling of the nd- and nf-subgroups substantially affects the 
X-ray spectra (see 45.7.2.) of the atoms. This is related to the 
electron transitions in the inner shells of the atom. 

45.6.12. The total number of electrons in the s+p-subgroup 
equals 8 (see 45.6.5.). The mechanism for giving up or attaching 
valence (outer) electrons is the basis for most chemical reactions (sev 
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also 46.1.3.). It proves expedient, from the energy point-of-view, 
for an atom with the s+ p-subgroup less than half-filled to give up 
electrons and for one with a more than half-filled s+ p-subgroup 
to attach more electrons. Depending upon various conditions, an 
atom with its s+ p-subgroup just half-filled can cither give up or 
attach electrons. 


45.7. X-Rays 


45.7.1. There are two types of X-rays. One has a line spectrum (see 
40.2.5.) and is called characteristic X-rays. The other has a contin- 
uous spectrum (see 40.2.5.) and is called white, or continuous, 
X-rays. White X-rays are produced by the “slowing-down” of the: 
high-speed electrons in their motion through a substance (brems- 
strahlung or braking radiation, see 34.2.9.). Characteristic X-rays 
are associated with the transition of electrons in the inner shells 
of medium and heavy atoms. The difference in energy £,,—E£, 
for these shells is considerably higher than for the outer shells. 
Hence the frequencies of characteristic X-ray spectra are several 
orders of magnitude greater than those of optical spectra. 

45.7.2. Characteristic X-radiation arises from the emission of an 
electron from one of the shells nearer to the atomic nucleus. This 
vacancy is filled by the transition of an electron from one of the 
shells farther from the nucleus (ones having a higher principal 
quantum number n). This leads to the radiation of a characteristic 
X-ray photon of the frequency ». Thus 


If ionization is accomplished as a result of the collision of high- 
speed electrons with atoms, the X-radiation is said to be primary. 
X-radiation is said to be secondary, or fluorescent, if it is produced 
by the photoionization of atoms (see 46.11.5.) resulting from the 
X-ray photons absorbed by the atoms. 

45.7.8. When an electron is emitted from the K-shell the possibil- 
ity arises for transition to this shell from the L- (n = 2), M- 
(n = 8) shell, etc. with subsequent transitions of electrons to the 
vacancies in these shells, until the process is completed by the 
entire distribution of the electrons among the states in the atom. 
The photons produced in these transitions form characteristic 
X-rays. Figure 45.6 illustrates the general scheme of these transi- 
tions which comply with the selection rules: | 4/| = 1, | 4j| = 0,4 
for dipole radiation, and | Al| = 0, 2, | 4j| = 0, 1, 2 for the con- 
siderably weaker quadrupole radiation, The spectral lines produced 
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by the electron transitions to the K-, L-, etc. shells of the atom 
constitute the K-, L-, etc. series of the characteristic spectrum. 
The lines of each series are usually denoted by subscripts consist- 
ing of Greek letters and numbers (for example, Ko,, Kg,, La,, etc.). 
45.7.4. Moseley’s law for the characteristic frequencies of a spec- 
(rum can be written as 


yz = a(Z—9) 


and for wave numbers it is 


where R and A’ = Rydberg constant in sec~' and cm™', respect- 
ively (see 45.1.3.) 
= atomic number of the chemical element 
o = screening constant (see 45.1.9.) 
= constant depending upon the quantum num- 
bers of the shells between which the transition 
occurs, 
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45.7.5. A continuous X-ray spectrum of braking radiation (brems- 
strahlung) is limited from the side of short wavelengths by a 
certain minimum wavelength Ajnin called the continuous spectrum 
boundary. The occurrence of such a boundary is associated with 
the fact that the maximum energy hy,,,, of an X-ray quantum, 
developed at the expense of the energy F, of the electron, cannot 
exceed this energy. Thus 


E; = CP = maz 


where g, is the potential difference as a result of which the 
energy £; is transmitted to the electron. The continuous spectrum 


boundary is 
c ch ch 


Vmax eGo Ex 


A measurement of the short-wave boundary of a continuous 
X-ray spectrum enables one of the most precise values of h to be 
determined. 

45.7.6. X-ray absorption spectra, in contrast to optical spectra, 
do not contain separate absorption lines. The coefficient of absorp- 
tion (see 47.9.14.) of X-rays by a substance decreases with an 
increase in their frequency. This monotonic relationship is violated 
by jumps in the absorption coefficient (absorption edges, or jumps) 
in the frequency regions at which the energy of the X-ray quanta 
becomes sufficient to dislodge electrons from the K-, L-, M-, etc. 
shells of the atom. 

45.7.7. Upon the absorption of an X-ray quantum by an atom, 
autoionization of the excited atom may occur. This is known as the 
Auger effect and is brought about by the internal redistribution of 
the excitation energy. The Auger effect is a two-state process. 
First, upon the absorption of an X-ray quantum, the atom 
becomes excited and ejects an electron from one of the innermost 
shells (usually from the A-shell, see 45.6.4.). Then an electron from 
a higher-level shell (Z-, M- or N-shell) jumps into the vacancy. 
The difference in energy 4E is liberated, however, not in the form 
of a new X-ray quantum, but causes the ejection of an electron 
from one of the outer shells of the atom. An Auger effect, not 
accompanied by radiation, is an example of a radiationless, or 
Auger, transition. 
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The Molecule 


46.1. Ionic Molecules 


46.1.1. A molecule is the smallest stable particle of a given sub- 
stance possessing its principal chemical properties and consisting 
of like or different atoms joined together by chemical bonds 
(chemical forces). Chemical forces are based on various interactions 
of the outer electrons of atoms. 

46.1.2. A large class of molecules are known as tonic molecules. 
They consist of the ions of the chemical elements that make up the 
molecule. The total sum of the positive and negative charges of the 
ions in the molecule equals zero and therefore ionic molecules are 
electrically neutral. The forces which provide for the stability of 
molecules are mainly of an electrical nature. 

46.1.3. The formation of ionic molecules is governed by the high 
stability of the outer eight-electron s+ p-subshell in atoms (see 
45.6.9.). Atoms whose outer shell contains more than four electrons 
tend to acquire the additional electrons needed to completely fill 
an eight-electron outer shell (they are said to possess electronega- 
tivity). The especial stability of the eight-electron configuration 
can be explained by the low susceptibility of the s+ p-subshell to 
external influence when all of its eight states are filled. This is 
due to the full compensation of the orbital and spin angular mo- 
menta of the electrons (see 45.6.10.). 

46.1.4. The formation of ionic molecules is accomplished, when 
atoms approach each other, by transition of the electrons from the 
clectropositive to the electronegative atoms, thereby forming 
positive and negative ions, respectively, of these atoms. Mention 
should be made of the positive valency of an element (i.e. valency 
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with respect to hydrogen) whose maximum value equals the number 
N of outer electrons of the element. For this reason, the outer 
electrons of the atom are sometimes called valence electrons. 
Negative valency of an element (i.e. valency with respect to fluorine) 
is determined as the number of substituted atoms of fluorine or 
twice the number of substituted atoms of oxygen (negative valency 
with respect to oxygen). The maximum negative valency of an 
clement equals 8— N. 

46.1.5. The potential energy of a diatomic ionic molecule of the 
NaCl type, formed by the singly charged ions A~ and B*, is 


e? be? ene CDer «Per Der 





Vide _ £Per _ ©Per_ “Pe 





, y ype 72 r3 
Pay Pes (in Gaussian units) 
Quy Qa wat e 
where r = distance between the centres of the ions 


Pe, und p,. = dipole moments of the two ions (see 20.7.2.) 
a, and a, = polarizability of the ions (see 20.7.3.) 
b = constant. 
Upon dissociation of the molecule into ions (roo), V = 0. 
The first term at the right-hand side of the above equation takes 
into account the energy of Coulomb attraction of oppositely 
charged ions; the second term—the energy of mutual repulsion of 
the ions; the third and fourth terms—the energy of attraction 
of the free charges of the ions by dipoles with the dipole moments 
Pe and p,2, formed due to the mutual polarization of the electron 
shells of the ions; the fifth-term—interaction of the induced dipole 
moments between each other; and the sixth and seventh terms— 
energy of deformation of the quasi-elastic dipoles (quasi-elastic 
ene 
46. 1 The potential energy V of an ionic molecule reaches its 
minimum value V,y, at r= r,, which 
V corresponds to the equilibrium distance 
petwecn the ions (Fig. 46.1). 
Thus 


— _@ 78 , S(ayta2) | Aayay 
Vmin = T, [ ‘a isn? Or ] 


ae Y The quantity r, is determined from the 
condition | aN. | = 0, which denotes 





py [rate 
the condition for the minimum poten- 
tial energy of the molecule. An approxi- 


mate equation for r, (if terms with r 
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higher than 7® are neglected when p,; and p., are expanded in a 
series of powers of +) is of the form 

44+ Seely ees = ae 
Te Te Te 
46.1.7. The breaking up of a molecule into its constituent ions is 
called dissociation of the molecule. The quantity V, is related to 
the energy D, of dissociation of a molecule into two ions by the 


equation 
D, Sa Vz 


The quantity D; is related to energy D of dissociation of a mole- 
cule into neutral atoms by the equation 


D, = D+ep—-E 
where g = ionization potential of the clectropositive atom 


df = energy of affinity to the clectron of the electronega- 
tive atom. 


46.1.8. Examples of typical ionic molecules are those of the al- 
kali-haloid salts, formed by the ions of atoms from the I and 
VII groups of the periodic system: NaCl (NatCl-), RbBr, Gs], 
etc. Since ionic molecules can be formed only of the ions of atoms 
of different chemical elements, the bond of the ions in such molc- 
cules is also said to be heteropolar. 


46.2. Atomic Molecules 


46.2.1. Atomic molecules are ones whose ground state corresponds 
to the normal states (see 45.1.5.) of the neutral atoms. The 
forces ensuring stability of atomic molecules are exchange forces 
(see 45.2.7.) and are of a specifically quantum nature. They act 
between the outer clectrons of the atoms in the molecule (sce 
45.6.9.). 

16.2.2. In the simplest case of hydrogen molecules formed from 
lwo like atoms, the Schrédinger equation (see 45.2.1.) is of the 
form: 


AV + A.V + 32 (E-V)¥ = 0 


where V = —- e y (=~ +- ‘_\ 


mt TL, 1 ms) THA 
The first term in the equation for V corresponds to the Coulomb 
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interaction between the electrons of atoms I and II; the second 
term—to the Coulomb interaction between the nuclei of atoms 
I and II (it is assumed with some approximation that rou; = 
= const, i.e. the nuclei I and II are assumed to be fixed); the third 
term takes into account the Coulomb interaction of the electron 
of atom I with the nucleus of atom II and that of the electron 
of atom II with the nucleus of atom I. 

46.2.3. In the zeroth approximation for the hydrogen molecule, 
it is assumed that ry,;; =0o, i.e. the perturbations in atom | 
caused by the presence of atom II and vice versa are neglected. 
Then the Schrédinger equation breaks down into two cquations 
for the isolated hydrogen atoms. In this approximation the 
equations can be solved by a wave function of the form 


By = Wy (1) Mis (2) 


which is in conformity with the bond between cach electron and 
its own nucleus. As atoms I and II approach each other and, as 
a result of the indistinguishability of the two electrons, a wave 
function of the form Y = WY, (2) ¥,,(1) becomes valid. It conforms 
to the bond between cach of the electrons and the nucleus of the 
other clectron. The complete wave function is of the form 


Vas = Nal ¥ (1) Par (2) 4% (2) Wir (1)) 


where N4 gs is the normalization factor for which subscript «f 
and the minus sign correspond to the antisymmetric wave func- 
tion, and subscript S and the plus sign to the symmetric function. 
The wave function Y, 5, being a precise solution of the Schrédin- 
ger equation for molecules of hydrogen at large distances between 
the atoms, is considered an approximate solution for small di- 
stances r,,1,. Thus 


Pag |? = N48, of Mr (4) [P| Mar (2) P+ 1% (2) PM (1) PF 
#24, (1) Per (2) Ya (2) Yu (ty) 


and gives the electron density distribution in the molecule. The 
first two terms in the square brackets pertain to electrons lo- 
cated in the corresponding nuclei. These terms correspond to the 
electrostatic (Coulomb) portion of the energy of interaction be- 
en a atoms. The third term is the exchange energy (see also 
45.2.7.). 

The exchange interaction of electrons in a hydrogen molecule 
an be understood in the frsense that the electron of each of its 
aloms spends a certain iaction of the time at the nucleus of 
the other atom, thereby b nding the two atums into a molecule. 
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The potential energy of a hydrogen molecule is 





where § = if Wr, (1) My (1) Y% (2) Yu (2) dv, dv, 


C=e Peat. 1 '._] 
ae IF Th. Te ey 


= |¥% (1) |? |W. (2) [2 dv, dv, = Coulomb integral (see 45.2.7.) 


too 
l= iJ [- ie ¥ . 2 : - tial 


xX WA (1) Yar (2) YM (2) Mi (1) dv, dv, = exchange 
integral (see 45.2 1. ) 


rm, and vy = volumes of the electrons. 

46.2.4, Integrals C and A are negative and |'d| > |C]; integral 
 < 1. For the two signs in the equation for V 

V5. = eG <0 and V_= i4 >0 

The quantity V4 corresponds to the stable state of the hydrogen 
molecule and V— to the unstable stale. The form of the V4 
and V_ vs r curves, where r is the distance between the nuclei of 
the atoms in the molecule, is shown in Fig. 46.2. The V(r) curve 
resembles the potential curve for ionic molecules. The clectron 
density distributions (quantities ¢|¥|*), corresponding to the 
stable and unstable states of the hydrogen molecule, are illus- 
trated in Fig. 46.3. According to the Pauli principle (see 45.6.2.), 
the spins of the electrons are antiparallel in the stable state of 
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the molecule and the total spin of the two electrons S = 0. This 
state corresponds to a symmetric orbital wave function (singlet 
state). In the unstable state of the hydrogen molecule the spins 
of the electrons are parallel and the total spin of the two elec- 
trons S = 1. Here the orbital wave function is antisymmetric 
(triplet state). 

46.2.5. Both atomic and ionic bonds participate, in the general 
case, to form a molecule. In the case of ionic molecules of the 
NaCl and CsI types, the Coulomb interaction between the ions 
is of prime importance; exchange interaction between atoms plays 
the principal role for molecules such as Hg, No, Ox, ete. 

46.2.6. Chemical bonds in molecules are effected by electrons of 
the s- and p-subgroups in the shell with the highest value of the 
principal quantuin number n (see 44.4.13.). In molecules there 
is no individualization in the description of the states of the val- 
ence electrons, i.e. it is impossible to describe the state of each 
valence clectron in a molecule by means of a wave function, 
exclusively peculiar to this state and differing from the wave 
functions for other valence electrons. The valence electrons are 
in neither the s- nor the p-states, but in a mixed s-p-state which 
is described by a wave function that is a linear combination of 
functions complying with the s- and p-statcs. Such a mixed state 
is said to be hybrid. 

46.2.7. In the case of a simple chemical bond between the atoms, 
also called a sigma (a) bond, the electron density of the valence 
electrons is distributed symmetrically about a line connecting 
the nuclei of the atoms in the molecule. A sigma bond can be 
accomplished by cither the s- or p-electrons of the atoms. This 
bond is found in all molecules with saturated valencies. As a 
result of the symmetry of the sigma bond, rotation of one part 
of the molecule is possible in reference to the other part about 
an axis of rotation coinciding with the axis of symmetry of the 
bond. Unsaturated and aromatic compounds with unsaturated 
valencies have what are called pi (2) bonds. These are formed by 
p-electrons and do not possess axial symmetry. 

As a result of the mutual overlapping of the electron clouds of 
two pi electrons on the two sides of the line joining the nuclei, 
two “connectors” are formed that impart rigidity to the pi bond. 
A double bond (fur example the bond of the carbon atoms in an 
ethylene molecule H,C=CH,) consists of one sigma and one pi 
bond (Fig. 46.4). The electron cloud of a pi bond has two planes 
of symmetry passing through the line joining the nuclei. By vir- 
tue of the asymmetry in the electron density for this bond, rota- 
lion of parts of the molecule in reference lo one another is impos- 
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sible. This is manifested, for instance in cis-trans-isomerism, i.e. 
in the existence of substances of the same composition, but of 
different geometric structure. This is associated with the differ- 
ent relative arrangements of the parts of the molecule. As a 
result, there is a difference between the physicochemical proper- 
ties of such isomers. 

The properties of symmetry of electron densities, corresponding 
to the electrons which effect the pi bonds, determine the valence 
directivity. This, in turn, forms the basis of stereochemistry—the 
study of the spatial structure of chemical compounds. It has been 
established that in their geometric shape molecules may be: 
rectilinear, planar, triangular, pyramidal, tetrahedral, zigzag, 
chain, ring-shaped, etc. The spatial structure of molecules, due 
to the valence directivity, is displayed by molecules consisting 
of more than two atoms. For example, the molecule of water 
has the form of an isosceles triangle with angle 11-O-H equal to 
105°. 

46.2.8. In many cases atomic molecules are formed of like atoms. 
Ifence the binding of the atoms in such molecules is said to be 
homopolar or covalent. Homopolar molecules include H,, No», Ox, 
molecules of the hydrides (such as LiH, PdH, etc.) and metal 
horides formed of atoms of the elements from the first three 
groups of the Periodic System. 


46.3. Electronic Spectra of Molecules 


46.3.1. In accordance with the possible types of motion in a mole- 
cule (see 12.9.4.), its wave function can be approximately writ- 
ten in the form of the product of three wave functions, correspond- 
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ing to the motions of the electrons, vibrations and rotations of 
the molecules, provided that these motions are mutually: inde- 


pendent. Thus 
Y= VY, 


When '/ is substituted into the corresponding Schrédinger equa- 
tion, the latter can be broken down into three equations. The 
solution of each equation gives the energy spectrum of the cor- 
responding motion: £,, £, or £,. The total energy of the molecule 
is approximately equal to 


F=E,+E,+2£, 


In their order of magnitude F, > E,, > EF, (sce also 12.9.2. through 
12.9.4.). 

46.3.2. The electron terms of molecules do not differ in origin 
from those of isolated atoms (see 45.1.4.). The number of electron 
terms in molecules considerably exceeds their number in atoms. 
Any atom of a molecule is in the electrical field set up by its other 
atoms (intramolecular electric field). This field leads to split- 
ting of the electron levels of the atoms in the molecule analogical 
to that which occurs in atoms in an electric field. The electronic 
levels of a molecule are formed of the electronic levels of its atoms, 
split into numerous sublevels as a result of the Stark effect (see 
45.5.1.) in the intramolecular field. 

46.3.3. The energy levels of the electrons in a molecule are deter- 
mined by its electron configuration, i.e. the totality of quantum 
numbers corresponding to the states of all the electrons in the 
molecule. The basis for the systematics of these levels and spectra 
of molecules is the vector model of the molecule, which is a general- 
ization of the vector model of the atom (see 45.3.1.). 

46.3.4. In the great majority of cases, the basis for the systematics 
of the electronic levels in diatomic and linear multiatomic 
molecules is the orbital quantum number of the molecule: 


NV 
. 7 >» 4 


in which summation is carried out over all the electrons in the 
molecule. Number A determines the magnitude of the projection 
of the resultant (total) orbital angular momentum of the mole- 
cule in any direction (for instance, on its axis). The quantity 
A; determines the projection of the orbital angular momentum 
of the i-th electron on the axis of the molecule. 

Spectral terms corresponding to A = 0, 1, 2,... are denoted by 
x, IT, A, etc. Molecules have weak coupling (see 45.3.2.) and con- 
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sequently the vector of the orbital angular momentum of the 
molecule A can be expressed in the form 


m 


A Say 
k=1 


where L, pertains to the various atoms of a molecule having m 
atoms. 

46.3.5. A similar concept to be introduced is the spin quantum 
number of the molecule which determines the projection 2 of its 
resultant spin angular momentum § in a certain direction (for 
instance, on the axis of the molecule). Thus 


and 


in which the summation with respect lo V and m is carried out 
over all the electrons in the molecule. Also to be introduced is 
the inner quantum number of the molecule: 


Q=AtL 


The systematics of the electron terms of the molecule with re- 
spect to the numbers Q, A and Z'is a generalization of the system- 
atics of the electron terms of the atom with respect to the numbers 
J, L and S. The molecular term is denoted by the symbol 7>**Ag. 
At A = 0 (for 2-terms) the spin has no orientation with respect 
to the axis of the molecule and the quantum numbers 2 and Q 
become meaningless. 

46.3.6. The vector model of the molecule also accounts for its 
rotation, as a result of which the intramolecular magnetic field 
is set up. Taken into consideration in the systematics of molecular 
terms is the fact that the electric field of the molecule, causing 
the splitting of the corresponding atomic terms, is not always 
strong enough to break the L,; and S; bonds in the individual 
alums. This generalization of the systematics of molecular terms 
classifies three types of Hund terms of a diatomic molecule. 
First type. Interaction of the spin angular momenta of the atoms 
in the molecule (8,;, S,) and the interaction between various L, 
and the field (L,, 6) are large in comparison with the interactions 
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(L;, 8;), where & is the intensity of the electric intramolecular 
field, which is high. The vector combination 


Q=ALS 


corresponds to the systematics of molecular terms indicated 
in 46.3.4. and 46.3.5. Vector & is combined with the angular mo- 
mentum of the nuclei Y (rotation of the molecule without taking 
nuclear spin into account) to obtain the resultant vector 


J=2+Y 


The quantum number J complying with vector J takes integral 
values when 2 and Y are integral. 

Second type. Here interaction (L;, Y) is large compared to either 
(L;, S,) or (S,, S,). Quantum number ~ and, with it, 2 become 
meaningless. In place of them, systematics is carried out with 
respect to number K which corresponds to the vector 


K=A+Y¥ 


Combining this vector with the spin vector S$, the resultant 
angular momentum vector of the molecule is obtained. Thus 


J=K+S 


At sufficiently large quantum numbers A, the quantum number 
G6 =+8, +(S—1), ..., is introduced. It corresponds to the pro- 
jection of the spin of the atoms on the axis of the molecule. Upon 
more intensive rotation of the nuclei (increase in K) the second 
type is converted into the first type. 

Third type. Were the spin-orbit interaction (L;, S,;) of separate 
atoms is large compared to all the other interactions. This occurs 
in a weak electric field and corresponds to strong coupling in the 
atom (see 45.3.3.). Vector J;, the total angular momentum of 
the atom, and the number 2 which determines the projection 
J; on the axis of the molecule acquire definite meanings, while 
numbers A and 2 cease to be applicable. The combination of 
vectors 8 and Y gives the resultant vector 


J=2+Y 


Vector diagrams of the three types of the Hund terms of the mole- 
cule are shown in Fig. 46.5. 

46.3.7. Electron terms, corresponding to a given pair, consisting 
of the initial and final levels of a transition (their number is de- 
termined by the number of possible combinations L; for the 
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§ 
Type 1 Type 2 Type 8 


ia A465 


individual atoms providing the given lotal number A), are said 
to be positive if their respective wave function is symmetrical 
"(W,.), and negative if the function is antisymmetrical (W_). In 
accordance with the magnitude of the sum of orbital quantum 
numbers yh for each of the atomic terms from which the molec- 
ular terms originate, the latter are said to be even (denoted by 
the symbol {Z}g) at 1°, = 2n, and odd (denoted by the symbol 
{L},) at YU, = 2n+4, where n is a whole number. The splitting 
of terms into positive and negalive components corresponds to 
two-fold degeneracy of the respective levels. Upon rotation of 
the molecule, the intramolecular magnetic field climinates this 
degeneracy and the total number of terms with A = 9 is doubled 
(so-called lambda doubling). Degeneracy is also eliminated in 
molecules formed from different isotopes of the same atom, for 
instance in the molecules HD, O'0!8, Cl5C18’, etc. In the case of 
electronic molecular terms, originating from the same atomic 
terms of like atoms, no lambda doubling of the number of terms 
occurs. 

46.3.8. Selection rules, analogical to those for atomic spectra 
(see 45.1.10), exist for the electron spectra of molecules: 


AA = 0, F4 
On the basis of these rules, only the term combinations 2 + 2, 
IT + TT, ... are permissible, as well as 2’ + 7, IT «+ A, ..., and 
AL = (0) 


811 


Atomic and Nuclear Physics Vi. 


i.e. only the term combinations with the same total spin numbers 
are permissible, and also 


AQ = 0, +1 


Besides these rules, there is also the intercombination exclusion 
rule (see 45.3.5.): 


AS = 0 


in accordance with which combinations between terms of 
different multiplicity are forbidden (this forbidding is strictly 
fulfilled only with a low total charge of the nuclei). Still another 
selection rule is associated with the symmetry of the molecular 
terms. It states that only combinations of positive and negative 
terms, and of even and odd terms are permitted. 


46.4. Vibrational Spectra of Molecules 


46.4.1. When the atoms in a molecule are displaced from their 
equilibrium positions, they may begin to vibrate about their 
position of equilibrium (intramolecular vibration). The vibration of 
atoms in a molecule can be dealt with within the scope of analytical 
mechanics (see 6.3.1.). In quantum mechanics, intramolecular 
vibration is considered to be the cause of the vibrational spectra 
of molecules. Frequently, the vibrating atoms in the molecule 
are treated as anharmonic oscillators (see 6.1.10.). 

46.4.2. In, the simplest case of a diatomic molecule its potential 
energy can be written by means of the Lennard-Jones potential: 


V(r) = (- ce) 


where a and 6 are constants, or by means of the Morse potential, 
or function: 


V(o) = D(A =e fy 


where 9 = """ = relative displacement of atoms from their 
equilibrium positions 
a = constant 
r, = equilibrium distance between atoms, corresponding 
to minimum V(r) 
D = V(oo) — V(0) = energy of dissociation of the molecule 
into atoms (see 46.1.7.). 
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The Schrédinger equation for the vibration of the molecule is 


Pw &n® 
“get ae [Ey— V(g)l¥ = 0 


where J, = moment of inertia of the molecule in the equilibrium 
state (see 46.5.2.) 
FE, = vibrational energy of the molecule. 


46.4.8. For small vibrations of the molecule, V(o) ~ Da?o? and 
the Schrédinger equation is reduced to the equation for a harmonic 
oscillator (see 44.4.2.). The vibrational energy spectrum is 


E, = ho(v+ s) 


where » = on V2 = natural frequency of vibration of the 
* e 
oscillator 
v = 0,1, 2,3,... = vibrational quantum number. 


The selection rule for this quantum number is 


Av = +1 
The quantity 


Ey = + hy 


is called zero-point vibrational energy (see 44.4.3.). The vibrational 
energy levels of the molecules being considered are at equal 
distances from one another. 

46.4.4. In the case of anharmonic vibrations of a diatomic molecule, 
its vibrational energy spectrum is 


E, = hr(o + + ) - hav(v + +) BBR NIH YI 
I : 
where x7 = En <1 and is called 


the anharmonicity constant. The 
vibrational energy spectrum of a 
diatomic molecule is shown in 
Fig. 46.6. The distance between 
adjacent energy levels is 


AE = hyv—2(v-+- l)rhr 
It decreases with an increase in pv. 


In this case, no selection rule for 
v exists. The intensity of the FI0,46.6 
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spectral lines is rapidly reduced with an increase in Av, The energy 
levels coincide at the boundary AH =: 0, for whieh 


—1 


Oman 7 Qxr 


and 
Bs 


7 
Pinax ae 


et --a?) = D(1—.2?) 
Since a? «1, F,,,, can be written, with some approximation, as 


; h 
Piva = ae =D 


i.e. the maximum vibrational energy of a molecule is equal to its 
dissociation energy. 

46.4.5. If the various spatial positions of the atoms in the molecule 
are separated by potential barriers then the internal rotation of 
the molecule (see 46.5.1.) is completely braked and only its tor- 
sional oscillations (see 6.2.5, xample 5) are possible. The energy 
spectrum for small amplitudes of vibration of symmetrical mole- 
ecules (CQIT,, C1, ele.) is expressed by the formula in 46.4.3, 


in which 
p= LVVB 


where V, = height of the potential barrier separating the equi- 
librium configurations of the atoms in the molecule 
n = number of identical minima V 
B = rotational constant (see 12.9.7.). 


46.5. Rotational Spectra of Molecules 


46.5.1. There are two main kinds of rotation of molecules: rotation 
of the molecule as a whole about a certain direction or point, and 
rotation of certain parts of the molecule in reference to other 
parts. The latter is called internal rotation. The existence of inter- 
nal rotation is the consequence of rotational isomerism and a 
number of other physicochemical properties of molecules with 
sigma bonds (see 46.2.7.) 

46.5.2. The character of the rotation of a molecule as a whole is 
determined by the spatial arrangement of the atoms in it, i.e. 
by the shape of the molecule, which can be specified, like that of a 
solid, by three principal moments of inertia (see 4.2.4.) with respect 
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to the three principal axes of the molecule (see 4.2.4.). Thus 
I, = Y) mart (i = 4, 2, 3) 


where m, = mass of the k-th atom in the molecule 
7, = distance of the k-th atom from the corresponding 
principal axis. 


The principal axes of symmetrical molecules coincide with their 
axes of symmetry, and the plane of symmetry is always perpendic- 
ular to one of the principal axes. If all the J; of the molecule are 
equal to one another it is said to be a spherical top. If two moments 
of inertia, with respect to principal axes perpendicular to the 
axis of the molecule, are equal to each other, the molecule is said 
to be a symmetric top. If all three J; are different, the molecule is 
said to be an asymmetric top. The first kind includes the molecules 
of P,, CH,, CCl,, etc., the second kind includes NH;, PCl;, BCl,, 
etc. and the third H,0, etc. 
46.5.3. Internal rotation of the molecule is usually hindered by 
the presence of a potential barrier between various positions of 
equilibrium in rotation, corresponding to a definite symmetry 
of the molecule. In cases when this rotation is practically impos- 
sible, only twisting of the molecule, accompanied by torsional 
oscillation (gee 6.2.5., Example 5) is feasible. If the energy of the 
torsional oscillations is sufficiently high, the molecule may pass 
over to a neighbouring equilibrium state by overcoming the 
potential barrier. 
46.5.4. Assuming that the distances between the nuclei of the 
atoms in a molecule are constant and equal to the equilibrium 
value r,, the energy spectrum of rotation of a diatomic molecule 
as a whole is found by solving the Schrédinger equation for a rigid 
rotator (see 44.4.8.): 
he 
E, = “Gntl, J(J4+1) = hBJ(J+1) 
where J, = Mr? = moment of inertia of the molecule 
B = rotational constant of the molecule (see 12.9.7.) 
J = rotational quantum number. 


The energy spectrum of rotation of a spherical top molecule is of 
the same form. The projection of the resultant angular momentum 
vector J on the given direction of rotation of the molecule is 
determined by the quantum number 


M, = £3, 4(J—1),...,0 
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which can take 2J +4 values. If J is projected on the direction of 
the magnetic field, then M, is, in essence, the magnetic quantum 
number (see £5.4.7.). The number J obeys the selection rule 


AJ =0,+1 atAxo 
AJ =+1 at A=0 


The extension, or stretching, of the molecule (nonrigidity of the 
rotator) upon its rotation, if taken into consideration, modifies the 
rotational energy spectrum of the molecule. Thus 


E, = hBJ(J-+1)+hD, JJ +4)? 


where D, « B is a constant characterizing the nonrigidity of the 
rotator. 

46.5.5. Rotation of the molecule sets up an intramolecular magnetic 
field in which the degenerate spectral terms, corresponding 
to the values +A, are split into two terms, one positive and the 
other negative. Degeneracy is eliminated only at A > 0 (there is 
no degeneracy at A = 0) and is called lambda doubling (see 
46.3.7.). 

46.5.6. Wave functions characterizing the rotational state, which 
corresponds to the given electron state in the molecule, are written 
in the form ¥ = Y,¥,, where ¥, is the electron wave function 
and ¥, is the rotational wave function of the pertinent kind. 
Each of the functions ¥, and ¥, can be either positive or negative 
depending on whether the sign of function W, is reversed upon 
changing the sign of the coordinates of all the electrons and nuclei, 
and whether the sign of Y, is reversed upon changing the signs 
of the coordinates of the nuclei alone. Functions ¥,, correspond- 
ing to even values of J, are positive; those corresponding to odd 
values are negative. With a positive electron wave function ¥,,, 
all rotational spectral terms with even J values are positive. Thus 


Py = Pe Po, Mero, Por Pa,---, Per Pon 
Terms corresponding to odd J values are negative. Thus 
i= Y4 Pi, V4 Ws, wee SS. Po Pong. 


For the negative electron wave function Y, even J values 
correspond to negative rotational terms: 


Yo= + se Wo, Y,- Y2, SE | pif Pons 
and odd J values, to positive rotational terms: 
Ye = Muy, By, WW, Wena 
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lor a given value of ¥,, the positiveness or negativeness of the 
term depends upon the symmetry of ¥,. In molecules consisting 
of like atoms, distinction is made between symmetric (s) terms, 
to which all the positive and even, as well as the negative and 
odd spectral terms belong; and antisymmetric (a) terms which 
include all the negative and even, as well as the positive and odd 
terms. Only positive terms can be combined with negative ones 
(see 46.3.8.), and only symmetric or only antisymmetric terms 
can be combined. Because of the impossibility of combining the 
rotational spectral terms in molecules consisting of identical 
nuclei, monoisotopic molecules of the X, type have no rotational 
spectra. 

46.5.7. By virtue of the forbidding of combinations of symmetric 
and antisymmetric spectral terms, the rotational terms of mole- 
cules with identical nuclei are divided into two mutually noncomb- 
ining groups. If nuclear spin and the symmetry properties of the 
complete wave function of the molecule (see 46.2.3.) are taken into 
account, the terms may be classified into two systems, one of 
which corresponds to the even and the other to the odd values 
of the rotational quantum number J. The quantity 2/+1 deter- 
mines the statistical weight of the given rotational state (see 44.5.9.) 
and, consequently, the intensity of the spectral lines (see 44.5.12., 
44.5.13.). Because of this the lines belonging to each of the systems 
of terms have different intensities (alternation of intensities). 
Terms with a larger 2J +1 value are called orthoterms; those with 
a lesser value are called paraterms. For example, in the case of 
the H, molecule, paraterms with J = 0 are symmetric and ortho- 
terms with J = 1 are antisymmetric. The ratio of the spectral 
line intensities of orthohydrogen and parahydrogen is 


Wort! og 
QWparatl aaa 





46.5.8. In the general case the distribution of intensities between 
the individual lines of a rotational spectrum is associated with 
the distribution of the molecules among the rotational states. 
The latter distribution is characterized by quantum numbers J. 
If this is a Boltzmann distribution (see 12.5.1.) then 





Bard hae 
N(J) N (2J + De = [ 
~ ae hBI(J+1) 
uk a ee 
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where N(J) = number of molecules in the J-th rotational state 
N = total number of molecules. 
46.5.9. The energy spectrum of a symmetric-lop molecule is 


hoge Ai Ag A \2 
Hi, = hBJ(J +1) +h(A- B)KP+h 2 (iy — hy =) 
4 h h h , -_ h 
Where: 2t = gay Paar Ae aaa Ae aaa 
Z\, = moment of inertia of the molecule with respect to 
its axis 
ISP and J{?? = moments of inertia with respect to the axis of the 
molecule of the portions of the molecule rotating 
with reference to each other 
J, = moment of inertia with respect to axes perpen- 
dicular to the molecule’s axis 
J, K,k,andk,= rotational quantum numbers. 
These rotational quantum numbers can take the following values: 


J=K, K+1, K+2,...; K=0,1,2,...; 
kg =+K; ky=0, +1, +2,... 


The first two terms at the right-hand side of the cqualion refer 
to rotation of the molecule as a whole and the third refers to 
internal rotation of the molecule (see also 46.5.3.). 


46.6. Electron-Vibrational Spectra of Molecules 


46.6.1. Electron-vibrational spectra of the molecule are associated 
with electron transitions in atoms of the molecule which (atoms) 
vibrate about their equilibrium positions. The superposition of 
the vibrational spectrum on the electron spectrum is manifested 
in the fact that each line of electron transition corresponds to a 
series of vibrational lines forming a band. 

46.6.2. Neglecting the rotational frequencies, the Deslandres 
formula is valid for the zero line (see 46.6.3.) of the band for the 
vibrational structure of the electron spectrum of diatomic mole- 
cules. Thus 


na = vty (vt)—ve(v +t) ofort)tm(o4 4) 
where the primed values refer to the upper level of the transition, 
and quantitics » and x are determined from the formulas in 46.4.3. 
and 46.4.4. 

46.6.3. The bands described by the Deslandres formula are broken 
down into transverse and longitudinal series of bands. Frequencies 
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of the spectrum corresponding to » = const. (i. ¢. to a fixed lower 
level of the transition) form the Deslandres transverse series. Such 
frequencies are typical of the absorption spectra of molecules. 
Frequencies corresponding to v’ = const (fixed upper level of the 
transition) form the Deslandres longitudinal series which is typical 
of emission spectra of molecules. A characteristic constant of 
each series of bands is the zero line of the band, which corresponds 
to the transition v = 0 + v’ = 0, also called the zero band. The 
frequency of the zero line in the zero band does not coincide with 
frequency », due to the existence of zero vibrational energy of 
the molecule (see 46.4.3.). 

46.6.4. In electron-vibrational spectra, bands corresponding to 
different values Av = v’—v have a comparable intensity in a 
wide range Av. This is due to the fact that the probability of 
transitions in the electron spectra is determined by the change 
in the electron configuration of the molecule—the so-called 
transition moment of the molecule. In the case of an allowed electron 
transition, any values of Av are feasible. Electron transitions in 
molecules are accomplished so rapidly that neither the distance 
between the nuclei in the molecule nor their momenta have the 
opportunity of substantially changing during the transition time. 
Kilectron transitions take place at a practically constant distance 
between the nuclei. Such steadiness of the external conditions 
during a transition corresponds to its higher probability and, 
consequently, to higher intensity of the pertinent spectral lines 
(Franck-Condon principle). 

46.6.5. The difference in the frequencies of natural vibrations 
und the anharmonicity constants (see 46.4.4.) of molecules of 
isotopes is the cause of the vibrational isotopic effect in the clectron- 
vibrational spectra of molecules. The difference in the moments 
of inertia of isotopic molecules leads to the rotational isotopic effect. 
lor the zero band of an electron-vibrational spectrum, the isotopic 
vibrational spectral line displacement equals 


«by = (y-‘) [or(w’ + +) = v(v ++) 
—(y?-1) [va’(v’ +: ; y = vae(v + ; J 
where oy = Vy“ 


wand ye =: reduced masses of the molecules of two isotopic 
compositions 
fg Ma. 
rae m,+Me 
ni, and mg = masses of the two atoms in a diatomic molecule. 
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The quantity z has the value given in 46.4.4. The expression for » 
includes the moment of inertia / = «R*, where R is the reduced 
radius of the molecule. 


46.7. Rotational- Vibrational Spectra of Molecules 


46.7.1. Rotational-vibrational spectra of molecules are formed upon 
a change in their vibrational state which change almost always 
is accompanied by a change in their rotational state. In their 
order of magnitude the frequencies of the vibrational spectrum are 
hundreds and thousands of times greater than the frequencies of 
a rotational spectrum. As a result of the superposition of the low 
rotational frequencies on the vibrational frequencies, the lines of 
the vibrational spectrum are converted into bands representing 
groups of vibrational lines. This leads to the line-band structure 
of the rotational-vibrational spectrum. Since E, > E,, the rota- 
tion of the molecule has practically no effect on a spectrum cor- 
responding to electron transitions. 

46.7.2. Neglecting the interaction of vibration and rotation, and 
taking into account the invariability of the electron energy of the 
molecule, the frequency »,, of the rotational-vibrational spectrum 
will be 

Ey~ Ey 


Ey-E 
ie Gn 
u 


Ven = y+ Y, = h 





in which the primed quantities are the upper energy states in each 
transition. 

46.7.3. Upon superposing the rotational-vibrational spectrum on 
the electron spectrum, and taking into account the anharmonicity 
of the oscillator (see 46.4.4.) and the nonrigidity of the rotator 
(see 46.5.4.), the frequencies 1,,. of the spectrum of a diatomic 
molecule equal 


Ve = Met [rot 5 )—rr(ot 5 P| ALB. I(T 4A) + DIT 44) 
where B, = B-a,(v+ ‘ )ty(ot : y 
D, = D,+ B(o+-5 ) 


a., 6. and y, = empirical constants corresponding to the equilib- 
rium state of the molecule. 


The remaining notation is given in 46.4.3. and 46.5.4. In the 
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preceding equation for »,,,, 7 « 1and D, « B, so that. the second 
terms in the square brackets are appreciable only at high values 
of v and J. 
46.7.4. The vibrational (band) structure of the rotational-vibration- 
al spectrum of diatomic molecules is characterized by the 
frequencies 

Vey = V(1 —2) (v’ —v) — v2x(v’? — v?) 


where v’—v = Av is the difference between the vibrational quan- 
tum numbers of the upper and lower levels of the transition, The 
structure has the appearance of a series of lines. The number of the 
series is determined by the value of v for the initial level. The lines 
of each series coincide at the boundary frequency »,, (Uj¢,), COP- 
responding to dissociation of the molecule (see 46.1.7.). The spectral 
line intensity drops rapidly with an increase in Av. 

46.7.5. The rotational structure of the rotational-vibrational 
spectrum is characterized by the frequency 


WD) = vi) + Bld’ (J'+41)-J(J +1)] 
which is derived from the expression for the rotational energy: 
FE, = WB, J(J+1)—-D, F?(J41)?] 
under the assumption of rigidity of the molecule (D, = 0) and 
with the substitution B, = By. According to the selection rule 


AJ = 0, +1 (see 46.5.4.) for molecules whose normal state is 
the 2-state, the following groups of lines are obtained: 


J = F441, 41 = y+ 2Bo(J +1) ... positive group or R-branch 
band; 
Ji = J-1,9_y =» 4+2BoJ ... negative group or P-branch band. 


The lines of this branch begin with J = 1. The R- and P-branches 
of the given band form a series of equally spaced lines with the 
missing line v,, called the zero line of the band. The distance 
between adjacent lines is Ar = 2Bo. 


46.8. Combination Scattering Spectra of Molecules 


46.8.1. Certain lines of displaced frequency may be observed in 
the spectrum of light scattered by some liquid or solid, in addition 
to lines of the frequencies of radiation of the light source. This is 
known as the combination, or Raman, scattering effect. The spectral 
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lines corresponding to », = m— are called Stokes lines; lines 
with », = +7 are called antt-Stokes lines, where 7, is the initial 
frequency of the light. Lines », and », form the combination 
scattering, or Raman, spectrum of the molecule. 

46.8.2. The simplest explanation for the appearance of combina- 
tion scattering reduces to the following two schemes of interaction 
between a quantum and the scattering molecule: 


hrg + (1) > hy, t+ E(2) 
hyo | (2) > hy, 4+ (1) 


where £(1) and £(2) are the energies of the vibrational states of 
the molecule, with #(1) < E(2). In the first case, the molecule 
goes into a higher vibrational energy state, at the expense of the 
energy hv, of the incident photon, and a scattered photon of lower 
frequency », is produced. In the second case, the interaction 
between the quantum and the excited molecule leads to the 
appearance of a seattered photon of higher frequency »,, which 
equals 

cane a 
and the molecule goes into a lower vibrational state. 
46.8.3. Vibrational, rotational, and also rotational-vibrational 
spectra are observed for combination scattering. Besides these, 
there may be a combination scattering spectrum in which the 
difference in frequencies constitutes the electron excitation energy 
of the molecule. In contrast to ordinary spectra, in combination 
scattering spectra the selection rules may not be complied with 
and are replaced by new rules. Thus combination lines violating 
the exclusion A’ = 0 are sometimes observed in electron spectra; 
and the selection rule AJ = 0, +2 becomes valid for rotational 
spectra. 


46.9. Continuous and Diffuse Spectra of Molecules 


46.9.1. Truly continuous spectra of molecules are characterized by 
the fact that they cannot be divided into separate lines or bands 
(see 46.6.1.) even if the spectroscopic instrument is of high resolv- 
ing power. Continuous spectra of molecules are associated with the 
transition of the molecule from the discrete state with E < 0 to 
the continuous state with E > 0. This transition corresponds to 
either ionization of the molecule or to its dissociation into ions or 
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neutral atoms. Dissociation of the molecule may be caused by an 
increase in its vibrational energy to such an extent at which vibra- 
tional transitions in it will correspond to the quantum numbers 
VD = Vyax (See 46.4.3.). As a result of such transitions the molecule, 
after having gone over to an unstable excited state, no longer 
returns to the initial state, but dissociates. Dissociation of a 
molecule may also be due to a collision with a sufficiently fast 
particle (for instance, a neutron), or else to its absorption of a 
Se pa of radiation of sufficiently high energy (photodissocia- 
tion). 
46.9.2. A continuous spectrum can also be formed by heating the 
substance. This imparts higher velocities of motion to the mole- 
cules. The ensuing Doppler broadening of the frequencies of the 
spectral lines (see 40.2.7.) leads to the overlapping of lines and 
even to the confluence of individual lines into bands. Another 
reason for the conversion of the discrete spectrum of the molecule 
into a continuous spectrum is the collisional broadening of the lines 
(see 40.2.8.), manifested mainly in rotational spectra and caused 
by a substantial reduction of the life of the molecule in the excited 
state and the consequent broadening of the spectral lines. As a 
result of collision broadening, the rotational lines in a band may 
overlap to an extent at which the rotational structure of the band 
disappears. At still higher pressures and temperatures of the sub- 
stance, collisional broadening may lead to the overlapping of 
individual bands. 
46.9.3. Diffuse spectra of molecules are characterized by blurring of 
the bands caused by extensive broadening of the rotational lines 
even at ordinary pressures and temperatures. The life of the 
molecule in the excited state, corresponding to this broadening, is 
one or two orders of magnitude less than the period of rotation of 
the molecule. As a result, the quantum nature of the rotation 
vanishes and, with it, the discrete rotational structure of the 
spectral bands. This phenomenon is caused by the so-called pre- 
dissociation of the molecule. Predissociation differs from disso- 
ciation in that the latter takes place directly from a discrete stable 
to an unstable state of the molecule, characterized by the portion 
of the potential energy curve (see Fig. 46.1) corresponding to 
repulsion of the atoms in the molecule. Predissociation, on the 
other hand, appears from an excited state of the molecule and 
takes place in two stages. First the molecule goes from the normal 
to the excited state, and then its transition is not back to the 
normal state but to an unstable one. 

The probabilities of the transition of the molecule to the normal 
state with the emission of a quantuin of radiation and of a pre- 
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dissociative transition to an unstable state determine the life of the 
molecule in the excited state. If there is a greater probability of a 
radiationless transition, the life in the excited state turns out to 
be short and the corresponding breadth of the spectral lines to be 
large. 


46.10. Molecular Spectroscopy 


46.10.1. A study of electron spectra yields information of the same: 
nature as the study of atomic spectra. Additional data that can be 
obtained concern the electron levels in the molecule, the distribu- 
tion of electron density in molecules and the nature of chemical 
bonds. Of special interest in the research on molecular structure is 
the study of vibrational and rotational spectra of molecules. 
46.10.2. The vibrational and rotational spectra of molecules pro- 
vide data on the spatial arrangement of the atoms in the molecules, 
on their possible equilibrium configurations, and on the distribu- 
tion of the molecules among these configurations. A knowledge 
of the shape of molecules enables the nature of valence bonds in 
them to be understood. This, in turn, permits the reactivity of the 
molecules to be determined. Rotational spectra are usually in the 
infrared region, and their detection and study require special 
techniques of infrared spectroscopy. 

46.10.3. Because of its simplicity, spectroscopy of combination 
scattering has many advantages over infrared spectroscopy. Data 
determined from combination (Raman) spectra include: frequen- 
cies of natural vibrations of the molecules (from vibrational 
spectra), moments of inertia and shape of the molecules (from 
rotational spectra) and the structural changes that the molecules 
undergo upon changes in the state of aggregation of the substance. 
46.10.4. A new field of molecular spectroscopy—radiospectroscopy 
or microwave spectroscopy—is based on the Zeeman effect (see 
45.4.1.), ic. on the splitting of spectral lines in an external magnetic 
field. In contrast to optical spectroscopy, microwave spectroscopy 
does not study spectral lines that are due to transitions from some 
level to the sublevel of another level. It studies spectral lines caus- 
ed by transitions between the sublevels themselves. The frequen- 
cies of these spectral lines (see 45.4.4.) are usually within the range 
of ultrashort radio waves (from tens of MHz). The special pattern 
in the microwave spectra of molecules is much simpler than in 
optical spectra. This is essential in the analysis of complex molec- 
ular spectra which frequently consist of many thousands of lines in 
the optical range. This feature, along with the especially high 
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sensitivity of microwave spectroscopic techniques, many times 
higher than that of optical methods, ensures important advan- 
tages in molecular spectrum research. 


46.11, Ionization of Atoms and Molecules 


46.11.1. Ionization, ic. the detachment of electrons from atoms or 
molecules, may be due to various causes. Thermal tonization is 
caused by the increase in the energy of thermal motion of the atoms 
or molecules. It takes place when a substance is heated and is the 
result of collisions of atoms or molecules possessing sufficient 
energy. Ionization by electron or ion impact (collision ionization) 
usually occurs in strong electric fields in which the ions or electrons 
acquire energy sufficient for ionization, for example, in a gas 
discharge (see 22.5.5.). This type also includes ionization caused 
by corpuscular radiation (alpha particles, protons, deuterons, 
etc.) Photoionization is caused by the absorption of quanta of 
electromagnetic radiation of sufficiently high energy by the atoms 
and molecules. 

46.11.2. The ionization energy of an atom depends on the magni- 
tude of the charge of its nucleus and from which shell the electron 
is dislodged. This energy increases with approximately the square 
of the atomic number Z and decreases with an increase in the shell 
number n. Numerically the ionization energy equals the binding 
energy of the electron in the atom at the given level (see 45.1.5.). 
46.11.3. In thermal ionization, most often observed in flames, the 
collisions of atoms or molecules convert the kinetic energy of their 
relative motion into the work of ionization. Thus 


where g is the ionization potential (see 22.5.3.). The degree of 
ionization a, equal to the ratio of the partial pressure (see 8.2.2.) 
of the gas of ions to the sum of the pressures of the gas of ions and 
the gas of neutral atoms, is determined for conditions of thermo- 
dynamic equilibrium in flames by the Saha equation for the ioniza- 
tion equilibrium constant K, (see 10.10.6. and 10.10.7.). Thus 


az Qam \3 —eglk 
Kea yeaa (ay ete 
where p = gas pressure 
m = mass of the electron 
y = ionization potential 
k = Boltzmann’s constant (see 8.1.4.) 
T = absolute temperature. 


825 


Atomic and Nuclear Physics VI. 


The Saha equation is only approximate since it does not take into 
account the distribution of the electrons among the various states 
in the atoms of the gas, as well as the processes in which atoms are 
enon without ionization and radiationless transitions (see 
45.7.7.). 

46.11.4. In the case of molecules, dissociative ionization may also 
occur along with the ionization of the atoms. Dissociative ioniza- 
tion entails dissociation of the molecule and simultaneous ioniza- 
tion of its fragments, and occurs mainly in polyatomic molecules. 
The ions produced in this process may unite with the neutral 
atoms or molecules to form complex ions. The degree of ioniza- 
tion, for a given energy of ionizing particles, is related to the 
distribution of atoms and molecules among the energy states. 
46.11.5. Photoionization occurs at energies of the photons which 
are equal to or exceed the ionization energy. Thus 


= hy = Me = ep 


where » = ionization potential 
v = frequency of the photon. 
The threshold of photoionization is 


ep 


Yo 
Photoionization with hard (gamma or X-ray) photons involves 
the detachment of electrons from the innermost electron shells of 
atoms; photoionization with optical photons concerns the detach- 
ment of the outer, valence electrons. Another possibility is the 


process of photoneutralization of negative ions which involves the 
detachment of the outer, excess electrons from them. 


CHAPTER 47* 


The Atomic Nucleus 


47.1. Composition and Size of Atomic Nuclet 


47.1.1. All atomic nuclei are made up of elementary particles 
(see 49.1.1.) called protons and neutrons. A proton has a positive 
charge of the same magnitude as that of an electron, a neutron is 
electrically neutral. The proton and the neutron are considered to 
be two different charge states (see 49.1.11.) of the same particle 
which is called a nucleon. 

47.1.2. The number of protons in a nucleus is called the charge Z of 
the given nucleus, or the charge number. It is equal to the atomic 
number of the corresponding chemical element in Mendeleev’s 
Periodic System of elements (see 45.6.4.). Up to date, nuclei are 
known with Z from 1 (hydrogen) to Z = 104 (kurchatovium). The 
last element was discovered at the Joint Institute for Nuclear Rese- 
arch in Dubna (USSR) in the summer of 1964. The number of neut- 
rons in a nucleus is denoted by NV. For all nuclei N = Z (with the 
exception of ,H!, ,He? and other recently discovered neutron- 
deficient nuclei). For light nuclei the ratio 3 = 1; for the nuclei 
of elements at the end of the Periodic System zal = 1.6. 


47.1.3. The total number of nucleons in a nucleus A = N+Z is 
called the mass number of the nucleus. Nuclei having the same 
nuclear charge Z but different mass numbers A (i.e. with different 
numbers of neutrons JN) are called isotopes. Nuclei having the same 
mass number A but different nuclear charges Z are called isobars. 
A specific nucleus with given mass number A and charge Z is 


* All equations in this chapter are in Gaussian units. 
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sometimes called a nuclide. The general symbol for designating a 
nucleus is ,X4 or X7, where X is the symbol of the chemical 
element corresponding to the given charge Z. 

47.1.4. Up to the present time about 300 stable and over a 1000 
unstable (radioactive) isotopes have been discovered. Stable isobars 
occur mostly in pairs. No stable isobars are found ainong the light 
nuclei. With the exception of A = 113 and A = 128, all stable 
isobaric pairs have even A, Z and N numbers and the charge 
number Z differs by two units for the members of any pair. 

All mu all 59 stable isobaric pairs and 5 isobaric triads have been 
found. 


Stable Isobaric Pairs 



































: | 
1 
A Pair A | Pair A | Pair 
! | 
i (| 
36 1S ig AL 104 aa Ru ggPd 152 a2Sm gaGal 
40 wAL 2a 106 ag Pd agCd 154 e2sin gaGd 
46 2oCa »9Ti ) 108 ae Pd ggCd 156 oiGd ggDy 
48 20Ca ae Ti 110 ag Pd ag Cd 158 (id 66 Dy 
54 osCr og ke 112 gC g95n 160 eid gaDy 
58 o6Fe ogNi 113 seCU agln 162 eeDy eakr 
64 ogNi 30Zn 114 asCd 595n 164 es Dy gsr 
70 30ZN 32Ge 116 asCd 595 168 eskir wYb 
7h wGe Se 1120] — goSn ee 170|  geEr ye¥b 
76 32Ge 33Se | 122 soon 52 Te 174 2 Yb 2H 
78 ae aakr 123 sisb sole 176 2wYb ell 
80 Se agkKr 126 szTe 54Xe 180 all 7aW 
82 giS¢ aakr 128 s2Te 54Xe 184 aW 60s 
BA ao KKr agSr 132 54 X€ 5gBa 186 aW 20S 
86 ag KY ggSr 134 5a Xe seBa 190 70S Pt 
92 40oZY 4oMo 138 s6Ba sale 192 70OS 7ePb 
94 a0Zr 42Mo 142 ssCe goNd 196 wat soll 
98 a2Mo qaRu 144 eoNd g2Sin 198 waPl sollg 
100 a2Mo qaRu 148 soNd g2Sm 204 sollg g2Ph 
102 as Ru agPd 150 co Nd g25m 
Isobaric Triads 
| 1 
A | Triad | A | Triad 
50 | weTiegV oar | 130 s2le 5: XC sgBa 
96 1020 42Mo agRu | 136 5aX€ seBa gale 
124 BsuSN seTe sy XC | 
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47.1.5. Nuclei consisting of an even (odd) number of protons and 
even (odd) number of neutrons are said to be even-even (odd-odd). 
Nuclei consisting of an even (odd) number of protons and an odd 
(even) number of neutrons are said to be even-odd (odd-even). 
47.1.6. A nucleus has no clearly defined boundary. Hence the 
nuclear radius has only an arbitrary meaning. The empirical 
formula for the nuclear radius is 


R=R,A* 


where Ry = (1.3 to 1.7) x 10-8 cm. 

The volume of the nucleus is proportional to the number of nu- 
clcons it consists of. The density of matter is constant for all nuclei. 
It is of the order of magnitude 6 ~ 10!4 g per cm? = 10* metric 
tons per cm*. The supposition that the nucleus is spherical is not 
always true (see 47.3.5.). 


47.2. Nuclear Binding Energy. Nuclear Forces 


47.2.1. The nuclear binding energy AE,(-1, Z) (binding energy of 
the nucleons in the nucleus) is the difference between the energy 
of the protons and neutrons in the nucleus and their energy in the 
free state. Thus 


ME, (A, Z) = {Marue ov [2M,,+ (4 —Z)M,)}e 
where M,,,.- = mass of the nucleus 


p = mass of the proton 
M, mass of the neutron. 
If AE, is expressed in McV, and M, and M,, in atomic mass units 
(see App. 1.6.1.) then 


AE ,(A, Z) = 934.141{M ye —[1.0075957Z + 1.008982( 1 —Z)} 


or 
AE,(A, Z) = 931.141{M —[1.0081445Z 4 1.008982(4 —Z)} 


where AZ is the mass of the atom. The nuclear binding energy is 
negative and equal in magnitude to the work that would be requir- 
ed to take the nucleus completely apart into its individual consti- 
tuents. Very often the nuclear binding energy is understood to be 
the positive quantity — 4Ez. 

Iixpressed by the mass of a neutral atom, the nuclear binding 
energy is 

AL, = {My (A, Z)-|ZMy tb (AL -Z)M, Je 


where My is the mass of the hydrogen atom ,H!. 
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The average nuclear binding energy is the quantity at equal 
to the average binding energy per nuclcon. 
47.2.2. The mass defect* is the difference between the mass of an 
atom, measured in atomic mass units (amu), and the mass 
number A. Thus 

4=M-A 


The experimentally observed relalionship A(A) is satisfactorily 
described by the equation 
A = [0.01(4 —100)?— 64] 1073 amu 
The packing fraction 
AM 


ee = cd 


is the “specific” mass defect (per nucleon). ‘The dependence of the 
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average binding energy, mass defect and the packing fraction 
on the mass number A of the nucleus is given in Fig. 47.1. 
47.2.3. The magnitude of the binding energy of a nucleus deter- 
mines its stability against disintegration. For the case of adjacent 
isobars (see 47.1.3.) when 


M(A,Z) > M(A,Z+1) 
where A/ is the mass of the atom, so that the nuclear binding 
energy is 
AE,(A,Z) > ABE,(A,Z4+1)+ (My-—M,)e 
where M, is the mass of the hydrogen atom ,H!, 
(My— M,)c? = 0.782 MeV 
the nucleus of ,X4 is unstable with respect to electron decay 
(see 47.7.1.). Thus 
2X4 > a4i:¥4 +0749, 
where e~ = electron 
y, = electronic antineutrino (see Table 1 on page 891). 
For the case when 
M(A,Z+1) > M(A, Z)4+2m, 
so that 
AE3(A,Z+1) > AEs(A, Z) + 279¢?-(My— M,)c? 


where m, is the mass of the electron. cleus 24,Y4 is unstable 
against the positron decay (see 47.7.1). 
Thus 
241¥ 4 > gX4+et +7, 
where e+ = positron 
= electronic neutrino (see Table 1 on page 891). 
lor the case when 
M(A, Z+4) > M(A, Z)+-% 
so that 
AE,(A, Z+1) > 4E3(A, Z)+e-—(My_—M,)c* 
where « is the binding energy of the elcctron in an atom (see 
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45.1.5.), the nucleus may capture an electron from an atom shell 
(electron capture, see 47.7.1.). Thus 


ariV4+e7 + 7X4 


Nuclei that are unstable against positron decay are also unstable 
against electron capture. Other kinds of nuclear instability are 
treated in 47.6.1. and 48.2.9. 

47.2.4. Isobaric nuclei ,NV4 and ,4,¥4 are stable at a nuclear 
binding energy within the interval 


AE, (A, Z)4+(M,—M,)e2 +e > AE (A, Z+4) > 
ae AE,(A, Z) ae (M,, —My)e 


47.2.5. A nucleus having the least possible energy, equal to the 
binding energy, is said to be in the ground state. If the nucleus 
has an energy E > E,,;, it is said to be in the ercited state. The 
case E = 0 corresponds to dissociation of the nucleus into its 
constituent nucleons. 

47.2.6. Since stable nuclei exist, it follows that there must be 
certain forces acting between their nucleons that bind them into 
the nucleus. These are called nuclear forces. The energy of the 
nuclear forces and of Coulomb interaction between the protons 
in the nucleus is equal to the binding energy. The nuclear forces 
have the following properties. 

(a) Property of being independent of electric charge: the nuclear 
forces acting between two protons, or between two neutrons, or 
between a proton and a neutron, are the same. It follows that 
nuclear forces are of a nonelectric nature. 

(b) Saturation property: each nucleon interacts with only a limited 
number of nucleons nearest to it. This follows from the nature of 
the dependence of the binding energy and mass defect on the mass 
number (see 47.2.1. and 47.2.2.). If there were no saturation then 
AE gx A(A —1). 

(c) Nuclear forces are forces of attraction. 

(d) Nuclear forces are of short-range action, i.e. they only operate 
at distances between the nucleons that are comparable in order 
of magnitude with the size of the nucleons. These distances are 
called the action radii, or range R of the nuclear forces (R = 1.5 
xX 10713 cm). 

(e) Nuclear forces are of a noncentral nature and their potential 
is devoid of spherical symmetry. 

(f) Nuclear forces depend on the orientation of the spins of the 
interacting nucleons. 
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47.2.7. In the up-to-date version of the exchange theory of 
nuclear forces it is supposed that interaction between nucleons is 
accomplished by the exchange of pi-mesons (see Table 1 on 
page 891). 

47.2.8. The exchange version of nuclear forces explains their 
short-range action. Essential here is that the rest mass of the 
pi-meson is nonzero. According to the Heisenberg indeterminacy 
relation (see 44.3.4.) the time required for nucleons to exchange 
pi-mesons cannot exceed At, for which 


AE At=>h 


where AE = m,c? is the rest energy of the pi-meson. The distance 
that a pi-meson can travel away from a nucleon in the nucleus 
during the time At, even at a velocity near to that of light in a 


vacuum, is R, = an = 1.2x10~- cm. This approximately coin- 


Te 

cides with the value of the nuclear radius (see 47.1.6.) and is of the 
order of magnitude of the nuclear force range. (For photons 
m,, = Oand R, = ~, i.e. an electromagnetic field has an infinitely 
large action radius; see also 49.3.2.). 

On the other hand, assuming that during the time 4¢ the pi-meson 
travels the distance R,, equal to the nuclear force range (see 
47,2.6.), the rest mass of the pi-meson can be calculated. Thus 


h r 
- = 250m, 


Ma = poe 


where m, is the rest mass of the electron. This agrees with the 
mass of the pi-meson (see Table 1 on page 891). 


47.3. Magnetic and Electric Properties of Nuclei 


47.3.1. Nucleons in a nucleus have orbital and spin magnetic 
and mechanical moments (see 28.1.2 and 28.1.4.). Nucleons are 


fermions (see 12.7.3.); their spin equals 4. The orbital p, and 
spin w, magnetic moments of nucleons equal 


Hr = gil; Be = 88; fr = Bilt; ws = Besh 


where 1 and s 
81 and 8 


orbital and spin quantum numbers 
corres ponding gyromagnetic ratios. 
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Here 


~ 10 for the neutron ®* nue 1 —3.826 for the neutron 


: fue 


h Ei for the proton A e 5.585 for the proton 


whee flaue = sh = 5.050 x 10~*4 erg per gauss is the so-called 
nuclear magneton (M, is the mass of the proton). 

47.3.2. In nuclear physics nuclear spin is the resultant angular 
momentum of the nucleus (see 45.3.1.). It is the vector sum of the 
resultant angular momenta of the nucleons that make up the 
nucleus (see below). Correspondingly, the inner quantum numbers 
of the nucleons are added algebraically to obtain a total integer 
(0, 1, 2, 3, ...) if the mass number A is even, and a total half- 
integer (5 ; > 3, a .) if A is odd. In the first case the nucleus 
complies with Bose-Einstein statistics, and in the second, with 
Fermi-Dirac statistics (see 12.7.1. and 12.7.3.). 

47.3.3. The foregoing is a result of the strong (j-j) coupling (see 
45.3.3.) in nuclei between the spin and orbital angular momenta 
of each nucleon. Hence each nucleon is characterized by the 
resultant angular momentum 


j= l4+s 
The spin J and magnetic moment p of the nucleus equal 


where g is a quantity analogical to the [.andé factor for an atom 
(see 45.4.7.). 

The states of the nucleus are classified in accordance with the 
values of the total orbital and spin quantum numbers L and S 
(in the case of strong coupling, these numbers have only a condi- 
tional meaning, see 45.3.3.) in the same way as in the vector 
model of the atom. These states are denoted by means of spectro- 
scopic symbols (see 45.3.6.). The quantum number J assumes 
integral values (in units of 4) for even numbers A and half- 
integral values (in the saine units) for odd numbers A. 

47.3.4. The magnetic moments of even-even nuclei (see 47.1.5.) 
equal zero. The magnetic moments of even-odd and odd-even 
nuclei (see 47.1.5.) can be dealt with in the one-nucleon model 
of the nucleus, which assumes that the magnetic moments of such 
nuclei are due to the motion of one “valence” nucleon about the 
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rest of the nucleus, consisting of an even number of nucleons 
in which the vector sum of the orbital and spin angular momenta 
equals zero. Here 


J=I1+s and p= gl+gs 
In magnitude the magnetic moments of nuclei equal 


J? 1.2939 iz 1 
ip Maue = for b= J +5- 
lo-e = ' 
(J + 2.293) tive forl = J 5 
— 1.913 fern forl = J+ + 
ae aaa { 
Jad Mane forl= J—-, 


in which the subscripts “o-e” and ‘e-o” denote odd-even and 
even-odd nuclei. 

47.3.5. In the general case the electrical charge of the nucleons 
(protons) in a nucleus is distributed asyinmetrically. A measure 
of the deviation of this distribution from spherical symmetry is 
the electric quadrupole moment of the nucleus Qy. The charge 
distribution in the nucleus is represented approximately as an 
ellipsoid of revolution. The quadrupole moment of the nucleus is 


Qu = 5 Zelb®—a") 


where & and a are the semiaxes of the ellipsoid. For a nucleus 

stretched along the direction of spin, corresponding to semiaxis 6, 

Qy - 0; forone flattened in this direction, Q, < 0. For a spherical 

charge distribution in the nucleus, Q, = 0. This occurs when the 
1 

nuclear spin equals zero or 4 (in units of h). 


17.3.6. The electric dipole moment (see 20.2.7.) of the nucleus in 
the ground state equals zero. 

47.3.7. Quantization of nuclear spin (space quantization, see 
19.3.1.) occurs in an external magnetic field, and cach energy 
level is split into 2J+4 sublevels (Zeeman splitting of nuclear 
levels). 

Selective absorption of electromagnetic radiation by a substance, 
associated with the transitions of its nuclei between different 
Zcoman sublevels of energy, is called nuclear paramagnetic reso- 
nance, The resonance frequencies for transitions conforming lo the 
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selection rule for the magnetic (inner) quantum number m, 
(see 45.4.10.), dm, = +1, equal 





Bunuclt 
Vopr = rh 
where g = splitting factor for the nucleus, introduced in 47.3.3. 
and obtained from the spin and orbital gyromagnetic 
ratios (see 47.3.1.) 
Hue = Nuclear magneton 
H = intensity of the external constant magnetic field 
h = Planck’s constant. 


For the same value of H, the frequency of electron paramagnetic 
resonance (see 45.4.10) is greater, in order of magnitude, by 
“s_, Me . 404 times than the frequency of nuclear paramag- 


Hnue, Me 
netic resonance, The latter is in the range from 105 to 10° Hz for 


the usually applied magnetic fields (~ 103 oersteds). 

Because of the weak interaction between nuclear spins and the 
lattice, the spin-lattice relaxation of nuclear spins (see 45.4.13.) 
has periods reaching many hours. These periods are thousands 
of times longer than for electron paramagnetic resonance. 
47.3.8. If the nucleus has an electric quadrupole moment (sce 
47.3.5.), then, due to its interaction with the intramolecular or 
intracrystallinc electric field, Stark splitting (see 45.5.1.) of 
the levels of the nucleus into a series of sublevels occurs. The 
selective absorption of electromagnetic radiation by a substance, 
associated with the transitions of its nuclei between the Stark 
energy sublevels, is called nuclear quadrupole resonance. Nuclear 
quadrupole resonance is an efficient method of studying the 
structure of molecules and crystals by determining the positions 
and intensities of the lines in such resonance. 





£74. Models of Nuclear Structure 


A. Tie Liguivp-Droe Move. 


47.4.1. Since the precise nature of the forces acting in the nucleus 
is unknown, nuclear models are resorted to for investigation and 
theoretical prediction of its properties. Such models may be based 
on the extrinsic analogy between the properties of atomic nuclei 
and those of a liquid drop, the electron shell of an atom, etc. 
The corresponding models are called the liquid-drop, shell and 
other models. 
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47.4.2. In the liguid-drop model the forces acting in the nucleus are 
assumed to be analogical to the molecular forces in a droplet 
of some liquid (see 14.1.1.). The attraction energy of the nucleons, 
due to nuclear forces, corresponds to the energy of molecular 
attraction of the molecules of liquid in the droplet. The second 
contribution to the energy of the nucleus is provided by the 
Coulomb repulsion of the protons that are of like charge. This 
repulsion increases with the number of protons in the nucleus. 
This corresponds to the reduction in the stability of a droplet 
with an increase in its mass, i.e. the number of molecules in the 
droplet. Nucleons at the surface of the nucleus are subject to 
unilateral nuclear forces which are characterized by the “surface 
tension” o (see 14.2.3.). 

47.4.3. The net positive binding energy of the nucleus (see 47.2.1.) 
can be expressed by Weizsdcker’s semi-empirical formula: 


AEy = aA —PAd—yZt.A~*— (4. ~Z) A148 
ae bay 8 my Y y 
where a = 15.75 MeV boss In, ee od 
B = 17.8 MeV BASES Pe IY 
y = 0.71 MeV vate " 
é = 94.8 MeV ae Bt Ee 
|6| = 34 A-? Mev —, 
+ |6| for even-even nuclei On 
= 0 for an odd A BE A eek 
—|6| for odd-odd nuclei ; 


A = mass number 
Z = nuclear charge. 


The first term of the formula indicates that the binding energy is 
proportional to the quantity A; the second term shows that dE, 
is reduced (due to unilateral attraction of the surface nucleons 
of the nucleus as a droplet) by a value proportional to the surface 


of the droplet, ie. A? (surface tension). The third term Pepreconts 
Coulomb repulsion of protons, which is proportional to 2 =, ie. 


72.17%, The fourth term represents the tendency toward sym- 
metry in nuclear structure, the tendency toward equal numbers 
of protons and nest brons and takes into account deviations from 


the equality Z = <> in either direction. This term is not based 


©) 

HN the liquid- drop. model and follows because nucleons obey 
Pauli’s exclusion principle (sec 45.6.2.). The last teri is intruduced 
to account for the different stabilitics of even-even, odd-even and 
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odd-odd nuclei. The stability of these kinds of nuclei diminishes 
in the order given here. The nature of the last term is related to 
the dependence of nuclear forces on the spin orientation of the 
nucleons. The universal character of Weizsacker’s formula be- 
comes evident when it is compared to experimental data. It 
follows, in particular, from this formula that all nuclei have the 
nuclear radius 


R = (4.45 to 1.5) x10-34* om 


B. Tue Suevt MopEL 


47.4.4. The shell model of the nucleus assumes that the energy 
structure (energy levels of the nucleons) of the nucleus is similar 
to that of an electron shell in an atom. 

The strong interaction between the nucleons in a nucleus and the 
short range of this interaction enable the nucleons to be dealt 
with as if they move independently of one another in a field 
having a spherically symmetrical potential. Here the nucleons 
may be in different energy states. The ground state of the nucleus 
should correspond to the filling of all the lower levels. The loss 
of energy by a nucleon in internucleon collisions cannot transfer it 
to a lower state because they are all filled in accordance with 
Pauli’s principle (see 45.6.2.). As a result, the free path of a 
nucleon in an unexcited nucleus becomes larger than the nuclear 
radius. This means that within the scope of the given model, 
nucleons can be dealt with as being noninteracting and noncol- 
liding. The motion of noninteracting nucleons in a field of spherical 
potential, where the orbital angular momentum is the integral of 
motion, is characterized by the fact that all 2/+1 possible orien- 
tations of vector 1 correspond to the same energy level. At this 
level, 2(22+4) nucleons of the given type are disposed. Thus, 
in the shell model the nucleons are arranged in definite quantities 
at the nucleon shells. Each nucleon is characterized by an individ- 
ual wave function and individual quantum numbers n and l 
(sec 44.4.13.). There are two systems of nucleon states: one for 
prolons and the other for neutrons. The two systems are filled 
with nucleons independently of each other. Nuclei having only 
filled nucleon shells should be especially stable (this is evident, 
for instance, from their abundance in nature), and should also 
have a spherically symmetrical charge distribution (a quadrupole 
moment near to zero, sec 47.3.5.). 

47.4.5. The order in which nucleon shells are filled with an 
increase in A is similar lo that in which electron shells are filled 
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with an increase in Z. Because of the strong spin-orbital coupling, 
all levels with J # 0 are split into two sublevels with j = I+ . 


which are filled independently. 

47.4.6. In general the predictions of the shell model turn out 
to be true. It has been found that the most stable nuclei, compared 
to adjacent ones, are those with N or Z values equal to 2, 8, 20, 
28, 50, 82, 126 and 152. These have been called magic numbers. 
Such nuclei are the most abundant in nature and their quadrupole 
moments approach zero. Nuclei in which both NW and Z are magic 
numbers are said to be double-magic. These nuclei (,He‘, ,0°, 
29Ga*° and ggPb?s) possess especially high stability that is mani- 
fested, in particular, in the fact that they are the most abundant 
isotopes of these elements found in nature. 

47.4.7. On one hand, the analogy of nucleon shells in the nucleus 
and electron shells in the atom is of a purely outward nature. 
The electrons of an atom travel in the central Coulomb field of 
the nucleus, while the field in which the nucleons travel is not 
central. The electrons in an atom do not undergo collisions with 
one another—only under this condition can the number J, deter- 
mining the system of atomic energy levels, be spoken of as a 
precise quantum number corresponding to steady motion. At 
the high density that exists in nuclear matter, the nucleons 
should undergo frequent collisions with one another. Hence, it 
would seem to be impossible to quantize their motion. 

On the other hand, the success of the model indicates that for 
nuclei the number / has the sense of a precise quantum number. 
ividently, this has to do with the fact that nucleons cannot 
undergo collisions with one another in the ground state of the 
nucleus (see 47.4.4.). 

47.4.8. The shell model of the nucleus is well justified for light 
nuclei and nuclei in the ground (unexcited) state. 


C. Tue Coniective Move. 


47.4.9. The collective model of the nucleus is a synthesis of the 
liquid-drop and shell models. It assumes that the nucleons of the 
nucleus travel in a certain averaged self-consistent field (sce 
45.2.3.) acting on any nucleon being considered and set up by 
(he other nucleons. This averaging of the field is lost near the 
“surface” of the nucleus because the nucleons not included in the 
filled nucleon shells (“valence” nucleons) cause fluctuations in the 
potential of the self-consistent field at the “surface” of the nucleus. 
l'his is manifested as “deformation” of the nuclear “surface”. 
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These deformations occur the more readily because the nucleus 
has no central body that would stabilize the motion of the 
system of nucleons. As a result of these deformations, spherical 
charge distribution is impaired in the nucleus which thereby 
acquires an electric quadrupole moment (see 47.3.5.). 

47.4.10. The shell and liquid-drop models are considered to be 
limiting cases of the collective model of the nucleus. The shell 
aspect of the collective model consists in its retaining the sense 
of individual states of the nucleons and nucleon shells. At the 
same time, these states are determined, not by direct interaction 
of the nucleons, but by their collective interaction, as in the 
liquid-drop model, through impairment of the interaction poten- 
tial by “deformations” of the nuclear surface. The droplet aspect 
of the collective model is evident at high excitation of the nucleus 
(heavy “deformations” and severe distortion of the self-consistent 
field), when individualization of the states of the various nucleons 
is lost. At very highly excited states certain nucleons may “evapo- 
rate” from the nucleus (i.e. they may be emitted similar to the 
evaporation of molecules from a liquid droplet). 


47.5. Radioactivity 


47.5.1. Radioactivity is the sponlancous transmutation of unstable 
isotopes (see 47.1.3.) of one chemical element into isotopes of 
another element, and is accompanied by the emission of certain 
particles (for instance, helium nuclei). Frequently, radioactivity 
is also understood to be the conversion of certain elementary 
particles into others (for example, neutrons and hyperons, sce 
Table 1 on page 891). 

Natural radioactivity is that observed in unstable isotopes that 
exist in nature. 

Artificial, or induced, radioactivity is that acquired by isotopes as 
a result of nuclear reactions (sce also 48.3.16.). The properties 
of a given isotope are independent of the method by which it was 
obtained. 

Taking into consideration the possibility of forming a compound 
nucleus in nuclear reactions (see 48.1.6.), radioactivity can be 
defined as the spontaneous change in the composition of a nucleus, 
taking place by the emission of elementary particles or nuclei 
from the ground or metastable state of the nucleus, during a 
time which substantially exceeds the lifetime of an excited com- 
pound nucleus in nuclear reactions. The minimum lifetime of 
radioactive isotopes is taken from 10—!* to 107} sec. 
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47.5.2. The main kinds of radivactivity are listed below: 




















Change in | Change in 
Radioactivity nuclear mass Character of the process 
charge Z | number A 
Alpha decay Z-2 A-4 Emission of an alpha particle 
which is a system composed of 
two protons (p) and two neu- 
trons (n) bound together 
Bela decay ZH+1 A Conversion of neutron (n) into 
proton (p) in nucleus, or vice 
versa: 
p--decay Z+) A n> p+(e-+%~) )* 
Bt+-decay Z-1 A p > n+(ct +9) 
Electron Z-1 A pte-~ > n+(%) 
capture 
(E.C.) 
Spontancous ; 
fission Z-= 4 | A--5 A | Fission of the nucleus, usually 
2 2 into two fragments of ap- 
proximately equal mass and 
charge 
Proton radio- Emission of a proton from the 
activity Z-1 A-1 nucleus 
Double proton Simultaneous emission of two 
radioactivity Z-2 A-2 protons from the nucleus 


* » and % are the electron neutrino and antineutrino. The particles that 
are emitted from the nucleus are enclosed in parentheses. 





47.5.3. The five main kinds of radioactivity listed in this table 
are distinguished for the comparatively long time required to 
transform the nuclei. This is provided for either by the nature of 
the interaction (weak interaction in beta decay, see 49.1.8.) or 
by the retarding of positively charged particle emission by the 
Coulomb potential barrier in the nucleus (alpha decay, sponta- 
neous fission, and proton and double proton radioactivity). As a 
rule all kinds of radioactivity involve the emission of gamma rays 
which constitute a photon flux of hard electromagnetic radiation 
having a wavelength of the order of 10-* to 1071! cm. Gamma 
rays are the most common form in which the surplus energy of 
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(he excited products of radioactive decay is removed. A nucleus 
that undergoes radioactive decay is called a parent nucleus; one 
obtained as a result of decay is called a daughter, or product, 
nucleus. If the latter is also subject to decay, it produces what is 
sometimes called a “grand-daughter” nucleus. 

47.5.4. Spontaneous decay of atomic nuclei obeys the law 


N = Ne~*- 


where N, = number of nuclei in the given volume of the sub- 
stance at the instant of time t = 0 
N = number of nuclei in the same volume at the instant 
of time t 
A = dacay constant.’ 


The decay constant 4 can be interpreted as the probability that 
the nucleus will decay in one second; it equals the fraction of 
nuclei that decay per second. The quantity = is the mean, or 
average, life expectancy of a radioactive isotope. To characterize 
the stability of nuclei against decay, use is made of the concept 
of half-life T, which is the length of time after which half of the 
initial number of nuclei of the given substance will have decayed. 
The relationship between A and T, is 


1 _ Ind _ 0.693 

a “A a! 
If the radioactive isotope undergoes several kinds of radioactivity 
(see 47.5.2.), then the total decay constant is 


A= Vd 


where A, is the partial decay constant, and the summation is 
carried out over all the kinds of radioactivity. The number of 
nuclei of a given sample that decay in unit time is called the 
activity of the sample. When referred to unit mass of the sample, 
this number is called the specific activity of the substance in the 
sample. 

The activity is 

A = AN = AN e~# 

47.5.5. If the nucleus obtained as a result of decay of the initial 
nucleus is also radioactive and in decaying produces a stable or 


another radioactive nucleus, elc., we have what is ealled a radio- 
active-transformation chain. Were the total activity of the nuclei 
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formed in the chain, as measured by some instrument (see, for 
instance, 4£7.10.3.), depends on lime according lo a more complex 
law because the decay constants for each stage of the chain are 
not equal to one another and, morcover, the instrument registers 
the different radiation from each of the stages of the chain with 
different efficiency. 

Thus, the total activity is 


es py hAN, 


where 4; = decay constant of the nucleus in the i-th stage of the 
chain 
k; = sensitivity of the radiation detector to the radiation 
of the i-th stage. 


If the chain consists of two stages (n = 2) then 


y he Ag Aue Be dg Ant 
A= kN (1-2 5 jee | 
where the subscript “0” refers to the instant of time ¢ = 0. 
47.5.6. The stability of nuclei is reduced (on an average) with an 
increase of their mass number (see 47.1.3.). Natural radioactiv- 
ily of light and medium nuclei is a rare phenomenon (observed 
in the nuclei of j9K*, .,Rb&7, , Int, Lal, .Sm47, .,Lu's and 
z,lte!*7), Natural radioactivity is universally found among the 
heavy atoms (beginning with A > 200). These nuclei form three 
natural and one artificial radioactive series, or families, named 
after the longest-lived (with maximum half-life Ty, see 47.5.4.) 
parent of the series. They are: the uranium series (from 9.U?*), 
the thorium series (from gy Th?*?), the actinium series (from ggAc?*) 
and the neptunium series (from ,Np?8’, which is a “man-made” 
clement). The mass number of the members of cach of the radio- 
active series is characterized by the expression 


A = 4n+a 


where nis an integer and a = 0) for the thorium series, a = 1 for 
the neptunium series, a = 2 for the uranium series, and a = 3 
for the actinium series. The transformation from one member 
of a series to another is accomplished by a chain of consecutive 
alpha and beta decays and terminates in a stable nucleus which is 
agP bh? for a = 0, ggBi?® for a = 1, gPb?* for a = 2, and Ph?" 
fur a = 3. The sequences of radioactive transformations in these 
series are shown in Tig. 47.2, where the vertical arrows, parallel 
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to the A axis represent alpha decays and the horiz¢éntal arrows 
represent the beta decays. Valid for this sequenco’ of transfor- 
mations in radioactive series is the Fajans- Soddy displacement 
law (see also the table in 47.5.2.): 


A’ = A-4 
Ipha decay; 
z spa a decay ; 


Z=Z+!1 


where (A, Z) and (A’, Z’) are the parent and product nuclei. 
47.5.2. At the present time, twelve elements have been found 
with Z > 92. They are called transuranic elements. Evidently, 
none of them exists under natural conditions, and they are all 
produced artificially. Radioactivity is inherent in all transuranic 
elements and their half-life decreases rapidly with an increase 
in Z. The transuranic elements include neptunium (),Np”8’), 
plutonium (g,Pu744), americium (),Am?43), curium (y,Cm?48), 
berkelium (,Bk?47), californium (,,Cf?!9), einsteinium (99 ls**4), 
fermium (jo9fm*), mendelevium (,),.Md*), nobelium (19.No57), 
lawrencium (j93Lw?5?), as well as kurchatovium (nuclear charge 
Z = 10%) which was discovered in the summer of 1964 in Dubna 
(USSR) at the Joint Institute for Nuclear Research. The mass 
numbers given above correspond in most cases to the longest- 
lived isotope of the given element. The mass numbers have been 
determined only approximately for short-lived elements. Thus, 
Np has eleven isotopes with .f = 234 to 241, Pu has 14 with 
A = 232 to 246, Am has ten with .f = 237 to 246, Gm has 
thirteen with .t = 238 to 250, Bk has eight with A = 243 to 
250, Cf has eleven with -f =: 244 lo 254, Ms has eleven with .f > 246 
to 256 and Fm has seven with = 250 to 256, 

The principal type of radioactive transformation of the  trans- 
uranic elements is alpha decay. The less the number of neutrons 
N for a given number of protons Z, the more stable a transuranic 
element is. Isotopes with filled nuclear shells (see 47.4.4.) have a 
longer 7, than neighbouring isotopes. ‘Pransuranic elements are 


unstable against spontaneous nuclear fission (see 48.2.9.). 


beta decay 


47.6. Alpha Decay 


47.6.1. Only heavy nuclei with A > 200 undergo alpha’ decay 
(see 47.5.2.). The alpha particles emitted from nuclei have a dis- 
crete energy spectrum and consist of several groups. Usually the 
most intensive is the group with alpha particles of highest energy. 
The existence of several groups of alpha particles is called the 


846 


ia . The Atomic Nucleus 


fine structure of the alpha spectrum. In the spectra of alpha-radio- 
active nuclel with very short half-lives 7,, groups of alpha par- 
ticles are also observed wilh cnergies exceeding those of the most 
intensive group (long-range alpha particles). The half-life of alpha 
emitters is reduced from ~ 10° years to ~ 10-7 seconds with an 
increase of the energy of alpha particles from about 4 to 9 MeV. 
Altogether about 25 natural and about 100 artificial alpha-radio- 
active nuclei have been found. 

47.6.2. Alpha decay is treated as the penetration of alpha par- 
ticles through the potential barrier of the nucleus (tunnel effect, 
see 44.4.31.). The potential of the nuclear forces is represented 
by a potential well, corresponding to the stable state of the nu- 
cleus. This well is separated from the region beyond the range 
of the nuclear forces by a potential barrier of finite width and 
height. The height of this barrier usually exceeds the energy of 
the alpha particles emitted by the nucleus. The discrete spec- 
trum of alpha particles is an evidence of the existence of dis- 
crete energy levels for them in the nucleus. The set of such levels 
differs for different alpha-radioactive nuclei. 

47.6.3. The energy of an alpha particle is equal to the difference 
in energy levels of the parent and product nuclei. The less excit- 
ed the product nucleus, the greater this difference. With a highly 
excited product nucleus having a short half-life (see 47.5.4.), 
alpha particles penetrate the potential barrier before a gamma 
quantum (see 47.8.1.) is emitted. At this, a long-range alpha par- 
ticle is produced. It has a path length longer than that of ordinary 
particles. 

47.6.4. Distinction is made between two stages in alpha decay: 
formation of the alpha particle from the nucleons of the nucleus 
and emission of the alpha particle by the nucleus. The first stage 
of the process has been studied considerably less than the second. 
The formation of alpha particles occurs with appreciable proba- 
bility and therefore the lifetime of alpha-radioactive nuclei is 
determined mainly by the second, very much slower, stage of 
alpha decay. The separation of two protons and two neutrons 
into an alpha particle is promoted by the saturation of nuclear 
forces (see 47.2.6.) so that the alpha particle being formed is 
less subject to the action of attractive nuclear forces and, at the 
same time, more subject to the action of the Coulomb forces of 
repulsion from the other protons in the nucleus than separately 
taken nucleons. 

This explains why alpha decay is a considerably more probable 
kind of radioactivity than proton and double proton radioactiv- 
ily (see 47,5.2.). ; 
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FIG.47.3 


47.6.5. The penetrability D of the potential barrier (see 44.4.24.) 
for alpha particles in a ee (Fig. 47.8) is 


Ds oo | ol V 2m(2 — x) we B je] 


where KE = T = iad energy of the alpha particle (z = 
R = nuclear radius 


r= 726 = turning point, which is found from the con- 
dition V,(r7) = T 
Ve(r) = = Coulomb potential between the alpha par- 


ticle and a nucleus with the charge Ze 
m = inass of the alpha particle. 


The kinetic energy T’ of the alpha particle is greater within the 
nucleus than outside: T’ > T = E. 
The result of the calculation for D is 


D = e~*8? 
R 


where g = re 
B 


yo V3 a arccos Vs S j1-4 ue 


A, = oe = ie Broglie wavelength (see 44.1.2.) corresponding 
am 
to the kinetic energy of a particle, equal to the 
barrier height (T = B). 


848 


47. . The Atomic Nucleus 


The value he for nucleons with a kinetic energy T is 

- ip i pecs = 4.5 X10" 2 

\ ¥omT VT (MeV) 
47.6.6. The alpha decay constant 4 (see 47.5.4.) is related to D 
by the equation 





vD 
A= oF 
where H = nuclear radius (2R is the width of the potential well) 
v = velocity of the alpha particle in the nucleus. 
47.6.7. The empirical formula relating the range (path length) 
R, of an alpha particle in a substance (see 47.9.6.) to the alpha 
decay constant A of the nucleus is called the Geiger-Nuttal law: 


Ind = AlnR,+B 


where A and B are constants having different values for each 
of the radioactive series. This law indicates that with an increase 
in range, i.e. energy of the alpha particle, 4 increases and, con- 
sequently, 7, is reduced rapidly. 


47.7. Beta Decay 


47.7.1. The concept of beta decay unites three kinds of nuclear 
transformations: electron (B-) decay, positron (B*) decay and elec- 
tron capture (E.C.) (see 47.5.2.). The conditions for the stability 
of nuclei against various kinds of beta decay are given in 47.2.3. 
About 900 beta-radioactive isotopes are known. Only about 
20 of them are natural, the rest were obtained by artificial me- 
thods (see 47.5.1.). The overwhelming majority of these isotopes 
are subject to B--decay. One electron is emitted in each event of 
fb--decay. Double beta decay, with two electrons (positrons) emitted 
in each event, is theoretically possible, but has not been observ- 
vd experimentally as yet. 

47.7.2. In beta decay the energy spectrum of the emitted electrons 
or positrons is continuous, extending from FE = 0 to E = &,, 
where the quantity E, is called the end-point energy of the beta 
spectrum. 

The average energy of the electrons emitted by heavy nuclei is 


Ks 4 Ey; for natural B--radioactive elements E = 0.25 to 0.45 
MeV. For light nuclei the energy spectrum of the electrons (po- 
silrons) is more symmetrical: E ~ a. &,y. The half-lives for beta 
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decays are within a wide ime range: 
from 2.5107? seconds to 4x10" 


years, which is incofhmensurably 

longer than the characteristic nuc- 

lear time (~10~2! to 10-?? second). 

This indicates that beta decay is duc 

to weak interaction (see 49.1.8.). 

Beta decay is commonly accompa- 

0 Ear Eo & nied by the emission of gamma rays 
ere which have a discrete energy spect- 

ae rum, A beta-particle spectrum is 

shown in Fig. 47.4. 

47.7.3. An electron antineutrino is emitted together with the elec- 

tron in beta decay, and an electron neutrino (see Table 1, page 

891) together with a positron. The interaction between the 

electron neutrino (antineutrino) and the nuclei is negligibly small 

in comparison with the interaction between the nucleons in the 

nucleus (nuclear interaction). In beta decay the electron (positron) 

and electron antineutrino (neutrino) have spins equal in magni- 

tude and opposite in direction. Hence the change in the spin of 

the nucleus equals zero. The continuous spectrum of beta decay 

is due to the different distributions of energy between the elcc- 

tron (positron) and the electron antineutrino (neutrino), the total 

energy of the two particles being 

equal to Ep. 

47.7.4. According to the current El 

concept, the electron (positron) 

and the electron antineutrino 

(neutrino) do not exist in atomic 

nuclei but are formed at the in- 

stant of emission from the nuc- 

leus as a result of weak interac- 

tion (see 49.1.8.) between the nuc- a] 

leons in the nucleus. Since new 

particles are produced in beta 

decay, the methods of nonrelati- 

vistic quantum mechanics are in- 

applicable to this process and the 

problem is dealt with by the 

methods of quantum field theory. 

47.7.5. The energy scheme of -2mgc* 

beta decay processes is shown in 

Vig. 47.5. The beta decay process 

corresponds to a nuclear transi- ¥1GAT,D 
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lion from one discrete energy state to another. Plotled along 
the ordinate axis are the rest cnergies of the atoms minus the rest 
energy of a system consisting of the product ion and an electron 
which are formed from the atom (A, Z) in a B--decay. The transi- 
tion from state LE (z) > 0] provides fora B--decay in which E(Z) > 
> £(Z+1). The transition to state JJ corresponds to the transfor- 
mation Z+1-— Z, i.e. electron capture. Depending upon the elec- 
tron shell from which the electron was snatched, distinction is 
made between K-, L-, M-capture, etc. The excited product nu- 
cleus produced in electron capture goes over to the ground state 
by emitting a gamma quantum with the corresponding energy 
(see 47.8.1.). The transition of the nucleus to state [JJ [E(Z)< 
< —2m,c?] corresponds to the transformation Z+ 1—Z by means of 
either an electron capture or a 6*+-decay. In the first of these trans- 
formations a gamma quantum is also emitted. A beta decay in 
which the product nuclei are formed in a single energy state is 
said to be simple. If these nuclei are produced in several states, 
the beta decay is said to be complez. 


47.7.6. In the theory of beta decay, the production of an electron 
und an electron antineutrino (positron and electron neutrino) is 
treated as the result of the interaction between a nucleon of the 
nucleus and the electron (positron) and neutrino fields. Besides the 
production of e~ and %, (or e*+ and »,) particles (see Table 1, page 
891), gn! is changed to ,p! (or, on the contrary, ,p'— on‘). The 
intensity of this interaction is characterized by the weak interac- 
lion constant g (coupling constant of the nucleon and clectron- 
positron fields); g = 1.4.x 107% erg-cm*. 

The probability of beta decay is characterized by the nuclear 
matrix element of the transition |/7;,| containing: a wave func- 
lion of the nucleon in the initial state 7; wave functions of the 
nucleon, electron (positron) and electron neutrino (antineutrino) 
in the final state 4; interaction energy corresponding to the tran- 
sition 1 + k; and, finally, a quantity determining the density of 
the number of final states of the system. The sclection rules 
for beta decay establish a considerably higher probability of 
allowed transitions and a low probability of so-called forbidden 
beta transitions. 


47.7.7. Of essential significance in the study of beta decay is the 
analysis of the energy spectrum N(é), where N is the number 
of emitted electrons (or positrons). According to their N(F) dis- 
tribution curves, beta spectra are divided into allowed (Fermi 
spectra) and forbidden spectra. Forbidden spectra, in turn, are 
distinguished by their degree of forbiddenness., For allowed beta 
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spectra, assuming that mass of the neutrino equals zero, 
N(E) dE = F(Z, E) pE(E,-E)?dE ° 


where p and £E = momentum and energy of the electrons in 
units of m,c and m,c 
m, = rest mass of the electron (see 32.6.3.) 
&, = end-point, or maximum, energy of the elec- 
trons (or positrons) of the heta spectrum (see 
47.7.2.). 


The function F(Z, E) takes account of the influence of the nuclear 
field on the shape of the N(£) curve. For forbidden beta spectra, 
N(E) contains a factor which depends on &,, E and the degree of 
forbiddenness. 

To decide whether a given beta spectrum belongs to the Fermi 
or forbidden kind, a Fermi-Curie plot is made. Thus 





Nezo(E)_}* 
K(E) = ‘pEF(Z, E) 

where JNV,,,(Z) is the observed curve of the beta spectrum. For 
Fermi beta spectrum, A(E£) is a straight line which intersects 
the axis of abscissas at E = E,. Deviation of K(£) from a straight 
line indicates that the given ‘beta spectrum is of the forbidden 
kind. 

47.7.8. The decay constant 4 (see 47.5.4.) for beta decay is 


gE 
4=Cf N(R) dk = CF(Z, F,) 
0 
The factor C is determined in the theory of beta decay as 


C= ee age 


Qatht 


where g = weak interaction constant (coupling constant) 
|Hy,| = nuclear matrix element (see 47.7.6.). 
Since A = a 2 , where T, is the half-life (see 47.5.4.), then 


t 

Qn3h?—s In 2 
F(Z, E,)T, = = T, red gimicd | Hua? 
The product F(Z, E,)T, = T,,,.4 is called the reduced half-life. 
It depends only on the character of the interaction between the 
nucleons of the nucleus and the electron-neutrino field. Reduced 
half-life values, obtained from experimental data, enable |H,| 
to be determined. 
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47.7.9. According to their 7,,,, values, the types of heta decay 
can be classified as follows: 

(a) those with log T,,,, = 3.5 are superallowed transitions; 
they include: beta decay of the neutron, ,H?, and transitions 
between mirror nuclei [(V-—Z = 1 for the initial nucleus and 
N-Z=-—1 for he final one), as well as transitions for which 
N-Z=+1 for one isobar (see 47.1.3) and N—Z = +2 for the 
other (where WN is the number of neutrons in the nucleus)]; for 
superallowed transitions, the | H;,| values are near to the maximum 
values. 

(b) those with log T, ,,. = 5 are normally allowed transitions, and 
(c) those with log Ty rea = 9, Y 13, = 18 are forbidden transitions 
of the Ist, 2nd and 3rd orders of forbiddenness, respectively. The 
last cases correspond to a sharp decrease in the probability of 
beta decay, due to large changes in the angular momentum of the 
nucleus and, frequently, to the change in the parity of its states 
(see 47.7.11.). 

47.7.10. The decay constant A, for an allowed electron capture is 


an Sed 
An = fe | Tai |? Pele, Z) 


Qn3H7 
QnZe2\a 1 (2nZe2\2]2 
where Frye), Z) = Qa( -) [eu 441-5 ( a) | 
_ Fo 
f= mc? 


This formula does not take into account the relativistic effects 
which become appreciable when the value of #, (see 47.7.2.) 
approaches the rest energy of the electron, equal to 0.511 MeV. 
47.7.11. The state of the quantum system is said to be even if the 
corresponding wave function is not reversed in sign when the 
signs of all the coordinates of the particles in the system are 
changed (in inversions); otherwise it is said to be odd. 

The conservation of the sign of the wave function upon a space 
inversion can also be characterized by even parity P (where 
P = +1). If; upon changing the signs of the coordinates of the 
wave function, the sign of the latter is reversed, then the parity 
is said to be odd (P =—1). The conception of the parity of 
state and of the wave function is related to the symmetry of 
space, i.e. to the equivalence in space of the right- and left- 
hand directions, upward and downward, etc. 

Any system of particles can be in a state with a definite parity if 
the number of particles in it remains constant or is changed by 
an even number, 
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Tt follows from the properties of the Schrédinger equation (sec 
44.2.1.) that if the energy of a particle (or system of particles) is 
conserved constant, then its parity is also conserved (parity 
conservation law). A system of particles before and after beta 
decay should correspond to wave functions of the same parity 
[nucleus before decay; nucleus, beta particle and (antineutrino) 
neutrino after decay]. 

47.7.12. It has been established that in weak interactions (see 
49.1.8.) which, in particular, bring about beta decay, the parity 
of the wave function of the system can change in decay (non- 
conservation of parity). Along with the state described, for instance, 
by an even function, an odd state can also appear. This phenom- 
enon was first discovered in the beta decay of K mesons (see Table 1, 
page 891). In essence, this is the decay of a K meson into two 
or even three pi mesons. In beta decay, the violation of parity 
conservation is manifested in the asymmetry of the spatial direc- 
tions of the electrons emitted by the nuclei: less electrons are 
emitted in the direction of spin of the nuclei than in the opposite 
direction. It follows from this asymmetry that there is a definite 
relationship between the direction of spin of the particle and the 
direction of its motion in space. 

The spins of a neutrino and antineutrino should always be oriented 
parallel or antiparallel to the direction of their motion: the anti- 
neutrino is oriented along the direction of motion and the neutrino 
in the opposite direction (longitudinal polarization). If spin is 
likened to rotation, then the motion of the antineutrino cor- 
responds to the motion of right-hand spin and that of the neutrino 
to left-hand spin. Accordingly, distinction is made between 
right-hand helicity of the antineutrino and left-hand helicity of the 
neutrino. Violation of parity conservation is dealt with in more 
detail in 49.1.17. 


47.8. Gamma Radiation 


47.8.1. Gamma radiation is hard electromagnetic radiation whose 
energy is released in the transition of nuclei from an excited to 
the ground or less excited state, as well as in nuclear reactions. 
In the first case, the energy of the gamma quanta is equal to the 
difference in the energies of the final and initial levels of the 
nuclei. In each event of transition the nucleus emits one gamma 
quantum. Owing to the discreteness of the energy levels of a 
nucleus, gamma radiation has a line spectrum. The frequencies 
of the gamma quanta are related to the energy difference by the 
Bohr frequency condition (see 44.5.7.). 
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47.8.2. In accordance with the law of conservation of angular 
momentum (see 4.5.1.), a gamma quantum carrics an angular 
momentum Vi(l+4)4 oul of the nucleus, which is equal to the 
difference in the angular momenta J of the nucleus in the final 
(k) and initial (¢) states. Here 


|\Ji;-J,| als [Jit Jy | 


According to the parity conservation law (see 47.7.11.) in electro- 
magnetic interactions 
P,P; = P,; 


where P, and P; = parities of states of the nucleus 
P, = parity of the gamma quantum. 


The angular momentum of a gamma quantum and its parily 
determine the multiplicity of radiation. 

47.8.3. The quantity 1 is called the order of multiplicity. A parity 
(—1)'+1 of the gamma quantum corresponds to magnetic radiation ; 
a parity (—1)' to electric radiation. 

The quantity 2' determines the multipolarity of the radiation 
(L = 1 is dipole, 1 = 2 is quadrupole, 1 = 3 is octupole radiation, 
etc.). Electric radiation of a given multipolarity is denoted by 
El and magnetic radiation by Ml. These names have been chosen 
because vectors E and H of the intensities of the electric and 
magnetic fields in an electromagnetic wave, corresponding to a 
gamma quantum with the given J and P, values, are directed as 
in the field of electric dipole radiation, magnetic dipole radiation, 
etc. The relation between the quantity 1, the kind of multiplicity 
(E or M), the parity P,; of the photon and the change in the 
parity of the nuclear state is as follows: 





Parity of nuclear Parity of nuclear 
l state is conserved state is not conserved 
Py =4i Py=-1 
1 Mi El 
2 E2 M2 
3 M3 E3 
4 E4 M4 
5 M5 E5 





After the gamma quantum has been emitted and has acquired 
a definite direction, the given multiplicity is nu longer ascribed 
lo it. [Lis described by a plane wave which is a superposition of 
all multiplicities with orders from 1 bo oe, 
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47.8.4. The selection rules either entirely forbid or make extreme- 
ly improbable gamma transitions that do not satisfy definite 
requirements. Absolutely forbidden are transitions which do not 
comply with the conditions of 47.8.2. Of low probability are tran- 
sitions of the nucleus between levels corresponding to a large 
difference in spins, i.e. transitions with a high value of J. With 
an increase in the order of multiplicity, the probability of gamma 
transitions decreases rapidly: usually by a factor of 10-* to 
10-8 in a transition from 1 to 1+4. Usually gamma radiation of 
nuclei has an order of multiplicity of £1, M1 or £2. These orders 
correspond to the radiation of a gamma quantum during a time 
from 1078 to 10~* second (lifetime of the excited state of the nu- 
cleus), depending upon the transition energy. 

Along with radiative transitions of nuclei in which a gamma quan- 
tum is emitted, there is also the competing radiationless process, 
called the internal conversion of gamma radiation and observed 
at transition energies less than 0.2 to 0.5 MeV. In this process 
the energy released in the nuclear transition is transmitted, with- 
out the means of a gamma quantum, to one of the atomic elec- 
trons, thereby ionizing the atom. Formally, to facilitate calcula- 
tions, internal conversion is assumed to take place in two stages. 
In the first stage the nucleus is assumed to emit a gamma 
quantum which is absorbed in the second stage by an electron 
to whom the gamma quantum transmits its energy (converting 
the electron). 

47.8.5. The ratio of the probabilities that a K-electron will be 
ejected from an atom in internal conversion and that a gamma 
quantum will be emitted in the same time interval is called the 
partial internal conversion coefficient by the K-shell of the atom. 
Partial coefficients for internal conversion are introduced in the 


same manner for the L-, M-,... shells of the atom. Thus 
we = HE; we = 92 a ee 


The sum of the partial coefficients is called the total internal 


conversion coefficient. Thus w = Ae = WetWyt+Wyt ... 

where 4, is the probability of emitting converted electrons from 
all the shells of the atom. The value of A, increases with a reduc- 
tion in the excitation energy of the nucleus and with an increase 
in the multipolarity of the gamma radiation. 

47.8.6. When the energy released in a nuclear transition is great- 
er than twice the rest energy (see 32.6.4.) of the clectron 2myc? += 
= 1.02 MeV, pair internal conversion becomes possible in which 
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an electron-positron pair is produced (sce 49.3.4.). The correspond- 
ing conversion coefficient increases with the energy of the nuclear 
transition and with a reduction of the multipolarity of the gamma 
radiation. 

47.8.7. In many cases the lifetime of the nucleus in the excited 
state may considerably exceed the commonly observed lifetime 
(see 47.8.4.). For such metastable states of the nucleus the life- 
time may reach many years. Depending upon the properties of 
the energy levels of the nuclei and the energy difference between 
the levels, the lifetime of a nucleus in a metastable state may vary 
in a very wide range. For example, in Np the lifetime of the ex- 
cited nucleus is known corresponding to a half-life of 5500 years. 
Varieties of the same isotope which, along with the half-life cor- 
responding to an ordinary gamma transition, also have a half- 
life corresponding to a gamma transition from a metastable ex- 
cited state, are called nuclear isomers. As a rule, nuclear isomers of 
a given isotope have different spin values. 

47.8.8. The phenomenon of nuclear isomerism is explained in 
the shell model of the nucleus (see 47.4.4.) by the occurrence, 
in nuclei with almost filled nucleon shells (at N and Z near to 
the magic numbers, see 47.4.6.), of excited states having quantum 
numbers / that greatly differ from / for the ground states of the 
nuclei. Because of the substantial difference between the wave 
functions of the excited and ground states in this case, the prob- 
ability of a transition between them is low (see 44.5.11.) and 
the lifetime in the excited state is large. Experiments have shown 
that nuclear isomerism is actually observed for N and Z with 
values near (less than) the numbers 50, 82 and 126 (see 47.4.6.) 
where “islands of isomerism” occur. 

47.8.9. In a metastable excited state, a nucleus can give up its 
energy in two ways. The nucleus can go over to the ground state, 
emitting gamma quanta or internal conversion electrons, and 
then emitting beta particles with the same energy spectrum as the 
beta particles emitted in ordinary beta decay. In this case, how- 
ever, due to the fact that the lifetime in the metastable state is 
longer than the half-life of beta decay, a longer beta decay half- 
life is observed. In the second case, if the probability of a radiative 
transition is commensurate with the probability of a beta decay, 
the beta decay can proceed from the metastable state. The energy 
spectrum of the beta particles will differ, however, from the spec- 
trum in the first case. 

47.8.10. When emitting a gamma quantum, a nucleus, due to 
the law of conservation of angular momentum, acquires an angu- 
lar momentum of the opposite direction (recoil). If the nuclei 
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emitting gamma quanta are in a solid, then the gamma ray spee- 
trum consists of two components. They are: (a) a component 
with a gamma line of intrinsic breadth J’, determined by the 
lifetime of the nucleus in the given excited state (see 40.2.6.) and 
having the energy E£, and (b) a component with a line breadth 


Ip~ E= >> I, where iu is the root-mean-square velocity of ther- 


mal motion (see 11.2.3.) of the gamma-radioactive nuclei in the 
solid. This component has an energy displaced with respect to 
the value / by the amount of the recoil energy 


where M, is the mass of the emitting nucleus (if it is assumed to 
be free and travelling at a velocity u<«c). 

As a result the lines of gamma radiation and adsorption (the same 
line) are heavily broadened and, in addition, are shifted in energy 
in relation to each other by the amount ~ 2R. Since R for gamma 
radiation is not small, in general, in comparison with #, the 
phenomenon of resonance absorption of gamma rays (Fyjqq= Egy, OF 
Yaa = Yabs) is not usually observed practically. 

47.8.11. Under certain conditions it becomes possible to have 
the emitted gamma quantum transmit momentum, not to a single 
radiating nucleus, but to the crystal as a whole. As a result the 
emitted line corresponds to the recoil energy R ~ 0 (M is large) 
and I’, ~ I, i.e. the line breadth approaches the intrinsic value 
and the shift in energy practically disappears. This phenomenon 
is called the Mdéssbauer effect. One of the conditions that allow 
this effect to appear is 


R<«2k0Op 


where @, = Debye characteristic temperature of the crystal 
(see 15.4.3.) 
k = Boltzmann’s constant (see 8.1.4.). 


At R«k@, recoilless gamma transitions can already be observed 
at room temperature, at R ~ k@p, low temperatures arc required 
for their observation. 

47.8.12. The extremely small intrinsic breadth of many gamma 
lines in comparison with the energy of gamma transitions cnables 
the Méssbauer effect to be used in conducting especially fine 


experiments (with a sensitivity of the order of + reaching 10-18) P 
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This effect has found application for measuring the frequency 
shift of photons in a gravitational field, for measuring extremely 
fine Zeeman splitting (see 45.4.1.) of nuclear energy levels, etc. 


47.9. Penetration of Charged Particles and Gamma 
Radiation Through Matter 


47.9.1. In passing through a substance, charged particles and 
gamma rays interact with the electron shells and nuclei of its 
atoms. These interactions lead to elastic scattering (see 44.4.16.), 
inelastic scattering (see 44.4.16.), associated excitation and ion- 
ization of atoms, excitation of nuclear reactions (see 48.1.1.), 
as well as to the impairment of the structure of the substance, 
known as radiation damage. 

47.9.2. The loss of energy of charged particles passing through a 
substance, on the ionization and excitation of the atoms, is called 
ionization loss, the loss of energy on bremsstrahlung (sec 34.2.9.) 
is called radiation loss. The quantity commonly calculated is the 
specific energy loss of the particles per unit of their path through 


the substance, — (22 iF where LF is the total energy of the particle. 

The specific ionization loss (-42 
M 

(protons, alpha particles) at energies E<« | Mc®, where M. is 
e 

the mass of the particle and m, is the mass of the clectron, is 


(-$),. = SS" fag 


), s for heavy charged particles 


where nv, = electron density in the substance 
ze = charge of a particle travelling at the velocity v 
I = 13.5Z eV = average ionization energy of the atoms 
of the substance 
4 = atomic number of the substance 


p=. 


The specific ionization loss of a charged particle docs not depend 

on the mass M of the particle; it is proportional to the electron 

oan the substance and depends on the velocity of the par- 
icle. Thus 


le an Vig w 2°, (0) 
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where g(v) oc —-. With an increase in the energy of a particle, 


its specific janmatiee loss first drops rapidly (as. a Then _ this 


decrease slows down. After passing through a minimum at EF = 
= Mc?, the ionization loss begins to grow as the logarithm of £. 


The dependence of (=)... on the parameters of the particle and 


o the medium enables the loss to be calculated for other media. 
Thus 
(--S en me Ne 2 Nn 
where Z = nuclear charge of the medium 
n, = concentration of nuclei in the medium. 
Since n, ~ constant for all substances, then 


(-“a),.. 2, = a (= es 4 


where Z, and Z, are the nuclear charges of the first and second 
media. 


Comparative Values of Specific Ionization Losses for Protons 
Travelling with Different Energies in Air and in Lead 


(| Bw | 2 | Be | Be 
Ey dé Jair’ dé /pp’ E, dE J aiz’ dé /py’ 
MeV MeV per MeV per, Mcv MeV per Mev per 
g-cm~? g-cm-? g-cm~? g-cm~? 
| 
1 300 150 100 7.5 5 
10 50 30 1000 2.3 1.6 








The specific ionization loss can be referred to the unit & = 20, 
where @ is the density of the medium. The quantity € expresses 
the thickness of the substance in grams per square “centimetre 
(g-cin—*). ‘Thus 

di: deo 1 
d& ~ dx e 
47.9.8. The specific ionization loss of the electrons is 


(-“) as Qneine {[a mev? Te Hs 
dx / ion mv? 2p) 


—In 2(271—p?)-1 +B] 44 =p} 
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where T, is the relativistic kinetic energy of the electron. The 
remaining notation is given in 47.9.2. 

In the region of relativistic energies the difference between the 
specific ionization losses for electrons and heavy particles is 
not great. 

47.9.4. The specific radiation loss on bremsstrahlung (braking radi- 
ation) (-42) in is proportional to the square of the acceleration 
a of a charged particle of mass M. In the Coulomb field set up by 
the nuclei of the atoms in the substance, a oc ~W , and therefore 
(--Ge eee oc str . For heavy particles, the bremsstrahlung loss is 
small even for substances with a large atomic number Z. Because 
of the smallness of the mass m, of the electron, the bremsstrah- 
lung loss for high-energy electrons is the main type of energy 
loss. The loss of energy with the distance is described by an 
exponential law. The distance L at which the energy of the clec- 


tron is reduced by a factor of ; , due to bremsstrahlung, is called 


the radiation length. 
The specific radiation loss of the electrons is 


(= te wa = nis Oe Ho) 


where n = number of atoms per cm? 
E, = initial kinetic energy of the electron 


5.79x 10-2 (Z-+1) [ain (22) — Tat 
mc < Ky <« ee 
(2, Ey) = ee 
5.79 X 10-8 Z(Z 4) [4 In (188274) 4.5] at 
7 137 mec? 
LSS e 
[ . zt 


« 


where € = 1.2 to 1.4 is the correction for the radiation in the field 
of atomic electrons. Upon a reduction in the energy of the elec- 
(rons, their bremsstrahlung loss decreases proportionally to E,, 
and their ionization loss changes only slightly. At a certain crit- 
ical energy E,,, the radiation and ionization losses are equal. Al 
ik, < £,,, the ionization loss exceeds the radiation loss. The ratio 
of the radiation loss to the ionization loss of an electron of cnergy 
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E, {in MeV) in a nedium with a nuclear charge Z is 


Nas Iona Bet 
ee 


47.9.5. The energy loss of a charged particle on Cherenkov 
radiation (see 32.8.1.) is 


(--)on = ue } [1 cage]? a 


where » = frequency of radiation 
n(v) = refractive index of the medium for the given frequency 
v 
B=. 


Integration is carried oul for the frequencies 7, for which Ba(r) = 1. 
Of significance are the frequencies in the visible region and 
the near ultraviolet. In dense media, (Ey, constitutes 1078 
of the total energy luss of the particle. In gaseous media with 
medium and high values of Z, this fraction increases to 107? 
and in light gases (hydrogen and helium) to 107! of the total 
energy loss. 

47.9.6. For a given medium and for a particle of definite mass 
and charge ze, the specific ionization loss is a function of the kinel- 
ic energy alone (see 47.9.2.). Thus 

dé iyi 


From here the particle range can be determined, Le. its mean 
free path in the substance up to a complete stop. 
The range & of a particle having the kinetic energy 7, is 
T 
py aT 
RIT) = fy 
0 
Making use of the formula in 47.9.2., the expression for & can be 
written as 
"% 
m v 
Re op J “etey 
where m = mass of the particle 
ze = charge of the particle, 
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For two particles having equal velocities in the given medinm 


: —_ m , Ms: 
Ri Ry = ans 

The range R and kinetic energy T of a particle with the charge ze 
are expressed in terms of the range R, and kinetic energy T, 
of a proton in the same medium. Thus 

m m 

Bee Ge te Ey Ds 

47.9.7. The following empirical formulas relate the ranges with 
the energies of certain heavy particles in various media. 
For protons in a photographic emulsion 7, = aRj, where a = 
= 0.25 andn = 0./8. The values of a and n may vary for different 
kinds of emulsion. The energy 7, is measured in MeV and the 
range R, in microns. 
lor an arbitrary heavy, charged particle in a photoemulsion 


l-an 


T= a" ) ZerR” 


n which the previous values of a and n are used. 
For alpha particles ejected by natural alpha emitters in air 


R, = 0.318 T?(R, in cm, Tz in MeV). This formula is valid for 


3< RK 7m. 
lor alpha particles with an energy up to 200 MeV in air 


= T. \is ees é 


lor protons of the same energy in air 


- 18 = 
R, = (22) (A, in m, 7, in MeV). 
Also frequently used are empirical formulas which relate the ini- 
lial energy of a particle with its range (see 47.9.6.). 

Al energies corresponding to the majority of alpha-radioactive 
nuclei, alpha particles mainly cause ionization of the atoms in 
the substance, as well as a number of nuclear reactions (see 48.1.1.). 
In addition, there is also elastic scattering of the alpha particles 
hy the ee nuclei, described by Rutherford’s formula (see 
“4.4,22.). 

47.9.8. In passing through a substance, electrons are subject to 
nonclastic and elastic scattering. As a first approximation, the 
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ionization per unit length of range of the electron is proportional 
to nee, where @ is the density, A is the atomic weight, V, is 
Avogadro’s number, Z is the atomic number of the medium, 
and v, is the initial velocity of the electron. 

47.9.9. The relation between the range R, and the kinetic energy 
T, of electrons in aluminium is 


R, = 0.407 T}38 p-cm-2 for 0.145 =< T, <0, MeV 
R, = (0.542 T,— 0.133) g-cm-2 for T, > 0, MeV 


These formulas can be applied for other media as well. 
Applicable for rougher estimates is the formula 


R, (g-em-?) = 0.5 T, MeV—-0.1 


Another quantity, introduced along with R, is the half-value 
thickness d,, i.e. the thickness of the layer of the substance that 
halves the intensity. In the general case, the quantity d, is 
different for various depths of the absorbing substance. 

47.9.10. As gamma rays penetrate through a substance they inter- 
act with the atoms (or molecules). The main kinds of interaction 
are the photo-effect (see 42.1.2.), the Compton effect (see 42.2.1) 
and electron-positron pair production (see 49.3.4.). Besides these, 
nuclear reactions due to the action of gamma rays are possible 
(nuclear photo-effect, see 48.2.8.). In the photo-effect an electron 
is ejected, due to the action of the gamma quantum, from the 
i-shell of the atom. This clectron has the kinetic energy 


T, = E,--1; 


where E, = energy of the gamma quantum 
J; = ionization energy of i-shell of the atom. 


The vacancy is filled by electrons from the higher-level shells. 
This is accompanied by the emission of X-rays or Auger electrons 
(see 45.7.7.). 

The photo-effect cross section o,, depends upon the atomic 
number Z and the energy E, of the gamma quantum. Thus 


5 5 
Op © at E,> TJ, and Opn at E,> Ig 
E, Eyl 


where J, is the ionization energy of the X-shell of the atom. 
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47.9.11. The differential cross section of Compton scattering is 
expressed by the Klein-Nishina-Tamm formula 





1 20+ 4 
Coomps = daert {A [EUS _ £m (4 +26) 
1 14+3¢e 
+37In (1+2¢)- te} 
where r, = = classical electron radius 





E, 
E= = = ratio of the energy of the 
ie = UOT ev gamma quantum to the rest 
energy of the electron. 


26 
(a) Ate«1 Ocompt = On(4 —2e+—- et ., -) 


where o7, = a ya is the classical scattering cross section cal- 


culated for one electron (Thomson scattering cross section). At low 
values of E,, Ocomp, decreases dincarly with an increase in energy. 


(b) At ii Scop = 112 (5 + In 2e), le. at EB, > m,c?, 


Ocompt © ze Taking into account the presence of Z electrons in 

the atom, the total cross section dg »,, calculated for the atom, is 
% 

Tcompt Cc Ey 


47.9.12. If ii electron-positron pair is formed in the Coulomb 
field of the nucleus, the recoil energy of the nucleus is insignificant, 
and the threshold energy E,, necessary for pair production is 


Eq, = 2m,c? = 1.02 MeV 
For pair production in the electron’s Coulomb ficld 
Eqy = 4m,c? = 2.04 MeV 


Electron-positron pairs, produced by the action of two photons, 
are formed under the condition that E,,+ Ey, > 2m,c?. 

The condition for pair production upon ‘the collision of two elec- 
aoa is E, > 7m,c?, where E, is the total energy of the travelling 
electron. 


The cross section 0,:, for pair production in a nuclear field is 
Oni ~ Zin, at 5m? < EF, < 50m? 
At E, < 5m,c? and E, > 50m,c?, 0,,i, increases at a slower rate 


with an increase in energy. In the ultrarelativistic case, 
independent of E,. 


Opair is 
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47.9.18. The total cross section o for the interaction of gamma rays 
with a substance is 


T= 6G, pnt Tcompt’ Lg, ‘pair 


The cross-section formulas for the separate processes are 
given in 47.9.10. through 
47.9.12. 

In the gamma ray cnergy 
range fy, <4, where fy 
is of the order of 107 to 
10-' MeV, the main pro- 
cess occurring in the in- 
teraction between gamma 
vays and a substance is 
the photo-effect. [In the 
energy range £y<H,< Hs, 
where E, is of the “order 
of 1 to 10 MeV, the main 
process is the’ Compton 
effect. In the high energy 
range, “, > E,, the main 





- 02051 2 F10 20 aati 1000 





7? process: is _electron-posit- 
; Mpe ron pair production. Fi- 
VIG.47.6 gure 47.6 shows the de- 


pendence of the interac- 
tion cross section of gammarays in lead on the energy of a gamma 
quantum for each of the processes and for the total cross section. 
47.9.14. The attenuation of the intensity of gamma rays in passing 
through a substance, under the condition that the beam of gamma 
rays is very narrow, complies with the law 


I=Ie°" 


where J = intensity at the depth x 
I, = intensity before entering the substance. 


For wide beams of gamma rays 


ll 


I= Iye7 B(ux, E,, Z) 


where B is the so-called radiation build-up factor and Bc 
oc (1+max)" > 1, where n = 2 to 3. The quantity yu is called the 
attenuation coefficient and is, in essence, the reciprocal of the 


length over which the radiation is attenuated e-fold (to vr 
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of its initial value). Since the attenuation of gamma rays in a 
subsLance is strictly proportional to the density of the substance, 
along with #4, the mass absorption coefficient 3 is‘ introduced. 


Also used is the half-value layer d, for gamma rays: dy = 
In 2 0.69 ay : $ 

Ng eel es The penetrating power of gamma rays is deter- 

inined by their initial energy, the density of the substance and 

its atomic number. For very hard gamma rays, with energies 

of the order of 10° to 10° eV, the penetrating power may reach 

several metres (in condensed media). 








isnergy, |__—-__ 
Mcv ; | 
! air | water lead 
0.1 1.98 x 10-4 0.172 5.99 
0.5 4.411074 0.096 1.67 
1.0 0.84 x 10-4 0.070 0.75 


47.9.15. In calculating the intensity of gamma rays in a given 
substance when the source-of radiation is in another medium, 
it is necessary to take into account the reflection of the radiation 
at the boundary between the two media (see reat as well as 
the self-absorption of the radiation in the source itself due to its 
finite size. The factor that takes these circumstances into consid- 
eration is called the albedo. The value of the albedo increases 
rapidly with a reduction in the energy of the gamma rays. 
47.9.16. Activity units of radioactive substances are determined 
by the number of atomic nuclei that decay in unit time. The 
common unit, the curie, is defined as the activity of a sample in 
which 3.700 x 10!° events of decay occur per second. 
Also used are the multiple and fractional units: the microcurie 
(10-® curie), millicurie (10-3 curie), kilocurie (10? curie) and mega- 
curie (10° curie). Along with the cure, use is imade (less frequently) 
of the rutherford (rd) which is the activity of a specimen in which 
10° events of decay occur per second. 
Thus 

1 curie = 3.7104 rd. 


55* 867 


Atomic and Nuclear Physics VI. 


The fractional units are the millirutherford (mrd) and the micro- 
rutherford (mcrd): 


1rd = 10° mrd = 10° merd 
1 merd = 4 disintegration per sec. 


The curie and rutherford are usually resorted to for characteriz- 
ing the alpha or beta activity of radioactive substances. 

47.9.17. The following units of concentration of radioactive sub- 
stances are used for liquids and gases: 


1 curie per litre = 2.210 disintegrations per min-litre 


4 eman = 10-?° curie per litre = 220 disintegrations per min- 
litre 


4 mache unit = 3.641071 curie per litre = 780 disintegrations 
per min-litre. 


The volumetric concentrations of uranium, thorium and radium 
are also expressed in grams per litre. 

47.9.18. A unit of gamma activity is the milligram-equivalent of 
radium. This is defined as the activity of a radioactive specimen 
whose gamma radiation, under identical measuring conditions, 
produces the same ionization in an air-wall ionization chamber 
as one milligram (mg) of radium of the USSR radium standard. 
A point source of 1 mg of radium, in equilibrium with its decay 
products and after initial filtration through 0.5 mm of platinum, 
produces a physical dose rate of 8.4 roentgens per hour (r/hr) 
(see 47.9.20.) at a distance of one centimetre in air. One milli- 
gram-equivalent of radium corresponds to the gamma activity 
of any radioactive substance of which a point source produces 
a physical dose rate of 8.4 r/hr at a distance of one centimetre. 
Another unit used is the roentgen per hour-metre. This is defined 
as the gamma activity of a source which produces a dose rate 
(sec 47.9.20.) of one roentgen per hour at a distance of one metre. 
A source with a gamma activity of 1.2 gram-equivalents of radium 
produces a dose rate of one roentgen per hour-metre. 

47.9.19. The intensity J of gamma radiation is defined as the 
amount of energy in the gamma rays crossing unit area of a sur- 
face normal to the direction of propagation of the rays in unit 
time. Intensity J is measured in MeV/cm?-sec, ergs/cm?-sec or 
watts /cm?. 

47.9.20. Measures of the action of radiation in any medium are 
quantities called radiation doses. Distinction is made hetween: 
(a) The exposure dose, which is a quantity characterizing the 
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amount of radiation in a medium and is measured by determining 
its ionizing action in air. The exposure dose for X- and gamma rays 
is measured in roentgens, for other kinds of ionizing radiation 
it is measured in physical roentgen-equivalents (rep). 

A roentgen (r) is a quantity of X- or gamma radiation such that 
the associated corpuscular emission per 0.001293 g of air produces 
in air ions carrying 1 esu of quantity of electricity of each sign. 
This corresponds to the amount that will produce 2.083 x10° 
single-valence ion pairs in 1 cm? of air at standard conditions 
(sec 8.1.2.), and is associated with the expenditure of 0.11 erg or 
6.8 x 104 MeV of energy in 1 cm? of air. In terms of 1 gram of air, 
1 roentgen corresponds to the production of 1.6110! single- 
valence ion pairs and an energy expenditure of 84 ergs or 6.8X 
<104 MeV. ; 

One rep (physical roentgen-equivalent) is the dose of any ioniz- 
ing radiation in which the energy absorbed in 1 gram of the expos- 
ed substance is equal to the loss of energy on the ionization that 
is produced in 1 gram of air by a dose of 1 roentgen of X- or gam- 
ma rays. 


1 rep = 84 ergs/gram = 1.6110” ion pairs/gram 
= 5.310? MeV/gram 


(b) The absorbed dose, which is the energy of any kind of radiation 
absorbed by unit mass of the exposed substance. The absorbed 
dose is measured in rads for all types of radiation. 

One rad corresponds to the absorption of 100 ergs of energy by 
| gram of the exposed substance: 


4 rad = 1.19 reps, 1 rep = 0.84 rad 


(c) The biological dose, which is measured in nonsystem units— 
the man roentgen-equivalents (rem). 

The biological dose equals the absorbed dose multiplied by a 
factor called the relative biological effectiveness (RBE) that takes 
into account various kinds of ionizing radiation. 

lor gamma radiation and beta particles this factor is near to 
unity; for alpha particles it is of the order of 10 to 20. 

| rem = 0.01 joules per kg (man roentgen-equivalent in SI units). 
(d) The integral dose, which is the total dose of ionizing radiation 
of any kind absorbed by the whole mass (or volume) of the sub- 
stance. It is measured in gram-roentgens or gram-rads. 

47.9.21. The dose of radiation per unil time is called the dose rate N. 
The relationship between the dose rate V of gamina rays (in r/sec) 
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and their intensity J (in ergs/em?-sec) (see 47.9.19.) is 


ni. . It pepe —= 1.61078 7, 
N= 974 r/sec = nhyv ae TF mid r/sec 
where yc = attenuation coefficient (sec 47.9.14) 
n = number of photons crossing an area of 1 ci? per sec- 
ond 
hv = energy of the photon in McV 


0.11 energy equivalent of 1 roentgen in air (see 47.9.20.). 
The following table lists certain data on radiation doses. 





Radiation dose or 


Source of radiation dose rate 


Natural radiation background (cosmic rays, en- 
vironmcntal radioactivity and that of the human 


body) 
Radiation doses used for medical purposes 

(local exposure) ae 
Radiation doses leading to total-body irradiation 


0.4 rem/year 
up to 10,000 rems 
400 to 500 rems 


(fatal radiation sickness) 


47.9.22. The biological effectiveness of various kinds of radiation 
is: 





Radiation 1 rep corresponds to | 1 rem corresponds to 





Beta and gamma rays 4 rem 4 rep 
Alpha particles and 

protons 410 rems 0.1 rep 
Thermal neutrons 5 rems 0.2 rep 
Fast neutrons 

(<40 MeV) 10 rems 0.1 rep 


47.10. Detection and Observation of Ionizing 

Particles and Radiation Quanta 
47.10.1. Ionization chambers are used for the delection of and 
research on various kinds of radiation, both of the ionizing and 
nonionizing types. 
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Tn the case of nonionizing radiation, ionization is a secondary 
process caused by secondary charged particles produced in the 
interaction between the radiation and the substance. An ioniza- 
tion chamber is an enclosed volume with two clectrodes and a 
window for admitting rays. Under the action of the applicd volt- 
age, the ions produced in the gas by the radiation travel to the 
electrodes. The resulting ion current is usually weak and requires 
highly sensilive meters for its measurement. The voltage across 
the electrodes is selected so that the chamber operates with satura- 
tion conditions of ils volt-ainpere characteristic (see 22.6.1.). 
47.10.2. The tracks of individual ionizing particles are observed 
in their various interactions with atoms and nuclei by means of 
the Wilson cloud chamber, the nuclear photoemulsion method 
and bubble chambers. 

47.10.38. The Wilson expansion, or cloud, chamber contains the 
saturated vapour (sce 13.4.2.) of some liquid. Periodically, by 
sharply expanding the volume of the chamber, the vapour be- 
comes supersaturated (sce 13.4.3.). If, at the instant of expansion, 
an ionizing particle enters the chamber, the ions it produces be- 
come condensation centres (see 13.4.3.) of the molecules of super- 
saturated vapour. By illuminating the working volume of the 
chamber at this instant with a strong beam of light and simul- 
taneous stereophotography of the ion tracks, the path of the ioniz- 
ing particles in the chamber can be recorded. By putting the 
chamber in a magnetic field (W ilson-Skobeltsyn method) ,it becomes 
possible to determine the nature and properties of the par- 
licles by studying the track parameters. Thus, the curvature of 
the particle’s track in a magnetic ficld determines the sign of its 
charge. The length and thickness of the track and its deviation 
from straightness (without the ficld) due to repeated scattering, 
the number of droplets per unit length of the track enable the 
particle to be identified. The chamber can also be started by a 
signal from a counter (see 47.10.8.) which registers the appearance 
of particles in a coincidence circuit (see 47.10.11.). 

47.10.4. The nuclear photographic emulsion method (in particular, 
heavy-coat photoplates) is based on the fact that in passing 
through the emulsion, the charged particles ionize the atoms and 
molecules of the medium which constitutes the emulsion. For 
example, the crystals of silver halide of the plate break down 
under the action of the ionizing particles and become develop- 
able. The latent photographic image produced by the particles 
becomes visible after developing the plates and is investigated 
slereographically on the layer-by-layer sections of the emul- 
sion. The advantage of the nuclear emulsion method over the 
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Wilson chamber is in the greater retentivity, i.e. in the high ca- 
pacity for slowing down the particles. This enables the interac- 
tion of particles of very high energy to be studied (see 49.4.3.). 
47.10.5. The bubble chamber combines the advantage of directly 
obtaining a three-dimensional picture of the particle tracks with 
high retentivity for high-energy particles. This chamber is a 
vessel filled with some transparent superheated liquid. As an 
ionizing particle enters the chamber, it causes sudden boiling in 
a narrow channel along its path. This chain of vapour bubbles is 
photographed as in the Wilson chamber. Most commonly used 
pure liquids are liquid hydrogen, propane, and the Freon family 
(CCIF;, CCIF,, CBrF,, etc.). Bubble chambers filled with liquid 
hydrogen are used to study the collisions of high-energy particles 
with hydrogen nuclei (protons). In addition to pure liquids, super- 
saturated solutions of gases in liquids are used, as well as liquid 
mixtures that allow operation at room temperature. 

47.10.6. Various types of counters are used to register ionizing 
particles if their sources do not possess high activity. These in- 
clude the proportional counter, Geiger-Miller tube, spark and 
scintillation counters. Though they do not allow the particles 
to be directly identified, counters enable their flux density to be 
determined as well as their energy distribution in the flux. 
47.10.7. A proportional counter is an ordinary cylindrical vessel, 
filled with some gas and having two concentric electrodes, one 
of which (the anode) is a wire stretched along the axis of the cy- 
linder and the other (the cathode) is the external metal shell of 
the counter. Since the counter operates along the linear portion 
of the volt-ampere characteristic of the working gas (see 22.6.1.), 
a nonself-maintaining discharge (see 22.6.1.) occurs when an 
ionizing particle enters the counter. Because of the high gradient 
of electric ficld intensity, collision ionization (see 22.5.5.) of the 
gas molecules by primary ions takes place near the anode. This 
produces a current pulse whose magnitude is proportional to the 
primary ionization, i. e. to the energy of the particle that entered 
the counter. 

47.10.8. The Geiger-Miiller tube does not differ essentially in de- 
sign or principle of operation from the proportional counter, but 
operates on the saturation portion (the so-called plateau) of the 
volt-ampere characteristic of the gas that fills the tube. Asa 
result, identical current pulses are produced, independently of 
the primary ionization. Thus the tube directly counts the num- 
ber of ionizing particles. 

47.10.9. The operation of a scintillation counter is based on the 
phenomenon of luminescence (sce 43.1.1.). The tiny flash of light, 
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produced when a charged particle falls on a scintillating crystal, 
is received by a photomultiplier and is counted by an electronic 
circuit. The pulse height depends on the intensity of the flash 
and the latter, in turn, is determined by the energy of the par- 
ticle. Consequently, these counters enable the energy distribution 
of the particles to be determined. 

47.10.10. When the ionization produced by the particles in the 
effective volume of the counter or ionization chamber is insignif- 
icant or entirely absent (for neutral particles), a substance is 
placed before the detection instruments or inside them, from which 
charged particles are ejected by the primary particles. For in- 
stance, in detecting gamma rays, producing only weak ioniza- 
tion in gases and substances of low atomic number, thin metal 
foil is used, and the counter records the photoelectrons ejected 
from the foil. Hydrogenous substances are used to detect neu- 
trons, and the counter records the protons ejected from the sub- 
stances by the neutrons. 

47.10.11. A set of several counters or chambers, connected in a 
coincidence circuit, is used to observe the motion of any single 
particle in a flux or the motion of particles of one kind in a flux 
consisting of many kinds of particles. In this circuit the pulses 
of the counters are recorded only if the ionization is detected 
consecutively, during a short time interval, by all the counters. 
The coincidence method enables the direction of motion of the 
particles to be determined, as well as their velocity, spatial flux 
distribution, the genetic relation between the primary particles 
and the secondary ones produced in the substance as a result of 
interaction, etc. 

47.10.12. If the counter records a great number of particles in 
unit time, mechanical recorders or registers cannot be used to 
count the pulses because of their inertia. In such cases a scaler 
is placed before the recorder. This is a special electronic device 
which scales the number of pulses of the counter in a ratio 1:2" 
or 1:10" (more widely used are scalers of the first type with 
n = 6, i.e. at a scale of 64). 


CHAPTER 48 





Nuclear Reactions 


48.1, Basic Concepis 


48.1.1. Nuclear reactions are transformations in atomic nuclei 
brought about by their interactions with elementary particles 
or with one another. Most nuclear reactions involve two nuclei 
and two particles. One pair—a nucleus and a particle—is said 
to be the parent, and the other one—the final pair. 

48.1.2. Nuclear reactions are symbolically represented in the 


form 
A+a->B+b or A(a,b)B 


where A and B = parent and final nuclei 

aand b = original and final particles in the reaction. 
A nuclear reaction is characterized by its energy (called the nu- 
clear reaction energy). It equals the difference between the kinetic 
energies of the final and parent pairs in the reaction. At Q < 0, 
the reaction proceeds with the absorption of energy and is said 
to be endothermic (or endoergic). AtQ > 0, energy is released and 
the reaction is said to be exothermic (or exoergic). 
48.1.3. Endothermic reactions become possible at the threshold 
kinetic energy of the particles causing them. Thus 


Mat+M, 
Eu = ca road 


where M, mass of the target nucleus 

M, = mass of the particle incident to the nucleus. 
43.1.4. The interaction of the original nucleus-particle pair (sce 
48.1.1.) may be as follows, 


Noll 
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(1) Elastic seatiering, in which only a redistribution of the kinct- 
ic energy of the colliding particles takes place. 

(2) Inelastic scattering, in which particle b = a’ ejected from the 
nucleus is identical with that incident to the target, but has less 
energy. The target nucleus goes over to the excited state (A = A*). 
The symbolic representation of inelastic scattering is a+ A> A*+ 
+a’ or A(a, a’) A*. 

(3) A nuclear reaction which results in a new nucleus B # A and a 
new particle b # a,so that the process proceeds as a+ A + B+b 
or A(a, b)B. A nuclear reaction leads to changes in the proper- 
ties and composition of the original pair or to the transformation 
of elementary particles. The conservation laws of the following 
quantities are complied with in nuclear reactions: total electric 
charge and the number of nucleons (baryon charge, see 49.1.12), 
energy, momentum, angular momentum and parity (see 47.7.11), 
as well as isotopic spin (see 49.1.11.) or its projection. 

48.1.5. Nuclear reactions are studied by the methods of collision 
theory. The probability of a nuclear reaction is characterized by 
the magnitude of the effective cross section o (see 44.4.16.). 
Another characteristic is the yield, which is the ratio of the num- 
ber of nuclear transformations to the number a of original par- 
ticles. The function describing the dependence of o on the energy 
of the bombarding particles is known as the excitation function 
of the nuclear reaction. A nuclear reaction can be treated as a 
quantum transition of system (a+ A) to system (b+ B). 

In many cases, a nuclear reaction may proceed in more than one 
way. Along with the scheme a+ A > B+5, it can proceed ac- 
cording to the scheme a+A-—+>C+e, i.e. A(a, c)C or other 
schemes. The possible ways in which a nuclear reaction can 
proceed are called its channels. The initial stage of the reaction 
is called the entrance channel. 

48.1.6. In accordance with the nature of the interaction between 
particle a and target A, distinction is made between direct inter- 
actions, when a nuclear reaction occurs in one stage, and nuclear 
reactions that proceed in two stages. In the first stage the inci- 
dent particle is captured by the target nucleus. The energy of the 
particle is quickly shared among the nucleons of the nucleus, 
but none of them gains sufficient energy to be ejected from the 
nucleus. A long time passes, in terms of the characteristic nuclear 
time (10-22 to 10-3 sec), before the energy in the nucleus is again 
concentrated on a single particle which is then ejected from the 
nucleus (second stage of the nuclear reaction). Such nuclei, 
formed by the absorption of a particle, are in an excited state. 
They are called compound nuclet. The nuclear reaction procceds 
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as if it comprised two stages. Thus 
atA—>C*—> B+A-b 


where C* is the compound nucleus. The lifetime of compound 
nuclei may reach 107° to 107'* sec. 

48.1.7. The manner of decay of a compound nucleus does not de- 
pend on how it was formed. Various possible ways of decay have 
one or another probability, determined by the partial width I, 
corresponding to the given type of decay. The probability w, 
of decay of the compound nucleus with the ejection of particle 
b (see 48.1.4.) is 


Ww, = at 
where I, = partial width of the given type of decay 
= total width, equal to the sum of all the widths rep- 

resenting all possible types of decay. 

The width of the level = vs is here a measure of the indeter- 
minacy of energy in the nucleus in the given state. This is asso- 
ciated with the indeterminacy relation for energy and time (sec 
44.3.4.). The effective cross section o(a, b) of the nuclear reaction 
A(a, b)B (see 48.1.4.) is 


o(a, b) = o(a)w, 


where o(a) is the effective cross section for forming the compound 
nucleus. Thus 


tl 


1 


o(a) = » (22+1) 7— Dim 
where / = angular momentum of the incident particles 
de Broglie wavelength (see 44.1.2.) of the incident 
particles 
probability that an incident particle of angular mo- 
mentum / will penetrate the potential barricr 
™ = probability that this particle will be captured by the 
target nucleus, determined by nuclear interaction 
between a and A (see 48.1.4.). 
In the liquid-drop model of the nucleus (see 47.4.2.), the incident 
particle is treated as the source of an increase in the “tempera- 
ture” of the droplet-nucleus, and the particle ejected from the 
nucleus as the result of “evaporation” of nuclear matter from 
the droplet. 
48.1.8. The effective cross section o, for the nuclear reaction 
of the formation of a compound nucleus by the action of a neu- 


ll 


D, 


lI 


876 


48. Nuclear Reactions 


tron having zero angular momentum (/ = 0), near one of the 
levels of this nucleus (for a single level), can be found by the 
Breit-Wigner formula: 


On MH? Speers .Leaee 


(R= Ko)? 
where 4 = 4 
4 = de Broglie wavelength of the neutron 
I’ = total width of the level 
I, = neutron width 
E = energy of the neutron 
E, = resonance energy of the neutron, equal to the energy 
level of the compound nucleus. 


At I’= TJ’, and in resonance (E = E,), the cross section reaches 
its maximum value o, & 472? (the spin factor is omitted). 


48.2. General Classification of Nuclear Reactions 


48.2.1. Nuclear reactions are classified according to: (a) the energy 
of the particles that initiate them; (b) the kind of particles par- 
ticipating in them; (c) the kind of nuclei participating in them; 
and (d) the nature of the nuclear transformations that occur. 
48.2.2. Distinction is made between nuclear reactions that pro- 
ceed at low, medium and high energies. Reactions at low ener- 
gies (of the order of 1 eV) proceed mainly with the participation 
of neutrons. Reactions at medium energies (up to several MeV) 
are also induced by charged particles, gamma quanta and second- 
ary cosmic rays (see 49.4.2.). Reactions at high energies (hun- 
dreds and thousands of MeV) lead to the decomposition of nu- 
clei into their constituent nucleons and to the production of ele- 
mentary particles not found in the free form (mesons, hyperons, 
etc.) (see Table 1, page 894). 

48.2.3. According to the kind of particles participating in nuclear 
reactions, distinction is made between: (a) reactions initiated by 
neutrons; (b) those induced by charged particles, such as protons, 
deuterons (heavy hydrogen nuclei), alpha particles (helium nuclei) 
and multiply charged ions of heavy chemical elements [the sources 
of charged particles being the natural radioactive elements (see 
47.5.1.), charged particle accelerators (see 26.3.1.), and cosmic 
rays (see 49.4.1.)]; and (c) reactions induced by gamma quanta. 
48.2.4. According to the kind of nuclei participating in nuclear 
reactions, distinction is made between: light-nuclei reactions 
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(with mass numbers A < 50), medium-nuclei reactions (50 < 
=< A< 4100), and heavy-nuclei reactions (A > 100). 

48.2.5. Characteristic of reactions induced by charged particles 
is the presence of a Coulomb potential barrier which should be 
surmounted by the particles in order to enter the nucleus and ini- 
tiate a reaction. Owing to the tunnel effect (see 44.4.31.) such 
reactions begin at particle energies less than the height of the 
potential barrier. The similarity of the mechanism of nuclear reac- 
tions induced by charged particles and by neutrons is in the 
formation of an excited compound nucleus (see 48.1.6.) which 
subsequently decays. The difference between nuclear reactions 
initiated by charged particles and by neutrons is manifested 
outside the nucleus and is associated with the different potential 
barrier penetrability for charged particles and for neutrons. In the 
region of low energies the most probable reaction is inelastic 
scattering of the proton p or alpha particle a, i.e. the reactions 
(p, p) and (a, a). In the region of medium energies (Z ~ 1 MeV) 
the reactions (p, n), (a, n), (a, 2n) and (a, 3n) are feasible. In each 
event of these reactions, one, two and three neutrons n are eject- 
ed, respectively. 

48.2.6. A special kind of reaction is the stripping reaction of either 
the (d, p) or (d, n) type by deuterons d. 

Owing to the weak coupling between the proton and neutron 
in the deuteron, and also to the large size of the deuteron, as it 
approaches the target nucleus, the neutron penetrates the nu- 
cleus and the proton remains outside. A nucleus is formed, as a 
result, that is an isotope of the target nucleus. Such nuclear reac- 
tions, proceeding at the deuteron energies of the order of several 
MeV, are called stripping reactions. Here the reaction (d, p) turns 
out to be more probable than (d, n) and the nucleus is charac- 
terized by a low excitation energy, frequently lower than the 
binding energy of the neutron in the deuteron which determines 
the possibility of its decay (see Table 2, page 892). At higher en- 
ergy of the deuterons, stripping nuclear reactions remain the pre- 
dominant type of deuteron-induced reactions. In this case, how- 
ever, either the neutron or the proton of the deuteron can pene- 
trate the nucleus, the other particle remaining outside the target. 
Hence at high energies the reactions (d, p) and (d,n) are equally 
probable. 

48.2.7. Characteristic of reactions induced by neutrons is their 
appreciable probability, beginning with the region of thermal 
energies of the neutrons (EZ, ~ 0.025 eV), because neutrons have 
no potential barrier that would prevent them from penetrating 
the nucleus. Reactions involving neutrons at low energies pro- 
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ceed with the formation of a compound nucleus and are resonance 
reactions. A common slow-neutron reaction, involving all nuclei 
except the very lightest, is radiative capture of the neutrons by the 
protons of the nucleus (n, y), as a result of which no compound 
nucleus is formed, and the nucleus returns from the excited to 
the ground state, ejecting a gamma quantum (see 47.8.1.). Along 
with their radiative capture, neutrons are also emitted with ini- 
tial energy (elastic scattering of neutrons). In fast-neutron reac- 
tions, their inelastic scattering occurs and is accompanied by the 
emission of gamma quanta (n, ny). Neutrons can also induce 
nuclear fission reactions (discussed in more detail in 48.2.9.). 

48.2.8. In interactions between nuclei and incident gamma quanta, 
a photonuclear reaction (nuclear photoeffect) occurs. The types of 
this reaction are: the emission of a proton or a neutron from the 
nucleus and the fission (photo-fission) of the nuclei. One of the 
common reactions is the photodisintegration of the deuteron: 
d+y—+n-+p, which becomes possible when the energy of the 
gamma quantum exceeds the binding energy of the neutron and 
proton in the deuteron (2.23 MeV). The nuclear photoeffect 
is explained by means of the concept of a compound nucleus ex- 
cited by the absorption of a gamma quantum. The most probable 
result of this reaction is the emission of a neutron. Along with 
this (for heavy nuclei) there also exists a process in which a pro- 
ton is knocked out of the nucleus by a head-on, or direct, impact 
of a gamma quantum, in which the ejected proton takes almost 
all the energy of the gamma quantum (direct nuclear photoeffect). 
The effective cross sections of photonuclear reactions are charac- 
terized by a very wide maximum in the energy region E, = 10 
to 20 MeV of almost all the nuclei (the so-called giant resonance). 
At E, = 2m,c? and E, => 2m,,,c?, a reaction occurs involving the 
photoproduction of mesons, nucleons, etc. (mm, = rest mass of 
the pi meson and m,,, = rest mass of the nucleon). The region 
of photoproduction corresponds to energies from 10® to 10° eV. 
48.2.9. Nuclear fission reactions (and also spontaneous nuclear 
fission) are possible only for the very heavy nuclei of elements 
located at the end of the periodic system. The instability of nuclei 
with respect to fission is due to the large number of protons they 
contain and the consequent increase in Coulomb repulsion forces, 
especially near the boundary of the nucleus. Hence the potential 
barrier for nuclear break-up into two or more large parts (frag- 
ments) is not very high and can be surmounted beginning with 
the low activation energies imparted to the nucleus by incident 
neutrons, even if with only low kinetic energies. As a result, 
resonance capture of the neutron by the nucleus forms a compound 
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nucleus which is then subject to fission. The above-mentioned 
potential barrier can also be penetrated by the tunnel effect 
(spontaneous nuclear fission). 

48.2.10. Within the scope of the collective model of the nucleus 
(see 47.4.9.), nuclear fission is dealt with as the result of such de- 
formation of the nucleus surface that it becomes unstable, leading 
to “necking” and subsequent separation of two or more parts 
of the nucleus at different sides of the “neck” (like the breaking 
down of a liquid drop). The liquid-drop model of the nucleus (see 


47.4.2.) leads to the condition 7 17 which determines the 


possibility of nuclear fission. The quantity ce is called the 
fission parameter. This condition is complied with for all nuclei 


beginning with silver ,,Ag®, for which the fission parameter 
is = 20. It follows from the liquid-drop model that nuclei for 
which (=), = 49 (critical fission parameter) are entirely un- 
stable against fission (the potential barrier of fission disappears) 
and cannot exist in nature. The element kurchatovium (Z = 104), 
discovered in Dubna (USSR) in the summer of 1964, has a fission 


parameter = = 41. This approaches the critical value. The 


energy instability of heavy nuclei against fission has to do with 
the fact that the specific binding energy (see 47.2.1.) in heavy 
nuclei is ~ 7.6 MeV while for the nuclei of atoms in the middle of 
the periodic system the binding energy per nucleon is = 8.7 MeV. 
48.2.11. The most probable result of a fission reaction is the split- 
ting of the nucleus into two parts. In fission induced by thermal 
neutrons and in spontancous fission the mass ratio of fission 
fragments is approximately 3:2. The probability of fission into 
three parts (ternary fission) is from 10-2 to 10~® of that for fission 
into two parts (binary fission). Fission of a nucleus into a greater 
number of parts is of negligible probability at ordinary particle 
energies. Both fragments that are formed are overloaded with 
neutrons and are consequently in strongly excited states from 
which they return to the ground state through a number of 
stages, undergoing several beta decays (see 47.5.2.) and emitting 
neutrons (the so-called delayed neutrons). Nuclear fission reactions 
are usually exothermic and the amount of energy evolved is 
Q ~ 108 eV per event of the reaction. The reaction energy is 
released in the form of kinetic energy of the fragments and the 
neutrons that are ejected directly at the moment of the reaction 
from the fissioning nucleus (prompt, or instantaneous, neutrons). 
48.2.12. A special kind of nuclear reaction is the exothermic 
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fusion reaction of light nuclei. This proceeds efficiently at ultra- 
high temperatures (of the order of 107 to 10®°K) and is self- 
sustaining due to the considerable energy evolved in it. This is 
called a thermonuclear reaction. A high temperature is required for 
such a reaction so that the kinetic energy of thermal motion of 
the nuclei will be sufficient to surmount the Coulomb potential 
barrier of the nuclei and to subsequently induce a fusion reaction. 
Thermonuclear reactions begin at nuclear thermal-motion encrgies 
somewhat lower than the height of the potential barrier (tunnel 
effect, see also 48.3.15.). 

48.2.18. Thermonuclear reactions are evidently the principal 
source of energy of the stars. There are two thermonuclear reaction 
cycles in which energy is liberated when hydrogen nuclei are 
transformed into helium nuclei. In one of the versions of the 
proton-proton chain: 


p+p+d+et+y 
d+p- ,He+y 
2 He? + 2p+.Het 


the helium nucleus is formed of four protons and energy is released. 
In one of the versions of the carbon-nitrogen, Bethe or C'*, cycle: 


oC? +p > NB+y; N+ p> ,08 +; 
N= CB tettn; ,08 + NB+et+n; 
sO +p +> NV+ y; 7N¥+p > .C?+ Het 


i.e. 4p + ,He*+2e+ +42», (where », = electron neutrino and y = 
gamma quantum). Here the carbon nucleus ,C!? plays the part of 
a “catalyst”. This cycle also involves a great liberation of energy. 


48.3. The Physical Basis of Nuclear Power Engineering 


48.3.1. The dependence of the effective cross section in a nuclear 
fission reaction on the energy of the neutrons that induce the 
reaction differs for various nuclei. For one group of nuclei (for 
example, U283, U2 and Pu*%), the effective cross section of the 
reaction has maxima for slow neutrons (E ~ 0.025 eV), as well 
as for intermediate neutrons (EF ~ 1 to 10? eV). For another group 
of nuclei (for example, Th?®? and U?*), the effective cross section 
in a fission reaction is greatest for fast neutrons (EF ~ 108 eV). 
This is due to the different binding energies of the neutrons in 
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nuclei having an even or an odd number of nucleons. When 
captured by nucleus ,.U?*, the neutron is an even one and its 
binding energy is greater than that of a neutron captured by 
nucleus 5,U2% and being odd. 

48.3.2. In each event of a fission reaction with heavy nuclei, the 
highly excited nuclei emit two or three prompt neutrons (see 
48.2.11.). These fission neutrons interact with neighbouring nuclei 
of the fissionable substance. This, in turn, produces fission in the 
new nuclei so that more neutrons are emitted. The result is an 
avalanche-like build-up of fission events. Such a fission reaction is 
called a chain reaction by analogy with chemical chain reactions, 
which are defined as reactions whose products can combine again 
with the initial substances. A feature of such reactions is the 
continuous regeneration of active centres. The formation of each 
new centre is accompanied by a great number of repeating links 
(chains) of the reaction. In a nuclear fission chain reaction, the 
role of the active centres is played by the fission neutrons. 

48.3.3. The rate v of a fission chain reaction is equal to the number 
of nuclear fission events per unit time. Thus 


py = = fi —e- (er tedt~ nee] 


1-na 
where v, = specific reaction rate (calculated fur one initial neu- 
tron) 
vy) = rate of neutron production in the fissionable sub- 
stance 


v. = specific rate of decrease in the number of neutrons 
participating in the reaction 
a = probability of capturing a neutron emitted by fission- 
ing nucleus in the preceding reaction event 
it = neutron-multiplication factor in the reaction 
t= time. 
The quantity vy is determined mainly by the probability of sponta- 
neous fission (see 48.2.9.) of nuclei of the given isotope, in the 
absence of external irradiation of the substance by neutrons. The 
quantity v,is determined from the leakage rate of neutrons beyond 
the limits of the fissionable substance and the rate at which 
neutrons escape from the reaction due to their absorption (not 
leading to fission) by nuclei of impurities in the fissionable sub- 
stance and by other isotopes of the fissionable element. 
The neutron-multiplication factor uw equals the ratio of the number 
of neutrons produced in some link of a chain reaction to the num- 
ber produced in the preceding link of the chain. A necessary 
condition tv accomplish a chain reaction is that wiz 1. Atw > 1 


882 


AR, ¥oNJARI N. Nuclear Reactions 
MSP UR fee 
the chain reaction is said age s¢f-inereasing (self-propagating) 
and to operate under above=c¥t 3 #Londitions. At «~=1, the chain 
reaction is said to be self-sustaining and to operate under critical 
conditions. At «<1, an attenuating chain reaction is accom- 
plished. It operates under subcritical conditions. The neutron- 
multiplication factor is determined by the geometric configuration 
of the volume in which the reaction takes place, its dimensions, as 
well as the size and substances of the moderator and the neutron 
reflector (see 48.3.8. and 48.3.9.). 
In addition, wis determined by the relationship of the probabilities 
of various processes of interaction between the neutrons and the 
nuclei of fissionable substance and of its impurities. Of great 
importance for the possibility of accomplishing a chain reaction is 
the size of the core, which is the space in which the chain reaction 
occurs. A reduction in the size of the core increases the share of 
neutrons that escape beyond it and decreases the possibility of 
further development of the chain reaction. The minimum size of 
the core at which a chain reaction can still be accomplished is 
called the critical size. The mass of the fissionable substances that 
are contained in a system of critical size is called the critical mass. 
48.3.4. The specific fission reaction rate is 


vy = o(vjvN , 
where o(v) = effective fission cross section of the given isotope at 
the neutron velocity v 
N = number of nuclei of the fissionable isotope in the 
substance. ° 


At pa =< 4, 


and a steady chain fission reaction is obtained. At wo > 1 


limp & lim 210 gat = o 


t—> co tro A 


where A = (v,+v_) (uw—1), i.e. the reaction turns out to be a 
run-away chain reaction. 

48.3.5. A nuclear reaction can be forced either by increasing 
», or by reducing v,. The former is accomplished, for instance, by 
increasing the mass of the fissionable substance. The latter can be 
accomplished by rapidly slowing down (moderating) the neutrons 
fo an energy at which the fission cross section of the main mass of 
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the substance is at its maximum, and by the reflection of neut- 
rons from the refleclor substance. 

In an atomic, or A-, bomb, an uncontrolled nuclear chain reaction 
occurs. This is a fast-neutron reaction, and is of an explosive na- 
ture due to the huge amounts of energy released in a fraction of a 
second. The bomb is detonated by rapidly bringing several of its 
parts together to form a mass of fissionable substance exceeding 
the critical mass (see 48.3.3.). 

48.3.6. A nuclear reactor is a device in which a neutron-induced 
self-sustaining chain reaction, involving the nuclear fission of 
heavy elements, can take place. Nuclear reactors consist of five 
main elements: the fissionable substance, fast-neutron moderator, 
neutron reflector, cooling system, and the safety and control 
systems. 

48.3.7. The commonly used fissionable materials are the uranium 
isotopes U233, U2 and U8; the thorium isotope Th***, and the 
plutonium isotopes Pu®®, Pu? and Pu™, 

48.3.8. Materials used as neutron moderators have a large inelastic- 
scattering cross section and, at the same time, a small neutron- 
capture cross section. Commonly used as neutron moderators are 
graphite, heavy water (D.O), beryllium, beryllium oxide, hydrides 
of metals and organic liquids. The nuclei of these substances ab- 
sorb neutrons only to a slight extent. 

48.3.9. As neutron reflectors surrounding the reactor core, con- 
taining the fissionable material and moderator, the same substances 
are used as for the moderator. The efficiency of the reflector in- 
creases rapidly with its thickness and reaches its limiting value 
when this thickness is several times the mean free path (see 11.3.2.) 
of the neutrons in the substance. 

48.3.10. The cooling system is intended for removing from the 
reactor core the energy released in it (usually in the form of a 
definite amount of heat). This heat is evolved from the kinetic 
energy of the fission fragments when they are slowed down in the 
fissionable substance and moderator. The coolant, or heat- 
transfer agent (water, steam, He, CO,, air and certain molten 
metals and alloys), is pumped through the reactor core. Then, 
through a heat exchanger, the coolant transfers heat to the 
secondary thermal system of the reactor. 

48.3.11. The control and safety systems enable the chain reaction 
to be controlled, prevent it from spontaneously running away 
(see 48.3.5.) and also protect the space surrounding the reactor 
against intensive neutron flux and gamma rays existing in the 
reactor core. The first of these aims is accomplished by pushing 
control rods into the reactor core. These rods are of a material 
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(boron or cadmium) having a large neutron-absorption cross 
seclion. The second aim is achieved by surrounding the reactor 
with massive layers of substances that strongly absorb neutrons 
and gamma rays (for instance, combinations of concrete and lead), 
and also by providing completely closed coolant circuits without 
any leakage. 

48.3.12. Nuclear reactors are classified according to the types of 
nuclear fuel, moderator and heat-transfer agent employed. Used 
for raw materials and fissionable substances are U5, 9,Pu?9, 
gg 98, ,oU?58 and g)Th?*?. The materials used for moderators and 
heat-transfer agents are given in 48.3.8. and 48.3.10. 

With respect to the arrangement of the nuclear fuel and moderator 
in the core, nuclear reactors are classified as homogeneous, in 
which these two substances are finely divided and uniformly mixed 
together, and as heterogeneous, in which the two substances are in 
separate elements as blocks. As to the energy region of the 
neutrons, reactors may be thermal, intermediate, and fast. In the 
latter, fission neutrons are directly used and the moderator is 
dispensed with. 

In their purpose, nuclear reactors are subdivided into power, 
research, test, breeders for producing new fissionable materials, 
radioactive-isotope-production reactors, etc. 

Taking into account all the foregoing features, nuclear reactors 
can be classified as uranium-graphite, water-moderated water- 
cooled, boiling, and other types. 

48.3.18. In a breeder reactor (or simply breeder), nuclei of one 
fissionable material are transformed as a result of nuclear reactions 
into nuclei of another fissionable material. Here, owing to the 
different isotopic compositions of the fissionable materials, the 
quantity of the bred fissionable isotope exceeds that of the 
primary isotope. In breeder reactors proper, the bred and initial 
substances are different isotopes of the same chemical element 
(for example, U?® is “burned” to obtain U8). In converter 
reactors, these are isotopes of different chemical elements (for 
example, U* is “burnt” and Pu? is obtained). 

48.3.14. The high temperature required for an uncontrolled 
thermonuclear reaction (T ~ 5X10? °K) is obtained by the 
detonation of an atomic bomb (see 48.3.5.). This provides such a 
{emperature when the explosion takes place during an extremely 
short time interval (~ 10-® sec), which, however, is sufficient for 
a thermonuclear reaction to occur in the mass of hydrogen isotopes 
(hydrogen, or H-, bomb). 

48.3.15. Thermonuclear power engineering is based on utilizing the 
energy released in exothermic fusion reactions of light nuclei 
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(see 48.2.12.). The most feasible with respect lo the necessary 
temperatures is the reaclion between the nuclei of deuterium and 
tritium: ,D?+,T% > ,.Het+n. The energy released in this reaction 
is 17.6 MeV. The energy release per nucleon in such a reaction is 
x 3.5 MeV. In the fission of the nucleus ,.U*, only 0.85 MeV 
per nucleon is released. 

A controllable thermonuclear reaction, self-sustained by the 

liberation of energy, will be able to proceed for a considerable 
time on a controlled scale. The heating of the thermonuclear 
mixture and the control over its behaviour are determined by 
the fact that at ultrahigh temperatures it is converted into a 
plasma (see 22.8.1.). For such heating the rate of heat delivery to 
the mixture should exceed the rate of energy leakage from it. The 
main kinds of leakages are heat passing through the reactor walls 
and bremsstrahlung (braking radiation, see 34.2.9.) in the plasma. 
The most important problem in practically realizing a controlled 
thermonuclear reaction is the creation of conditions under which 
a high-temperature plasma is stably confined by means of mag- 
netic fields in a state of thermal insulation. Magnetic traps and 
special toroidal discharges with a longitudinal magnetic field are 
used for this purpose. Magnetic traps are magnetic fields of 
extremely complex configuration which confine the plasma to 
prevent its contact with the walls of the reactor. Plasma confine- 
ment is accomplished in systems having plasma filaments, or 
pinches, in which the plasma is constricted to a filament by the 
magnetic field of the current in the plasma (pinch effect). 
48.3.16. The formation of excited nuclei in reactions involving 
neutrons leads to the decay of the nuclei a considerable time after 
the end of the reaction which was induced by neutron irradiation. 
The radiation of such nuclei, usually consisting of beta particles 
and gamma rays, is an example of artificial radioactivity. The half- 
life of artificially radioactive nuclei lies in the range from fractions 
of a second to a thousand years. Artificially radioactive isotopes 
can be produced today that have a high specific activity (see 
47.5.4.). This enables extremely compact sources of radioactive 
radiation to be produced. These sources are extensively employed 
in science and engineering for a technique known as the tracer, or 
radioactive isotope, method. 


CHAPTER 49 


Elementary Particles 





49.1. Basic Data on Elementary Particles 


49.1.1. Elementary, or fundamental, particles are ones to which an 
internal structure, that would be a simple combination of other 
particles, cannot be attributed at the level reached by present- 
day physics. In its interaction with other particles and fields, an 
elementary particle behaves as an integral unit. The problem of 
the structure of elementary particles is treated in two ways. In 
many cases they are considered to be structureless, i.e. as material 
points (what we have called particles) possessing definite properties: 
rest mass, electric, baryon and lepton charges (see 49.1.10.), spin, 
isotopic, or J-, spin and its projections (see 49.1.11.), strangeness 
(see 49.1.43) and a predominant decay scheme (see Table 2). The 
concept of a point elementary particle is in agreement with the 
theory of relativity. An extended particle, being indivisible, would 
have to deform, as otherwise independent motion of various 
parts of the integral unit would be possible. External action on an 
extended particle would be instantaneously transmitted from 
certain parts to others. This contradicts Einstein’s special prin- 
ciple of relativity (see 32.1.2.). 

It is permissible to deal with elementary particles as_ being 
structureless only in the range of particle energies at which their 
structure does not affect the results of interaction between thein. 
The corresponding range of energy of the elementary particles is 
below 2myc?, where my is the rest mass (see 32.6.2.) of the particles. 
49.1.2. At the present time several groups of elementary particles 
are known, They differ in properties and in the nature of their 
interaction. The most important properties of elementary particles 
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are listed in the tables on pages 891 and 892. According to their 
rest mass, distinction is made between: leptons (light particles), 
mesons (intermediate particles) and baryons (heavy particles). As 
to the sign of their electric charge, they can be divided into 
positive and negative particles, carrying the charge |e], and 
electrically neutral particles. Up to the present time, particles 
with an electric charge |e| > 1 have been discovered among the 
resonances (see 49.1.4.). The hypothesis has been put forth that 
particles with fractional electric charges exist (quarks and 
antiquarks). Most of the particles listed in the tables on pages 891 
and 892 have aspin of + (in units of 4). There are also spinless 
particles (pions and kaons), as well as particles with a spin cqual 
to # (photons). Particles with a spin of 4 A are evidently the 
negative omega hyperon and its antiparticle, the negative anti- 
omega hyperon (Q- and Q- hyperons). 

49.1.3. If a positive 4*-meson (muon) is combined with an electron 
they may form muonium, a peculiar atom in which the electron 
rotates about the w+-meson. It has been found experimentally 
that muonium has hyperfine structure. Hyperfine splitting of the 
energy levels and spectral lines of muonium is associated with the 
possibility of parallel and antiparallel orientation of the spins of 
the electron and w+-meson in muonium. The magnitude of hyper- 
fine splitting coincides with the calculated value if the assumption 
is nat that the u+-meson has the characteristics listed in Tables 
1 and 2. 

49.1.4. In addition to the elementary particles given in Table 41 
(page 891), a great number of new particles have been discovered 
in recent years. They are called resonance particles, resonant states, 
or Fermi resonances. These short-lived formations, with a lifetime 
characteristic of strong interaction (see 49.1.6.), have definite 
properties, enumerated in 49.1.1., as well as certain momenta and 
energies that enable resonances to be regarded as particles. The 
characteristics of baryon and meson resonances are listed in 
Tables 3 and 4. 

49.1.5. There are believed to be three types of interaction between 
elementary particles: strong, electromagnetic and weak. Each one 
is characterized by its interaction constant and characteristic 
lifetime (see the table in 49.1.8.). 

49.1.6. Strong interactions refer to processes involving baryons, 
antibaryons, and also pions (pi-mesons) and kaons (K-mesons) 
(see Tables 1 and 2). These interactions give rise to nuclear forces 
between the nucleons in the nuclei and to the processes of forma- 
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tion and decay of mesons and hyperons in nuclear interactions at. 
high energies. The intensity of strong interactions is characterized 


by the Fermi constant ~ = 1 where f is the “charge” of the 


field of nuclear forces. Processes in which strong interactions are 
manifested are said to be fast and have a characteristic lifetime 
(time constant of interaction) from 10~*% to 1072? sec. Strongly 
interacting particles are called adrons (large and heavy particles). 
49.1.7. Electromagnetic interaction takes place between particles 
having electric charges (for instance, Coulomb interaction of 
charged particles, processes of electron and positron production 
by gamma quanta, etc.). The intensity of this interaction is 


characterized by the fine-structure constant a = ~ = — (see 
Appendix II). The corresponding processes are called electro- 
magnetic and have a lifetime of the order of 10—?° to 10718 sec. 
49.1.8. Weak interactions are typical of leptons (the interaction 
between muons and nuclei, interaction of electrons and positrons, 
and neutrinos and antineutrinos with nuclei, beta decay processes 
of nuclei, etc.). The intensity of interaction is determined by the 


constant = x 10-4, where g has the meaning of the “charge” 


corresponding to the hypothetical field of weak interactions. 
The corresponding processes are said to be slow and have a charac- 
teristic lifetime from 10~!° to 10-8 sec. The relative strengths of 
the various kinds of interaction between elementary particles are 
listed in the following table. 











Relative Characteristic lifetime, 


Interaction strength 








Strong 1 10-23 to 10-22 






Electromagnetic 10-20 to 10-18 









Weak 10-10 to 10-8 





49.1.9.The laws of conservation of some physical quantities (energy, 
momentum, angular momentum, and electric charge) hold for all 
kinds of interaction between elementary particles. These laws 
characterize the properties of the particles before and after the 
given kind of interaction and occurrence of physical processes. 

49.1.10. In order to distinguish between the various elementary 
particles of the lepton group, they are ascribed a characteristic 
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ealled the lepton charge “. Tt is assumed that. all leptons (see 
Tables 1 and 2) have 4 = --4 and that all antileptons have J. = 
= —41. For the other elementary particles L = 0. Processes in 
which leptons participate occur in such a way that the algebraic 
sum of the lepton charges is conserved (the law of conservation of the 
lepton charge). 

49.1.11. Charge independence in strong interactions consists in the 
fact that. the nature of these interactions is independent of whether 
the particles have or have nol an electric charge. 

Thus the strong interactions in nuclei between protons and 
neutrons, between protons and protons or between neutrons are 
all identical. 

Development of the concept of charge independence in strong 
interactions leads to the characteristic of clementary particles 
known as isotopic spin, or isospin, T. Particles of nearly the same 
mass are charge states of the sainc particle. For example, the 
nucleonic states constitute a doublet consisting of a proton and 
a neutron, and pi-mesons are a triplet of a 2+, 2~ and 2° mesons. 
The number of charge states in a given multiplet equals 27'+-1. 
To provide an individual characteristic for each member of a 
charge multiplet, the projection T, of the isotopic spin on a certain 
“axis” is introduced. This projection T, can assume 27'+-14 
values: T, T—-1, ...,0,...,-T. The concept of the vector T and 
its projection T, is not related to the orientation of T and 7, in 


ordinary space, and is introduced to describe the properties (and 
the transformations) of elementary particles. 

For the elementary particles that have been discovered to date 
(Tables 1 and 2) either 7 = 1/2 (charge doublet of a proton and 
a neutron), or JT = 1 (charge triplet of z+, m~ and x® mesons) or 
T = 0. The value 7 > 1 has been found for certain resonances 
(see Table 3). 

Components of a charge multiplet with 7, values that are equal in 


magnitude but opposite in sign correspond to a particle and its 
antiparticle. For charged particles, different signs of T, correspond 


to the different signs of the electric charges of the particle and the 
antiparticle. For neutral particles, different signs of T, correspond 


to different signs of the magnetic moment and certain other 
characteristics of the particles. Particles whose properties are 
completely identical with those of their antiparticles are said to 
be truly neutral. 

The law of conservation of isotopic spin holds for all processes 
associated with the transformations of elementary particles that 
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Table 2. Important Decays, Energy Release Q and Decay Probability 
Fraction % of Mesons and Baryons* 


























Energy ‘ 
Particle Decay modes release Q, Decay probabilily 
MeV i 

ld e+ +Fe 105.66 | 100 % 

nt +> wrt 33.95 ~ 100% 
ett, 139.60 (4.24+0.05)x 10-4 
uttouty 33.94 (4.2440.25)x 1074 
W+ettre 4.08 (1.540.8) 1078 

7 > yt+y 135.04 98.8% 
et+e-+y 133.99 (1.19+0.5) % 

kt > utten 388.4 (63.1+0.5) % 
nt+n0 219. (21.540.4) % 
attntt+aé 75.0 (5.540.1) % 
at +n04 70 84.2 (1.7£0.1) % 
Ot utton 253.4 (3.440.2) % 
TM+et +H 358.3 (4.8+0.2) % 
atta-+etdre 24.4 (4.340.9)X 10-5 
attntte-+%, 214.4 < 0.1x1075 

kK? > attne 218.8 (69.4+5.1) % 
704 70 228.0 (30.641.1) % 

K}> 04 704 70 93.0 (27.14:3.6) % 
at+na-+n0 83.8 (12.741.7) % 
attr +h, one on 
peas 252.7 (26.64 3.2) % 
nt+e-+h, « 
nm +etd+y, 357.9 (33.643.3) % 
att+a- 218.8 ~ 2K1073 

n> pte-+¥e 0.78 100% 

AO > pta- 37.5 (67.741.0) % 
n4-70 40.9 (31.642.6) % 
ptiectin 71.5 < 1074 
pte7+re 176.6 (0.88+0.08)X 10-3 


| *After A. H. Rosenfeld, A. Barbaro-Galtieri, W. HW. Barkas, P. L. Bastien, 
J. Kirz and M. Roos, Revs. Mod. Phys., 36, No. 4: 977 (1964). 
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Continued 




















zt ptz7° 
n+at 
ntatt+y 
A tet+ye 
+Y 
n+yuttoyn 
n+et+re 
20 > Ao+y 
a n+a_— = 
N+a-+y . 
n+ po+hy 151.9 (0.6640.14)x1073 
n+e7+7, 257.0 (1.440.3)x 1073 
A+ e7+¥¢ 81.2 (0.75+0.28)% 10-4 
ZO > A0+ 70 76.9 ~ 100% 
pta- 249.4 <0.4% 
pt+e-+¥o 388.5 < 04% 
Ut+e-+%y 137.4 < 0.3% 
L-+ett 129.7 < 0.25% 
En A0+ x- 65.8 ~ 100% 
A+ 0- +7 204.9 (3.041.7)X 1073 
n+a7 214.7 <5x10-3 
Qa E- +0 221 ? 
A0+ K~ 66 ? 








are due to charge-independent strong interactions (see 49.1.6.). 
This law states that the total isotopic spin T of all the particles of 
an isolated system does not change in all the transformations caused 
by strong interactions. The projection T, of the isotopic spin is 
conserved both for strong and electromagnetic interactions. 

49.1.12. The concept of a baryon, or nuclear (nucleon), charge B is 
introduced to characterize the elementary particles belonging tu 
the baryon group. It is assumed that for baryons (see Tables 41 
and 2) B = 4, for antibaryons B = —1, and for all other element- 
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ary particles B = 0. In all nuclear transformations in isolated 
systems, the sum of the baryon charges remains constant (the 
law of conservation of baryon charge). 
49.1.18. Because of the special features of the production and 
transformations of K-mesons (kaons), as well as of lambda, sigma 
and xi-hyperons, these are classed under a new name, strange 
particles. Typical features of strange particles arc: 
(a) they are produced by strong interaction (sec 49.1.6.); 
(b) when decaying into nuclearly active pi-mesons, K-mesons 
have a lifetime characteristic of weak intcractions; 
(c) they are produced in pairs and not in any combinations, for 
example, a K+-meson is produced in a pair with either a K—~-meson 
or with hyperons, while the K~-meson is produced only in a pair 
with a K*+-meson. 
A special characteristic of elementary particles, strangeness S, has 
been introduced to explain their properties theoretically. Strange- 
ness is related to the electric charge z (in units of e), the baryon 
charge B and the projection of the isotopic spin T, by the Gell- 
Mann—WNishijima formula 

S= 2(2-T,)-B 


where S = 0, +1, +2, +8, ... is the strangeness value of the 
elementary particle. It is nonzero only for strange particles and 
equal to zero for all other particles. The quantity Y = B+ § = 22 
(where z is an average electric charge of the charge multiplet) is 
Called the hyperon charge (hypercharge) of the given multiplet of 
particles. 

In strong and electromagnetic interactions, the algebraic sum of 
the strangeness values of all the particles in an isolated system is 
conserved (the law of conservation of strangeness). 

49.1.14. The conservation laws in physics are associated with the 
general properties of space and time. It is precisely the isotropism 
and homogeneity of space and time—the principal forms of 
existence of matter—that lead to the conservation laws. From the 
isotropism of space there follows the law of conservation of angular 
momentum, from the homogeneity of the course of time the law of 
conservation of energy, from the symmetry of space with respect 
to inversion transformations the law of conservation of parity of 
state (see 47.7.11.). 

49.1.15. The laws of conservation of parity and strangeness are 
violated in weak interactions of particles. In all meson and 
hyperon decays AS = 0, +1. 

49.1.16. The charge-conjugation operation is a transformation from 
a particle to its antiparticle. In this transformation the signs of all 
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the charges, magnetic moments and other characteristics of the 
particles are simullaneously reversed in all the corresponding 
equations. Charge conjugation reverses the signs of z, T,, B,D, 8 
and Y. 

49.1.17. Parity nonconservation in weak interactions indicates 
the lack of symmetry in the spatial properties of particles with 
respect Lo inversions (see 47.7.11.). This, however, would seem Lo 
contradict the isolropism of space in weak interactions because of 
the conservation of the angular momentum in these interactions. 
The contradiction is eliminated by the Landau-Lee-Yang principle. 
This principle states that in weak interactions, in contrast to 
strong ones, the parity conservation law and the invariance with 
respect to charge-conjugation operations (particle inversions) may 
he violated when taken separately, but there must be in- 
variance with respect to the combination of the two transforma- 
tions. This is called combined inversion. [In such invariance, asym- 
metry is manifested only in the charges of the particles; space 
remains symmetrical (G-parity). 

49.1.18. Parity conservation can refer only to truly neutral 
particles (see 49.14.11.) since any other particles are converted into 
their antiparticles. For truly neutral particles, the law of conser- 
vation of combined parity coincides with the law of conservation 
of ordinary parity. The violation of parity in the decay of ke. 
mesons is explained by the fact that the neutral K° and kK°-me- 
sons can form two combinations with each other: K? and Kk, for 
one of which the combined parity equals 4-4 and for the other 
—1. Owing to the conservation of combined parity, K- and 
K$-mesons have different lifetimes and different decay schemes. 
The decay K§ - 2x has been registered experimentally. This means 
that combined parity is not conserved in weak interactions in 
which strange particles participate. 


49.2. Conception of Symmetry 
in Strong Interactions 


49.2.1. In the up-to-date system for denoting baryon adrons, all 
adrons with the strangeness S = 0 and the isotopic spin T = + 


{nucleons and (fi—V)-isobars] are denoted by Ny, where M is 


the mass in MeV. Adrons with the strangeness .S = 0 and the 
isotopic spin T = 4. [(a —N)-isobars with T = = are denoted 


by Ay; lambda hyperons and baryon resonances with S = —1 
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and T= 0 are denoted by Ay; sigma hyperons and baryon 
resonances with S =-—1 and T = 1 are denoted by 2y; xi- 


hyperons and baryon resonances with S = 2 and T = + arc 


denoted by &y; and omega hyperons and baryon resonances 
with S = —3 and T = 0 (if and when they are discovered) will be 
denoted by 2,,. Sometimes the particle or resonance with the 
smallest mass in the given group is denoted by the corresponding 
letter without indicating the mass. This retains the previous 
notation [N, (n, p), A, 2, 2, 2] for the elementary particles. 
Antiadrons are denoted by the same letters, but with the opposite 
sign of the electric charge and with a tilde above the letter (for 
example: Y- -- £+). The properties of baryons and baryon reso- 
nances are listed in Table 3. 

49.2.2. For meson adrons (meson resonances), the standard system 
of notation has been worked out so that particles and resonances 
with the saine strangeness S and isotopic spin T values are denoted 
by the same letter. The subscript indicates the mass in MeV. The 
letter 7 denotes incsons and meson resonances with S = 0 and 
T = 0, the letter a, those with S = 0 and T = 1, and the letter 
K, those with S = 4-1 and T = + . Table 4 lists the properties of 
meson adrons. 

49.2.3. The quantum numbers B,S and T are regarded to be the 
principal ones for all known baryons, mesons and resonances. 
These numbers are given in the table below. Also given are the 
values of the hypercharge Y = B+, multiplicity of the isotopic 
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multiplet (27+41) and the mean electric charge of the multiplet 
z= rs = 28 * These last values can be regarded as “derived” 
quantum numbers along with the first-mentioned principal ones. 
49.2.4. Adrons having the same spin and parity, and being in the 
states J’, where Jis the spin of the particle and P is its parity, 
form symmetrical sets. Eight mesons cxist in the state 0- 
(J = 0 and P == —1), nine mesons in the state 1~, eight baryons 
in the state 1/2+, and ten baryon resonances in the state 3/2*. The 
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first Unree groups consist of multiplets arranged on the 7,5(Y) 
plane in the form of hexagons (Figs. 49.1, 49.2 and 49.3). The 
eroup of the last ten resonances forms a regular triangle (Fig. 49.4) 
with the particle Q- at its vertex. All the geometric figures are 
unified by their being made up of particles of close mass values 
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and by the fact that they are symmetrical with respect to rotation 
through 120°. Symmetrical groups of particles having the same 
spin and parity are regarded as supermultiplets of particles obtained 
as a result of the “splitting” of a single particle whose state is 
determined by the quantity J? inherent in all the members of the 
given supermultiplet. 

49.2.5. It is believed that the role of each of the three kinds of 
interaction (see 49.1.6., 49.1.8.) in forming the mass of the particles 
is determined by the relative strength of each interaction. This 
role grows with an increase in the intensity of the interaction and 
the rate of its action. Nuclear (strong) interaction is isotopically 
invariant, i.e. independent of the electric charge of the particle, 
and is approximately 10? to 10° times as strong as electromagnetic 
interaction which is charge dependent. The intensity of weak 
interaction is 10-18 to 10-14 as much as that of strong interaction 
(see 49.1.8.). The principal interaction that forms the mass of 
adrons is strong interaction; electromagnetic interaction plays a 
very small part. Practically all (~ 99 per cent) of the adron’s 
mass arises from strong interaction and only a small fraction 
(~ 1 per cent) from electromagnetic interaction. This fact is 
apparent in the large mass of all the strongly interacting particles. 
The lightest of them, the pion (pi meson) has the mass m, = 
= 273m,. Particles that do not participate in strong interaction 
(e7, oF, », D., ¥,, and %,) have a mass m =< m,. Exceptions are the 
muons (mu mesons) with a mass 207 m, which do not participate 
in strong interactions and occupy a special, and not yet clear, 
position in the systematics of elementary particles. 

49.2.6. The main part of the mass of an adron, arising from strong 
interaction which is charge independent, should be the same for 
the various members of an isotopic multiplet. The difference in 
their mass values is due to electromagnetic interaction, the 
weaker kind, which removes degeneracy. In other words, the 
splitting of mass is caused by the nonconservation of isotopic 
spin in electromagnetic interactions (see 49.1.11.). 

49.2.7. Isotopic invariance of strong interaction is manifested for 
pi mesons, nucleons and nuclei in the form of the law of conserva- 
tion of isotopic spin (see 49.1.11.), and the extension of the princi- 
ple of isotopic invariance to K-mesons (kaons) and hyperons 
leads to the law of conservation of strangeness (see 49.1.13.). 
49.2.8. The similarity noted in 49.2.4. in the properties of the 
group of adrons having the same spin and parity (but different 
strangeness values and electric charges) has led to the supposition 
that, apart from isotopic invariance, there exists a higher, so- 
called unitary symmetry of strong interactions, 
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The conception of unitary symmetry amounts to the assumption 
that strong interaction consists of two parts: very strong (strongest) 
and moderately strong interaction. For all the particles belonging 
to the large group of particles having relatively close mass 
values—unitary multiplets or supermultiplets—the very strong 
interaction is the same. It determines the structure of unitary 
multiplets and their quantity. Intrinsically strong interaction is 
independent of the strangeness and electric charge of the particles. 
Moderately strong interaction depends upon strangeness and, 
owing to this interaction, the degeneracy with respect to strange- 
ness is removed. At this the supermulltiplet is split into charge 
multiplets. Further splitting within the charge multiplets can be 
explained by electromagnetic interaction, and a complete set of 
the corresponding particles appear. Based on the conceptions of 
unitary symmetry, schemes of the unitary symmetry of element- 
ary particles have been realized in various forms. These include: 
the Sakata-Okun composite model, the Gell-Mann—Ne’eman octet 
representation of SU(3) symmetry (the eightfold way, octet symmetry 
or SU(3)'symmetry); the Gell-Mann—Zweig quark, or ace, model; 
and the Pais-Radicati-Giirsey scheme of SU(6) symmetry. All of 
the foregoing, as well as the systematics of adrons called the 
Regge trajectories, explain to some degree the existence of super- 
multiplets of a definite kind and nonexistence of others. They 
indicate the relationships between the properties of various 
adrons, included in the given supermultiplet, enabling, in partic- 
ular, their mass ratios to be established. ‘These schemes also 
enable the properties of hitherto unknown particles of the given 
supermultiplet to be predicted, and many other problems to be 
solved. The fruilfulness of the various versions of unitary sym- 
inetry depends to a great extent on the state of the experimental 
data available when the given scheme is worked out. 


49.3. Particles and Fields 


49.3.1. Each field is associated with particles called field quanta. 
Electromagnetic field quanta are photons, nuclear field quanta 
are pi-mesons and gravitational field quanta are the hypothetical 
gravitons. Field quanta are bosons (see 12.7.1.). In distinguishing 
field quanta from true “material” particles, the feature of their 
rest mass being equal to zero cannot be considered as sufficient 
since, for example, the rest mass of pi-mesons m, # 0 (sce 
Table 1). 

49.3.2. The interaction of particles with one another manifested 
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in their attraction or repulsion, is described as the virtual exchange 
of field quanta by the particles. The exact mechanism of particle 
interaction is unknown as yet. The concept of the virtual exchange 
of photons in an electromagnetic interaction properly expresses 
the dependence of the force of interaction (field intensity) on the 
distance r between the particles (oc r7?). 

49.3.3. In a collision of a particle having my 0 with ils anliparticle 
their annihilation is possible. In this case both particles are con- 
verted into field quanta which correspond to the kind of interac- 
tion between the particles. Upon annihilation of an electron and a 
positron, electromagnetic field quanta—photons-—are produced; 
in an antinucleon and nucleon annihilation, pi-mesons are 
produced, etc. ‘he number of quanta produced in annihilation is 
determined by the laws of conservation of electric charge (as 
well as nucleon charge in the case of baryons), energy and momen- 
tum. The probability of a given kind of annihilation also depends 
on the direction of the spins of the particle and its antiparticle. One- 
photon annihilation of an electron and positron is possible only in 
the vicinity of some third particle (for instance, a nucleus). Of 
higher probability at nonrelativistic velocities of the electrons 
and positrons is the retarding of annihilation with the formation 
of a metastable system—positronium (see 45.1.16). The most 
common type is two-photon annihilation. A kind of annihilation 
has been observed in which an electron and positron are converted 
into three photons. 

49.3.4. The opposite of annihilation is the process of particle and 
antiparticle production from the field quanta when the energy of 
the latter reaches the value 27m,c?, where m, is the rest mass of the 
produced particle. This energy constitutes 1.11 MeV for an elec- 
tron-positron pair. The calculated minimum energy required for 
the production of a proton-antiproton pair equals 5.6 GeV in a 
system of coordinates in which one nucleon is at rest. In practice, 
the minimum energy, required for the pair production due to 
internal motion of nucleons in the target nuclei and other effects, 
is reduced to 4.3 GeV. 

49.3.5. The capacity of rapidly uniting with its particle is a feature 
of antiparticles—positrons, antiprotons and antineutrons. Upon 
meeting their “pair partners”, when the latter are redundant in 
the substance, antiparticles recombine with them and cease to 
exist, bringing about the production of new particles and fields 
in accordance with the conservation laws. In the hypothetical 
“antimatter”, whose “antiatoms” would contain antiprotons and 
antineutrons in their nuclei about which positrons would rotate, 
electrons, protons and neutrons would undergo as rapid recombi- 
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nation upon meeting the particles of these “antiatoms”. The 
stability of particles and the instability of antiparticles is purely 
arbitrary. In a vacuum, antiparticles—positrons, antiprotons and 
antineutrons—are just as stable as their particles—electrons, 
protons and neutrons. 

49.8.6. The processes of particle-antiparticle production and 
annihilation are formally explained by the Dirac theory as the 
result of interaction of particles and a vacuum. The vacuum is 
conceived as an energy “zone” completely filled with fermions 
with the upper energy level —m,c?. Fermions in the vacuum (at 
E =<=-—m,c*) are undetectable since they cannot participate in 
any interactions whatsoever. If they could, it would mean that 
they could lose energy and could occupy a lower level in the zone. 
This is impossible for fermions because of the Pauli principle (see 
45.6.2.). When the particles in the vacuum are imparted an energy 
AE = 2m,c?, they pass through the forbidden zone, their energy 
becomes EF = myc? and they become detectable. The “hole”, or 
vacancy, left in this case in the zone of negative energies has the 
properties of an antiparticle. 

49.3.7. In elementary particle theory, a vacuum is understood to 
be the ground, lowest state of fields describing the corresponding 
particles in relativistic quantum theory (see 49.3.1.). This concep- 
tion of a vacuum differs from the one in which it is considered to 
be the state of a gas at a subatmospheric pressure (see 11.5.1.). 
The conception of a vacuum held in quantum theory enables 
quantitative results to be obtained if the fields are considered to 
be weakly interacting with one another. Then the vacuum is the 
totality of the ground states of the noninteracting fields. Distinc- 
tion is made in quantum electrodynamics between the vacuum of 
an electromagnetic field and the vacuum of an electron-positron 
field. It follows from the indeterminacy relation that in a vacuum 
the fields undergo zero-point vibrations, dealt with as states 
with virtually appearing and disappearing photons, electron- 
positron pairs and, generally speaking, particle-antiparticle pairs. 
The interaction of the external electromagnetic field with the 
zero-point vibrations of the vacuum leads to nonuniformity in the 
space distribution of the total charge of the virtual pairs. This, in 
turn, results in the phenomenon called vacuum polarization which 
is associated with a number of effects that have been confirmed 
experimentally. Vacuum polarization is manifested at small 
distances of the order of the Compton wavelength of particles 
corresponding to the given field, for instance, of the electron. 
Vacuum polarization brings about the condition in which the 
observed charge of the particle depends upon the distance. For 
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example, an electron travelling at small distances from a nucleus 
is subject to the action of a greater charge than the effective 
charge of the nucleus at greater distances. This is the cause of the 
energy level shift of atomic electrons. Vacuum polarization is 
responsible for the scattering of light by the Coulomb field of the 
nucleus and for other effects. Vacuum polarization is evident in 
the difference between the potential of a fixed point charge q and 


the Coulomb potential. At distances r « rp, where ry = ai is the 


Compton wavelength of the electron, and with an accuracy up to 
terms of the order of e?, 


Viet ie Poy a 
g(r) = Ameor (1 Gx? In =) 


charge of the electron 

rest mass of the electron 

velocity of light in a vacuum 
permittivity of a vacuum in SI units. 


where e 
mM, 


fou ul 


49.3.8. Zero-point vibrations of the electromagnetic field bring 
about perturbations in the motion of an electron and lead to 
effects known as radiation corrections. These include: 

(a) The appearance of an anomalous magnetic moment of the elec- 
tron, exceeding the value of the magnetic moment obtained from 
the Dirac theory. Taking into account the fourth-order effects in 
the interaction between an electron and the zero-point vibrations 
of the electromagnetic field, 


tes = poll +f. —2.978 5) 


where a = fine-structure constant (see 49.1.7) 
‘My = Bohr magneton (see 28.1.2.). 

The experimental value uw, = 1.00114535 ws is confirmed by this 
formula. 

(b) A small disagreement hetween the energy levels of clectrons 
in hydrogen-like systems (see 44.4.11.), calculated in the relativ- 
istic theory based on the Dirac theory, and those observed experi- 
mentally (Lamb shift of levels). The energy levels 27S, and 
2?P,in a hydrogen atom have the same quantum numbers n and 
j and should be degenerate. Actually the level 25, has an energy 
greater than that of 2°P. The shift in froquancina is (1057.77+ 
+0.1) MHz and can be determined by radiospectroscopic methods. 
In deuterium the difference between the 28, and BPs levels ig 


906 


49. Elementary Particles 


1058 MHz, and in He it is (14020+ 60) MIIz. The Bethe formula 
for the correction of the energy level in hydrogen-like systems is 
8Z4 5 Rh 1 Qn? 

AE = te a’ nt In ao 
where n = principal quantum number (see 44.4.13.) 


R = Rydberg constant (see 45.1.3.) 
a = fine-structure constant. 


Improved calculations of the relative shift of the levels 27S, and 
2°P, in hydrogen with an accuracy to terms of the order of 


Za’ and with the influence of the interaction between the electron 
and the magnetic dipole moment of the nucleus, and of the struct- 
ure and finite mass of the nucleus taken into account, lead to the 
value 1057.8 MHz. 

The interaction between particles and a vacuum is an evidence of 
universal interaction and interconversion of particles of matter 
and field quanta. 

49.3.9. The structure of elementary particles cannot be described 
by graphic geometric concepts. This structure is evidently not a 
steady-state one. On the one hand, it determines the kind of interac- 
tion of the given elementary particle with others and is manifested 
in this interaction. On the other hand, this structure is a reflection 
of all the interactions that the particle is subject to at the given 
instant of time. 

49.3.10. Data on the structure of nucleons were obtained in 
investigating the elastic scattering of pi-mesons having an energy 
of the order of 7 GeV by protons and the elastic scattering of 
electrons by protons and neutrons. The nucleon is believed to 
have a central part (nucleon core) of a radius re & 0.21078 cm 
in which is concentrated the positive charge ey = +0.35e, where e 
is the elementary charge. The nucleon core probably consists of 
several layers of heavy particles, which are virtually produced 
and annihilated in particle-antiparticle pairs. In a region with 
the linear dimension r, = 0.8X10-% cm a pi-meson cloud of 
virtual pi-mesons is distributed (the pi-meson coat of the core 
or the pion atmosphere). This cloud has a density that decreases 
toward the boundaries of the nucleon. The pi-meson cloud accounts 
for the charge en = +0.5 e. The plus and minus signs refer to the 
proton and neutron. Distributed in a region of the size r, = 1.45 < 
x<10-13 cm (pion stratosphere) is the positive charge of the 
nucleon e, = +0.15 e. 

49.3.11. The structure indicated in 49.3.10. explains the anomalous 
value of the proton’s magnetic moment which is equal to 2.9 Lyne, 
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where /yy- is the nuclear magneton, and the negative magnelic 
moment of the neutron which is equal to —1.9 yu,,,. The rotation 
of the pi-meson cloud about its “axis” should be associated with 
the appearance of a certain “current” and its corresponding 
magnetic moment. In the case of the proton, the positive pi-meson 
cloud creates a magnetic moment supplementary to the magnetic 
moment of the core and having the same sign as the latter. This 
results in the anomalously high value of the proton’s magnetic 
moment. With a neutron, the negative pi-meson cloud creates a 
negative magnetic moment which, when added to that of the 
core, leads to the negative magnetic moment of the neutron. The 
electromagnetic interaction between the nucleon core and the 
pi-meson clouds is also the reason why the neutron and proton 
have different rest masses (see also 49.2.6.). 


49.4. Cosmic Rays 


49.4.1. Cosmic rays are streams of atomic nuclei of high energy, 
mainly protons, arriving on the earth from outer space, as well as 
the secondary radiation produced by these nuclei in the earth’s 
atmosphere. Cosmic rays that are beyond the earth’s atmosphere 
are said to be primary. Primary cosmic rays contain atomic 
nuclei with different mass numbers (see table below) and with 
energies per nucleon in the range 1 GeV <= F =< 10 eV. 











j eat di Jeo 
t 
Group of nuclei _ Charge Z| ae cee | ene 

| 
Protons 1 1300 92.9 
Helium nuclei 2 88 6.3 
Light nuclei 8 to 1.9 0.13 
Medium nuclei 6 lo9 5.6 OA 
Leavy nuclei 210 2.5 OS 
Superheavy nuclei 2 20 0.7 0.05 





In primary cosinic rays there are nuclei of chemical elements of a 
composition that differs only slightly from that in the earth’s 
crust or the sun’s atmosphere. The volume density of energy in 
cosmic rays is about 1 eV per cm? on an average. A flux of primary 
cosmic rays with an energy exceeding 2.5 GeV per nucleon has a 
density of = 0.14 cm>?-sr7!-sec7!. The average energy per nucleon 
is approximately the same for all nuclei, and therefore about one 
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third of the total energy is accounted for by the medium and 
heavy nuclei. Primary cosmic rays have isotropic space distri- 
bution. They have a constant intensity at altitudes above 50 or 
60 km. Nearer to the earth’s surface, therc is an increase in the 
intensity of cosmic radiation owing to secondary cosmic rays. 
49.4.2. Secondary cosmic rays are formed as a result of inelastic 
collisions of primary rays with the nuclei of the oxygen and nitro- 
gen atoms of the air in the upper layers of the atmosphere. Below 
an altitude of 20 km all cosmic radiation is secondary. The 
penetrating power of cosmic rays is measured by the thickness d 
of the layer of lead through which they can penetrate. At thick- 
nesses d from 0 to 10 or 13 cm the intensity of the rays is rapidly 
decreased. At greater thicknesses the intensity remains practically 
constant. In this connection, distinction is made between the soft 
and hard components in the composition of secondary rays. The 
soft component is the part of the rays subject to heavy absorption 
in lead; the hard component has a high penetrating capacity in 
lead. The soft component consists of electrons, positrons and 
photons. Muons, formed upon the decay of pi-mesons and weakly 
interacting with the nuclei of the atoms in the atmosphere, make 
up the hard component. The ratio of the intensities of the soft 
and hard components varies substantially with the altitude 
because of the unequal absorption of different particles by the 
atmosphere and also due to the decay of unstable particles. 
49.4.8. At high energy of the primary particles (greater than 
5X10 eV), their collisions with the atoms of air lead, as a rule, 
to the initiation of electron-nuclear showers. The result of interac- 
tion between the primary particles and the nuclei of atoms of the 
air is the disrupting of the latter into separate nucleons or larger 
fragments, and the formation of unstable particles (z*- and 
-mesons). The subsequent decays 


nat —>ut+—>ct and n> 2y>+et+er7 


lead to the formation of a soft electron-photon component (sec 
49.4.2.) of the shower. This component is then intensively multi- 
plied due to the consecutive (cascade) formation of new e+ —e7 
pairs (see 49.3.4.) and to bremsstrahlung of new gamma quanta 
by the particles (see 34.2.9.) (electron cascade process). The 
energetic nucleons produced in disrupting the nuclei are capable, 
in their turn, of initiating electron-nuclear showers (nuclear 
cascade process). The totality of nuclear high-energy interactions 
brings about extensive air showers (also called Auger showers). 
At energies of the primary particles over 10™ eV, these showers 
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may contain many millions of particles (mainly e+) with the 
transverse dimensions of the shower exceeding 1 Km?. 

49.4.4. Cosmic rays, coming toward the earth isotropically from 
outer space, undergo deviation in the earth’s magnetic field. As 
a result, the intensity of cosmic rays that reach the earth’s 
surface depends upon the latitude. Near the equator, the deviating 
effect of the earth’s magnetic field is more strongly manifested 
and the greater part of the particles, subject to a large deviation, 
never enter the atmosphere (latitude effect). The positively charged 
particles in the cosmic rays are deviated by the earth’s magnetic 
field toward the east and the negative particles toward the west 
(east-west effect). The latitude and east-west effects become more 
evident with an increase in the altitude. The intensity of cosmic 
rays depends upon the longitude of the point of observation as 
well (longitude effect). 

49.4.5. Radiation (Van Allen) belts have been found in near space 
outside the earth’s atmosphere. These are two delimited regions 
having highly increased intensity of cosmic ionizing radiation 
(in comparison with that observed at relatively low altitudes). The 
formation of these radiation belts is associated with the trapping 
of charged particles by the earth’s magnetic field. The inner 
radiation belt extends from 600 to 6000 km from the earth, but 
at certain locations it drops down to 300 km (for example, in the 
region of the magnetic anomalies in the southern Atlantic). This 
belt consists mainly of high-energy protons (up to 100 MeV) with 
a flux density of ~ 10? cm=?-sr—!-sec~!. The outer belt extends 
from 2 to 6104 km from the earth, and at certain places (from 
55° to 70° latitude) it drops to from 300 to 1500 km from the 
earth. The outer radiation belt was formed by electrons of solar 
origin which reached near space. It consists mainly of electrons 
with energies less than 100 keV and has a flux density of 10° cm~?- 
sr~l-sec-!. Radiation belts are characteristic of all celestial 
bodies having a magnetic field. The moon has no magnetic field 
of its own and consequently it has no radiation belts around it. 
49.4.6. Variations in the intensity of secondary cosmic rays With 
time are called cosmic ray variations. Atmospheric variations are 
associated with irregular changes in atmospheric pressure, variable 
solar activity that influences processes in the atmosphere, etc. 
Sidereal and diurnal variations are due to the earth’s rotation and 
to the motion of the supposed sources of primary rays beyond the 
limits of the solar system. Besides these, intensity-time variations 
of cosmic rays have been found to occur with 27-day, seasonal, 
annual, 11-year, etc. periodicity. 

49.4.7. Hypotheses on the origin of primary cosmic rays are based 
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on data on the energies of primary particles and on radio astronom- 
ical observation. 1t is believed that the charged particles in 
primary rays acquire high energies due to the acceleration impart- 
ed to them by the electromagnetic fields of the stars and the sun. 
This acceleration of charged particles must take place gradually. 
Otherwise, if the energies up to 10!% eV possessed by the heavy 
and superheavy nuclei in the primary radiation were obtained at 
once, the nuclei would immediately disintegrate into their con- 
stituent nucleons because the binding energy of the nuclei would 
be insufficient to hold them together under such conditions. Grad- 
ual acceleration of the primary cosmic rays may take place 
similar to the acceleration of particles in a betatron (see 26.3.3.). 
Upon the rotation of stars having a magnetic field, rotational 
electric fields are set up. The magnetic fields of the stars, acting 
on the protons and nuclei, hold them in closed paths along which 
they travel and acquire immense velocities in the electric fields. 
Another element of the mechanism for accelerating the particles 
of primary rays involves effects arising when the particles get into 
clouds of interstellar matter which has nonuniform magnetic 
fields. Movements of charged masses, initiated in these clouds, set 
up variable electromagnetic fields. In these fields the charged 
particles of primary cosmic rays can be accelerated to the highest 
energies that have been observed. The initial energy of the 
primary particles (injection threshold) has its source in the shock 
waves developed as a result of the collision of gaseous masses 
upon the explosion of supernovae. The cnergy of these explosions 
has an intranuclear source. Hence the initial cause of the energy 
of cosmic rays is nuclear energy. 
In such supernova explosions the stellar matter is thrown out 
vast distances and gets into interstellar variable magnetic fields 
where it gains further acceleration. Owing to the low density of 
interstellar matter, the mean free path of the accelerated particles 
is exceedingly long so that at a long lifetime (10° or 10° years) 
the cosmic rays particles speed up to very high energies. In their 
acceleration and deceleration in the interstellar magnetic ficlds, 
bremsstrahlung and synchrotron radiation (see 34.2.8.) of the 
particles are produced. This radiation lies within the range of 
visible light and short radiowaves (cosmic radiowaves). 

A flux of cosmic rays is emitted by the sun. The intensity of 
this flux sharply increases during solar flares. 
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APPENDIX I 4 


Units of Physical Quantities and Their 
Dimensions in Various Systems* 


1.1, Units of Mechanical Quantities 


1.1.1. Three metric systems of units were in usc up to 1963. They 
were: 

(a) the absolute physical system (cgs units) in which the fundamen- 
tal units are the centimetre, gram and second; 

(b) the absolute practical system (mks units) in which the fundamen- 
tal units are the metre, kilogram and second; 

(c) the engineering system [mk(force)s units] in which the funda- 
mental units are the metre, kilogram-force and second. 

The International System of Units (SI) was recommended in 1960 
by the International Conference of Weights and Measures as 
preferable for all branches of science and engineering. This system 
(SI) coincides with the mks system in its mechanical quantities 
and with the MKSA system in its electromagnetic quantities. 
In all the systems, the radian has been accepted as the unit for 
cea angles, and the steradian as the unit for solid, or space, 
angles. 

1.1.2. The fundamental units are defined as follows. 

The fundamental unit of length, the metre (m), is represented by 
1,650,763.73 wavelengths in vacuum of the radiation correspond- 
ing to the transition between the 2p,, and 5d, levels (orange-red) 
of the Kr®* atom. In comparison with the previous definition (the 
distance between two feducial marks on a bar of platinum- 


* The principal definitions and basic dala on dimcusional theory ave given 
in detail in 19.0.1., 19.5.2. and 19.5.3, 
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iridium kept at the International Bureau of Weights and Measures 
at Sévres, France) this new definition of the metre implies no 
change in its length, but only increases the accuracy of its re- 
production. 


A centimetre (cm) is aqual to one hundredth of a metre. 


A kilogram (kg), the wnit of mass, is defined as the mass of an 
adopted platinum standard kept at the International Bureau of 
Weights and Measures: at Sévres, France. 


A gram (g) is one thousandth of a kilogram. 


A second (sec ors) is defined as 1/31,556,925.9747 of the tropical 
year 1900 on January 0 at 12 o’clock ephemeris time. The tropical 
year is the mean interval between successive March crossings of 
the sun over the terrestrial equator. Ephemeris time is the uniformly 
elapsing time which has been used in astronomy from the time 
it was established that the rotation of the earth and the passage 
of universal time based on this rotation are irregular. The new 
definition of the second implies no change in its magnitude in 
comparison with the previous definition. 


A kilogram-force (kgf) is the force which gives an acceleration 
of 9.80665 m per sec? to a mass equal to that of the international 
standard kilogram. 


A radian (rad) is the angle subtended at the centre of a circle by 
an arc the length of which is equal to the radius. 


A steradian (sr) is equal to the solid angle subtended at the centre 
of a sphere by an area of surface equal to the square of the radius. 


1.1.3. Prefixes to names of units designate multiples and submulti- 
ples of any unit by powers of 10 as follows: 


pico (p) 10-12, deka (da) 10 

Nano (n) 10-9 hecto (h) 102 
micro (mu) 10-6 kilo (k) 103 
milli (m) 10-3 mega (M) 106 
centi (c) 10-2 giga (G) 109 
deci (d) 1072 tera (T) 1012 


1.1.4. Dimensional formulas and units of certain geometric and 
mechanical quantities are listed in the following table for vari- 
ous systems. 
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1.1.5. In the following relations the standard value ét the accclera- 
tion due to gravity, 9.80665 m/sec, has been feplaced by the 
approximate value 9.81 m/sec?. 


, 


Quantity Relation between the cgs, mks, SJ and mk(force)s units 
Length 1cm =10°2m : 

Mass 1g = 1078 kg; 1 kgf-sect/m = 9.81 kg 

Area 4 cm? = 10-4m? ; 

Volume 4 cm3 = 10-8 m3 

Force 1dyn = 10-5N; 1 kef = 9.81 N 

Density 1 g/cm3 = 103 kg/m3; 1 kgf-sec? /m4 = 9.81 kg/m3 
Specific weight 1 dyn/cm? = 10 N/m; 1 kef.m3 = 9.81 N/m3 
Energy or work 1 erg = 10-7J; 1 kef-m = 9.81 J 

Power 1 erg/sec = 107-7 W; 1 kgf-m/sec = 9.81 W 


Pressure, and Young’s, 
shear and bulk 
moduli 


id 10-1 N/m2; ikgf/m?=9.81 N/m? 
Dynamic viscosity 1P 


10-1 N-sec/m2; 
1 kgf-sec/m2 = 9.81 N-sec/m2 


[ 
5 
e 
8 

Te 

Wl 


1.1.6. Nonsystem units and their relations to SI units are listed in 
the following table. 

















Unit 
anit: eo aaa 
Name Abbrev. Relation to SI unit 
Length Ricco Lu 4n=107¢m 
ngstrom 
unit A 1A = 10-10 m 
Mass Millier (me- MT 1 MT = 103 kg 
tric ton) 
Quintal 
(metric) q 4q = 102 kg 
Carat CM 1 CM = 2x10-4*kg 
Time Hour h 4h = 3600 see 
Minute min 4 min = 60 sec 
nm 
° , y 
Plane angle Degree 1° = ‘x0 rad 
. , hE -s 
Minute of are = 108 10-2 rad 
Second of um {ie 7K AQ-8 rad 
are 648 
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Continued 
\ 
Unit 
Quantity 
Name Abbrev. Relation to SI unit 
Area Are a 4 a= 102 m2 
Hectare ha 1 ha = 104 m2 
Volume Litre 1 41 = 1.000028 10-3 m3 
Angle of 
rotation Revolution rev 1 rev = 2n rad 
Angular Revolutions | rpm irpm = rad /sec 
velocity per minute 30 
Revolutions rps 1 rps = 2n rad/sec 
per second 
Force Ton-force tnf 1 tnf = 9.80665x103 N 
Work Watt-hour W-hbr 1 W-hr = 3.6x103F 
Power Force de hp 41 hp = 735.499 W 
cheval (75 kgf/sec) 
(metric 
horse power) 
Pressure Bar (new)* bar 1 bar = 108 N/m? 
Millimetres of 
mercury 
column mmHg 1 mmHg = 133.322 N/m? 
Millimetres 
of water 
column mmIT.O | 4 mmII.0 = 9.80665 N/m? 
Technical 
atmosphere | at 1 at = 9.80665X104 N/m? 
Normal 
atmosphere | atm 1 atm = 1.01325X 


105 N/m? (760 mmtfg) 


*The previous definition of the bar is given in the footnote to the table 


in T.4.4. 
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I.2. Units of Heat Quantities 


1.2.1. Heat quantities should preferably be measured with SI 
units, the fundamental units being the metre, kilogram, second 
and Kelvin degree. 

It is also permissible to employ nonsystem units based on the 
calorie. 

1.2.2. The basic scales are the absolute thermodynamic tempera- 
tee ae (T °K) and the international centigrade (Celsius) scale 
1°). 

The first of these scales, used in the SI, has as its main reference 
point the triple point of water (see 15.5.11) with a temperature 
equal to 273.16 °K. 

The main reference points of the second scale are the melting point 
of ice (0 °C) and the boiling point of water (100 °C) at standard 
pressure (101,325 N/m?). 

1.2.3. The calorie (International steam calorie) is defined on the 
basis of the following relationship: 


1 cal = 4.1868 J 
The thermochemical calorie is 
1 cal,, = 4.1840 J 


(The dimension formulas and derived units of certain molecular 
and heat quantities are listed in the table on pages 919 through 921.) 


I.3. Units of Electric and Magnetic Quantities 


1.3.1. The SI units for electric and magnetic quantities coincide 
with those of the previously established MKSA system. The ampere 
has been taken as the fourth fundamental unit. In applying this 
system of units all electromagnetic field equations should be 
written in the rationalized form. 

1.3.2. The unit of current, the ampere (A) is defined as the intensity 
of the constant current which, when maintained in two parallel 
straight conductors of infinite length and negligible cross section 
placed one metre apart in a vacuum, would produce between 
them a force equal to 210-7 SI units of force per metre length. 
In SI units, the permittivity of free space, or permittivity of a 
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vacuum, &, equals 
2 
& = 4s f/m (farads per metre) 


where c is the velocity of light in a vacuum. 
The permeability of free space, or of a vacuum (also the magnetic 
constant), is 

fy = 4nX107-7 H/m 


1.3.3. The following three systems, based on the cgs system for 
mechanical quantities, are also used in physics: 

(a) The absolute electrostatic (cgse) system of units, in which the 
fundamental units are the centimetre, gram and second, and the 
absolute permittivity (permittivity of free space) is considered to 
be dimensionless and equal to unity for a vacuum. Thus 


& = 1 


(b) The absolute electromagnetic (egsm) system of units, in which 
the fundamental units are the centimetre, gram and second, and 
the permeability of free space is considered to be dimensionless 
and equal to unity for a vacuum. Thus 


Myo = 1 


(c) The absolute Gaussian system of units, in which the fundamental 
units are the centimetre, gram and second, and the permittivity 
and permeability of free space are considered to be dimensionless 
and simultaneously equal to unity for a vacuum. Thus 


&y = fy = 1 
When cgse, cgsm or Gaussian units are used, electromagnetic 
field equations are written in the unrationalized form. 
1.3.4. The dimensional formulas and units of the principal electric 


-and magnetic quantities are listed in the following table in SI 
(MKSA) units. 











Dimensional Dale 
Quantity 7 i area ae 
formula Name | Abbrev. 
Work and energy 2-kg/sec? joule J 
Power m2-kg/sec3 watt WwW 
Amount of electricity A-sec coulomb Cc 
(electric charge) ampere- 


-second 
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Quantity 


Electric displacement flux 


Electric displacement 
(induction) 


Potential difference, voltage, 


electromotive force (emf) 
Capacitance 
Electric dipole moment 


Polarization vector 
(polarizability) 

Permittivity of free space 
(or of a vacuum) 

Klectric field strength 


Electric resistance 
Resistivity 
Conductivity 
Charge mobility 
Magnetic flux 
Magnetic induction 
Magnetic moment 


Intensity of magnetization 
(magnetization) 


Inductance and mutual 
inductance 


Permeability of free space 
(or of a vacuum) 


Magnetic field strength 


Magnetomotive force (nunf) 


Reluctance 


! 
formula 
A-sec 
A-sec/m2 
m2-kg/A-sec3 
A2-sec!/m2-kg 
A-sec-1 
A-sec/in2 
A®-sec4/m3-kg 
in-kg/A-sec3 


m2-kg/A2-sec3 
m3-kg/A2-sec3 
A2-sec3/m3-kg 
A-sec?/kg 
m2-kg/A-sec2 
kg/A-sec2 
A-m?2 
Asm 


m2-kg/A2-sec2 
mi-kg/A2-sec?2 


A/m 


A 


A2-sec?/im2-kg 


| 
Dimensional 
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Unit 


Name | Abbrev, 


coulomb CG 
coulomb Cine 
per sq 
metre 
volt Vv 
farad ¥F 
- C-m 
- C/m2 
farad per Kym 
metre 
volt per Vj 
metre 
ohm Q 
= Q-m 
_ 1/Q-m 
= m2/V-sec 
weber Wb 
tesla T 
= A-m2 
- A/m 
henry H 


henry per W/m 
metre 


ampere A/m 
per 
metre 

ampere or} Aor Ab 
am pere- 
turn 

_ A/Wb or 

At/wb 


1.3.5. The following table lists the dimensional formulas and ratios 
between units for electric quantities in the cgse, cgsm and Gaussian 
systems (c is the electrodynamic constant, or conversion coefficient, 
equal to the velocity of light in a vacuum: c = 3X 101° cm/sec). 
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1.3.7. Certain nonsystem units of energy are: 

(a) Electron-volt (eV); 1. eV = (1.60210 + 0.00007) x 10-9 J 
(b) Kiloelectron-volt (keV); 1 keV = 103 eV 

(c) Megaelectron-volt (MeV); 1 MeV = 10% eV 

(d) Gigaelectron-volt (GeV); 1 GeV = 10° eV 


1.4, Units of Sound Pressure Level 


1.4.1. The sound pressure level L = 2kIn?& (sce 33.5.5.) is 


measured in bels (B) or decibels (dB). For the former k = 1, and 
for the latter k = 10. 


I.5. Units of Light Quantities 


1.5.1. The fundamental SI unit is that of luminous intensity of 
a light source—the candela (cd)—whose magnitude is such that 
the luminance of a full radiator (black body) at the temperature 
of solidification of platinum is 60 candelas per square centimetre. 


1.5.2. The derived light units are: 


| Units | Nonsystem units 
Quantily TS Fehrs ie Rig ang elem Gate ates Pie caro a a 
Name Abbrey. | Name Abbrev. 
Luminous flux Lumen* Im - a 
Quantily of 
light Lumen-seecond Im-s - - 
Luminous emit- Lumen per Im/m? Phot. Im /em? 
lance square metre (Ix) (ph) 
(lux) 
THumination Lux** Ix Phot*®*** ph 
Quantity of Lux-second Ix-s - - 
iMumination 
Luminance NiL*®** nt Stilh****#* | sh 
Candela per 
square metre ed/m? - = 
*The luminous flux emilted within unit solid angle (one steradian) by a 





point source having a uniform intensity of one candela. 

**The illumination of the surface of a sphere of one metre radius pro- 
ee by a point source at its centre having a luminous intensity of one 
candela. 

***The luminance of a luminous plane surface in a direction perpendicu- 
lar to it, if in this direction the luminous intensity equals one candela 
per square metre. 

****1 ph = 1 Im/cm? = 104 Ix, 

*eeeed sh = 104 nt. 
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1.6. Certain Units of Atomic 
and Nuclear Physics 


1.6.1. The former atomic mass unit (amu) was equal to 1/16 of 
the mass of one atom of the oxygen isotope O'%. Thus 


4 amu = 1.6597 x 10-27 kg 


1.6.2. A new unified atomic mass unit, adopted in 1961 by the 
International Union of Pure and Applied Physics, is based on the 
6G! scale. [t equals 1/12 of the mass of one atom of the carbon 
isotope ,C!?. Thus 


1u = 1.6604 10-27 kg 
1.6.3. The barn is a unit for measuring the effective cross section 
in nuclear reactions: 
1b = 10774 cm? 


APPENDIX II 


Universal Physical Constants 


The following refined values of physical constants were recommend- 
ded by the International Union of Pure and Applied Physics at 
its General Assembly in Warsaw (September, 1963). 

Normal atmospheric pressure 


Po = 1 atm = 1.01325 105 N/m? 
IMlementary charge 
e = (1.60210 + 0.00007) x 107" CG (conlomh) 
e = (4.80298 + 0.00020) X 10-"esu (electrostatic units) 


Charge-to-mass ratio of the electron 


o = (1.758796 + 0.000019) x 10" C/kg (coulomb/kg) 
= (5.27274 + 0.00006) x 10" esu/e 
Compton wavelength of the proton 


Ap = (1.32140 +0.00004) x 10-7" m 
- = (2.10307 + 0.00006) x 10-18 m 


Compton wavelength of the electron 


ie = (2.42621 + 0.00006) x 107"! m 
de = (3.86144 + 0.00009) x 10-23 m 
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Bohr magneton 


bs = (9.2732 + 0.0006) x 10-*4 J/T (joule/tesla) 
Nuclear magneton 
nue = (5.0505-+ 0.0004) x 10-2? J/T 
Neutron rest mass 
m, = (1.67482 + 0.00008) x 10-2? kg 
m, = (1.0086654 + 0.0000013) u (unified atomic 
mass unit) 


Proton rest mass 
= (1.67252 + 0.00008) x 10-2? kg 


My 
mM, = (1.00727663 + 0.00000024) u 
Electron rest mass 
Ms, = (9.1091 + 0.0004) x 10-3! kg 
m = (5.48597 + 0.00009) x 10-4 u (unified atomic 
mass unit) ; 
Proton magnetic moment 
Lp = (1.41049 + 0.00013) x 10-26 J/T (joule/tesla) 
fe = 2.79276 + 0.00007 


Enuc 


Anomalous magnetic moment of the electron 


oe = (1.159615 + 0.000015) x 10-3 
Volume of one kilomole of ideal gas at standard conditions 
V~ = (22.4136 + 0.0030) m3 
Roltzmann constant 
k = (1.38054 + 0.00018) x 10-28 J /deg K 
i = (1.16049 +0.00016) x 10% dee K /oV 


Wien displacement-law constant 
b = (2.8978 + 0.0004) x 10-9 m-deg K 
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Gas constant 


R = (8.3143 + 0.0012) x 103 J /deg K-kmole 
Gravitational constant 

G = (6.6704 0.015) X 107" m3/kg-sec? 
Zeeman splitting constant 

Ae = (46.6858 + 0.0004) 1/m-'l’ (4 /imetre-tesla) 
Planck constant 

h = (6.6256 + 0.0005) x 10-* J-sec (joule-sec) 

h= = (1.054504 0.00007) x 10- J-sec 


ae = (4.13556 + 0.00042) x 10-45 J-sec/C 
(joule-sec/coulomb) 


— = (1.37947 + 0.00004) x 10-27 erg-sec/esu 
(erg-sec/electrostatic unit) 


=- = (2.41804 + 0.00007) x 10/4 IIz/eV 
ch = (1.23981 + 0.00004) x 10-§ m-eV 
ee = (8.06573 + 0.00023) x 105 1/m-eV 
First radiation constant 

¢, = 2ahe? = (3.7405 + 0.0003) x 10-!8 W-m? 
Second radiation constant 

Cs = FE = (1.43879 + 0.00019) x 10-? m-deg K 
Rydberg constant 

Ro = (1.0973734 + 0.0000003) x 10? 1/m 
Stefan-Boltzmann constant 

o = (5.6697 + 0.0029) x 10-8 W/m? (deg K)4 
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Fine-structure constant 
a = (7.29720 + 0.00010) x 10-4 


4 = 137.0388 + 0.0019 

= = (1.161385 + 0.000016) x 107 * 

a? = (5.32492 + 0.00014) x 10-5 
First Bohr radius 

& = (5.29167 0.00007) X107" in 
Classical electron radius 

le = (2.817774 0.00011) X 10-18 in 

r = (7.9398 + 0.0006) X10-# m? 
Thomson cross section 

3 art = (6.6516 + 0.0005) x 10-29 m? 
Speed of light in a vacuum 

¢ = (2.997925 + 0.000003) « 108 in/sec 
Standard acceleration of free fall 

g = 9.80665 m/sec? 
Avogadro’s number (Avogadro constant) 

Na = (6.02252 + 0.00028) x 1076 1/kmole 
Faraday constant 

Kr = (9.64870 + 0.00016) x 10? C/kg-cquiv 

(coulomb/kilogram-equivalent) 
£ = (2.89261 + 0.00005) x 10!* esu/g-equiv 


(electrostatic unit/gram-cquivalent) 


Neutron rest energy 


mc = (939.550 + 0.015) MeV 
Proton rest energy 
Myc? = (938.256 + 0.015) MeV 
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Electron rest energy 
m,c* = (0.511006 + 0.000005) MeV 


Energy associated with the atomic mass unit 
1 amu = (931.478+0.015) MeV 


Precise measurements were made in 1967 of the constant 2s 


(where e is the elementary charge and h is Planck’s constant) by 
a method based on the Josephson transient effect [see the journal 
Progress of Physical Science (Soviet Physics-Uspekhi) vol. 94, 
No. 2, pp. 353-358, 1968]. This effect consists in the following: 
if a constant potential difference V is applied over two supercon- 
ductors separated by a thin insulating layer (of the order of 
10-7 cm), a superconduction current flows across the junction 
with a frequency 


yay 


The above-mentioned measurements led to the following results: 
“2 = (483.5912 + 0.0030) MHz/muV (megahertz/microvoll) 
I = (4.135725 + 0.000026) x 10-15 J-sec/C (joulc-sec/coulumb) 
/ = (1.379526 + 0.000008) x 10-1 erg-sec/csu 


Obtained at the same time was the following refined value of the 
reciprocal of the fine-structure constant a: 





1 Cc Hp 2e tT 
_ (taeey te <) = 137.0359 + 0.0004 


and for the velocity c of light in a vacuum, the Rydberg constant 
for infinite mass R’., the gyromagnetic ratio of the proton g, and 
the magnetic moment of the protonin Bohr magnetons y,/y, the 
following more exact values were adopted: 


c = 2.997925 x (140.3 X10-§) x 108 in/sec 
Rew = 1.0973731 x (140.1 x 10-8) x 107 1/m 
fp = 2.675192 x (1+. 3X 10-8) x 108 C/kg 


ie = 1,5210325 x (10.5 x 1078) x 1078 
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Accordingly, the following refined valucs were obtained for certain 
fundamental physical constants (the digits in the parentheses 
following each value are to be multiplied by 10~¢ after which they 
represent the standard deviation error that coincides with the 
standard error of the values adopted in 1963): 


1.60220 (413) x10- C 
4.80328 (13) X10-?° esu 
6.62628 (24) x 10- J-sec 
6.02214 (15) x 1026 4/kmole 
9.10965 (14) X10-9! kg 


Klementary charge e 

ée 
Planck constant h 
Avogadro constant NV, 
Electron rest mass m, 


ou de ie tl 
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Abbe’s sine condition, 662 
Abbe’s zero invariant, 648 
Aberration, 660 
chromatic, 660, 663 
geometrical, 660 
spherical, 660 
Aberration ellipse, 663 
Absolute system, 335 
Absolute temperature, 150 
negative, 178 
Absolute zero, 150 
pDROED Ea ce, monochromatic, 


Absorption, 286 
resonance, 858 
of sound waves, 568 
Absorption edge, 80 
Absorption jump, 800 
Absorptive power, 711 
Acceleration, 23 
absolute, 34 
angular, 28 
average, 25 
bulk, 34 
centripetal, 29 
complementary, 31 
convection, 323 
Coriolis, 34 
free fall, 50 
gravitational, 50 
instantaneous, 23 
kinds of, 31 
linear, 29 
local, 322 
normal, 24 





Acceleration, radial, 23 
relative, 31 
rotational, 29 
tangential, 24 
transport, 31 
Acceleration 4-vector, 541 
Accelerator, charged particle, 456 
cyclic, 456 
direct-field 456 
inductive, 456 
linear, 456 
magnetic resonance, 457 
resonance, 456 
Achromat, 664 
Acoustic wave intensity, 559 
Acoustic waves, 550 
Acoustics, 550 
molecular, 575 
physiological, 570 
Actinium series, 843 
Action integral, Hamilton’s 103 
Lagrange’s 103 
Action radii, 832 
Activation energy, 261, 409, 722 
Activity, 202, 842 
optical 690 
specific, 842 
Adherence condition, 329 
Adiabat, 165 
Adiabatic curve, Hugoniot, 533 
Adiabatic exponent, 164 
Adron, barion, 895 
meson, 900 
Adsorbate, 286 
Adsorbent, 286 
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Adsorption, 286 
activated, 286 
physical, 286 
Affinity, chemical, 202 
Albedo, 867 
Alfvén wave, 531 
Amagat-Leduc rule, sec 
Amagat’s law 
Amagat’s law, 156 
Ammeter, 392 
Amonton’s law, 55 
Amorphous substance, 293 
vitrified, 293 
Ampeére (unit), 918 
Ampére force, 435 
Ampeére’s circuital law, see 
Total current law 
Ampeére’s formula, 435 
Ampeére’s law, 435 
Amplifiers, 504 
Amplitude, complex, 556 
relative, 627 
scattering, 750 
of vibration, 113 
of wave, 555 
Analogue method, 338 
Analogy, optical-mechanical, 
1 


0 
Analyzer, light, 684 
Anastigmat, 663 
Angle, Brewster, 610 
contact, 264 
of convergence of rays, 616 
diffraction, 632 
of friction, 56 
Angle, grazing, 641 
of incidence, 560 
Mach, 579 
of minimum deviation, 647 
nutation, 28, 88 
of precession, 28 
prism, 647 
projection, 657 
of reflection, 560, 605 
of refraction, 561, 605 
of small disturbances, 579 
of view, 656 
wetting, 264 
Angles, Euler’s, 27 
Angular momentum, 78 
conservation of, 81 
intrinsic, 89, 477 


Anharmonicity of vibrations, 275 


Anion, 395 


Anisotropy, optical artificial, 673 


Annihilation, one-photon, 904 
of particles, 904 
two-photon, 904 

Anode, 395 
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Antenna, frame, 594 
receiving, 598 
transmitting, 598 

Antiatom, 904 

Antiferromagnetism, 488 
uncompensated, 488 

Antimatter, 904 

Antinode, 565 

Antiquark, 888 

Anti-Stokes lines, 822 

Anti-Stokes radiation, 735 

Aperture, angular, 657 
interference, 616 
relative, 658 

Aperture ratio, 658 

Aplanat, 663 

Apochromat, 665 

Approximation, adiabatic, 765 

Approximation, quasi-classical, 229 

Apsidal] distance, 85 

Are, electric, 404 

Archimedes’ principle, 320 

Astigmatism, 663 

Aston mass spectrograph, 455 

Astronomy, radar, 600 
radio, 600 

Atmosphere, pion, 907 

Atmospheric variations, 910 

Atom, 767 
acceptor, 412 
donor, 411 
mesonic, 774 

Atomic bomb, 884 

Atomicity of electricity, 397 

Attenuation coefficient, 866 

Audibility, threshold of, 571 

Audible sound, 570 

Auger effect, 722, 800 

Auger showers, 909 

Auger transition, 800 

Auto-phasing, 458 

Avalanche, electron and ion, 404 

Avogadro’s law, 154 

Avogadro’s number, 150 

Axioms of dimensional analysis, 336 

Axis 
of dynamic symmetry, 76 
free, 82 
optic, 674 
of intertia, principal, 75 
ray, 677 

Axoid, 27 


Babinet’s principle, 632 
sackground, noise, 247 
Balance, spring, 246 
Balmer-Rydberg formula, 767 
Balmer series, 768 


Band, 702 

conduction, 386, 759 

P-branch, : 

valence, 759 
Barkhausen effect, 489 
Barometric height formula, 229 
Barrier, potential, 752 
Barion resonances, data on, 896 
Baryons, data on, 892, 896 
Beam, radio, 600 
Beer’s law, 704 
Belt, radiation, 910 
Belt, Van Allen, 910 
Bernoulli equation, 329 
Bernoulli-Euler equation, 334 
Bernoulli integral, 329 
Berthelot ence of state, 254 
Betatron, 456 
Bethe cycle, 881 
Biological effectiveness, 870 
Biot-Savart-Laplace law, 436 
Biot-Savart law, see 

Biot-Savart-Laplace law 
Biot’s inverse-square law, 693 
Biradial, 677 
Birefringence, 679 

artificial, 684 
Bivariant system, 201 
Body, 15 

black, 744 

grey, 711 

perfectly black, 711 

perfectly rigid, 16 

specular, 713 
Hoguala thy Lanemule equation, 

{3 


Bohr frequency condition, 763 
Bohr magneton, 478 
Bohr radius, 748 
Bohr’s postulates, 769 
Boiling, 266 
Boltzmann distribution, 228 
Boltzmann’s constant, 155 
Boltzmann's relation, 244 
Bond, covalent, 807 
heteropolar, 273, 803 
homopolrr, 273, 807 
metallic, 273 
pi, 806 
sigma, 806 
Born’s formula, 751 
Bose-Einstein distribution, 230 
Bose-Einstein statistics, 230 
Boson, 230 
Bouguer-Lambert-Beer law, 704 
Bouguer-Lambert law, 703 
Boundary, continuous spectrum, 800 
Boundary layer Reynolds number, 


Index 


Boyle-Mariotte law, see 
Boyle’s law 
Boyle’s law, 153 
Brackett series, 768 
Bragg law, see Wulff-Bragg formula 
Breit-Wigner formula, 877 
Bremsstrahlung, 597 
Brewster angle, 610 
Brewster’s law, 610 
Broadcasting, radio, 597 
Broadening of spectral lines 
collisional, 702 
Doppler, 702 
Brownian motion, 248 
Bulk modulus, 248 
Bunsen-Roscoe law, 729 


Ct2 cycle, 881 
Candela, 669 
Canonical equations of motion, see 
Hamilton’s canonical equations 
of motion 
Canonically conjugate value, 107 
Capacitance, 366 
mutual, 367 
output, 508 
Capacitor(s), 367 
series-connected, 368 
Cardinal planes and points, 655 
Carnot cycle, 170 
Carnot theorem, 171 
Cathode, 395 
composite, 722 
Cathode fall, 402 
Cathodoluminescence, 731 
Cation, 395 
Cauchy relation, 330 
Cauchy-Riemann equations, 331 
Causality principle, classical, 99 
Causality relationship, 536 
Caustic, 664 
Cavitation, 573 
Celsius temperature scale, 150 
Centre(s), condensation, 256 
of crystallization, 285 
of force, 83 
of gravity, 50 
impurity, 410 
of inertia, 39 
luminescence, 731 
of mass, 39 
of oscillation, 119 
reduction, 37 
scattering, 748 
of vaporization, 267 
wave 554 
Cerenkov radiation, see 
Vavilov-Cherenkov radiation 
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Chain, crosslinked, 299 

highly kinked, 304 

main, 299 

network, 299 

polymer, 298 

proton-proton, 881 

radioactive-transformation, 842 

side, 299 
Chamber, bubble, 872 

ionization, 870 

Wilson expansion, 871 
Channel, entrance, 875 

of nuclear reaction, 875 
Characteristic, dynamic, 508 

quasi-elastic, 137 

Static grid, 506 

static plate, 507 

symmetrical quasi-elastic, 137 
Characteristic equation, 126 
Characteristic function, 182 
asa alia temperature, Debye, 


of rotation, 240 
of vibrations, 239 
Charge, baryon, 893 
bound, 352 
effective, 759 
elementary, 397 
free, 352 
hyperon, 894 
induced, 365 
kinds of, 352 
nuclear, 827 
point, 348 
polarization, 373 
Chalet convention operation, 


Charge independence, 890 
Charles’ law, 4 
ehenucet Le earl conditions of, 


Chemiluminescence, 734 
Chemisorption, 270, 286 
Cherenkov radiation, see 
Vavilov-Cherenkov radiation 
Child-Langmuir equation, see 
Boguslavsky-Langmuir equation 
Choke coil, 505 
Circle, 
of confusion, 661 
of diffusion, 664 
Circuit, prancned DC, 391 
coincidence 
complex De, 394 
magnetic, 449 
oscillating, 497 
Wheatstone bridge, 394 
Chcalston: field intensity vector, 
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mngneuie field intensity vector, 
magnetic induction vector, 448 
velocity, 323 
Cis-trans-isomerism, 807 
Clapeyron-Clausius equation, 204 
Clapeyron equation, see 
Mendeleev-Clapeyron equation 
Classical causality principle, 99 
Classical Langevin function, 372 
Classical mechanics, 15 
Clausius inequality, 182 
Clausius-Mosotti equation, 376 
Clausius theorem, 177 
Close packing, 27% 
Coefficient, anharmonicity, 275 
attenuation, 866 
conversion, 434 
of diffusion, 215 
mete for absorption of light, 


baal ys of spontancous emission, 


extinction, 709 

Coefficient, Hall, 413 
heat transfer, 278, 334 
of increase of pressure, 190 
of induced emission, 766 
of internal friction, 214, 327 
Joule-Thomson, 188 
linear absorption, 612, 703 
mass, of absorption, 867 
of overall heat transfer, 278 
partial internal conversion, 856 
Peltier, 426 
of performance, 172 
pressure, 190 
of pressure diffusion, 216 
of quasi-elastic force, 116 
reflection, 563, 605 
of restitution, 71 
scattering, 709 
geoonday electron emission, 

3 


of self-diffusion, 215 

sound absorption, 569 

of surface ionization, 404 

temperature, of resistivity, 388 

of thermal diffusion, 215 

of thermal expansion, 189, 275 

Thomson, 430 

transmission, 563, 684, 605 

true, of friction, 56 

velocity, 346 

of viscosity, 214 

virial, 254 - 

of volume expansion, 153, 189 

of volume ionization, 401 
Coercivity, 491 


Coherence method, 459 
Collective, 495 
Collector, 509 
Colliding beam method, 459 
Collision, 69 

direct, 70 

imperfectly elastic, 74 


Colloidal solution, 269 

Coma, 660 

Column, positive, 401 

Combination scattering effect, 822 
Composition of motions, 32 
Composition of velocities, law of, 


> 
Compressibility, adiabatic, 190 
isothermal, 189 
Compression, uniform, 289 
Compton effect, 723 
Compton shift, 724 
Compton wavelength, 724 
Concentration, equivalent, 398 
molar, 155 
mole-fraction, 155 
weight, 155 
weight-fraction, 155 
Concentration quenching, 734 
Condensation of vapour, 256 
Condition, adherence, 329 
of adiabatic flow, 333 
Bohr frequency, 763, 769 
breakdown, 401 
Lagrange-Helmholtz, 650 
Lorentz, 517 
Condition, no-convection, 319 
for normalization, 223 
plasma rarefaction, 407 
slip, 329 
Conditional period, 121 
Conditions for thermodynamic equi- 
librium, 199 
Conductance, mutual, 506 
Conduction, current, 383 
electric, in gases, 399 
electric, of liquids, 395 
electron, 409 
electron impurity, 414 
electron theory of, 384 
extrinsic, 410 
hole, 410 
hole impurity, 412 
impurity, 410 
intrinsic, 409 
n-type, 409 
p-type, 410, 4142 
in semiconductors, 409 
thermal, 213 
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anneal FN electric, 386 
werural 5 
prionicune: 277 
ipolar, 505 
ia C9 in electrostatic field, 


Conductor, second-order, 395 
Configuration, 301 
electronic, 782 
of system, 65 
zero, 66 
Conformation, 301 
Pence ee of electric charge, 348, 


sonservation law(s), 108 
of angular momentum, 81 
of baryon charge, 894 
of isotopic spin, 890 
of lepton charge, 890 
of mass, 38 
of mechanical energy, 69 
of strangeness, 894 
Conservation of magnetic flux, 528 
Conservation of momentum, prin- 
ciple of, 44 
i aha ds and conversion of 
energy, law of, 109, 
Conservation and transformation of 
energy, law of, 59 
Constant, anharmonicity, 813 
Boltzmann’s, 155 
Cotton-Mouton, 683 
Curie, 482 
decay, 842 
dielectric, 349 
electrodynamic, 434 
Faraday’s, 396 
Fermi, 889 
fine-structure, 747 
gravitational, 48 
pees equilibrium, 825 
Kerr, 6 
partial ‘decay, 842 
Planck’s, 716 
rotational, 815 
Rydberg, 747, 767 
screening, 770 
specific gas, 154 
Stefan-Boltzmann, 713 
thermodynamic equilibrium, 203 
time, of interaction, 889 
universal gas, 154 
Verdet, 692 
Weiss, 482 
Wien’s, 714 
Constants, universal physical, 929 
Constitutive equation, 515 
Constraint, 19 
bilateral, 19 
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Constraint, continued 
external, 19 
geometric, 20 
holonomic, 20 
internal, 19 
kinematic, 20 
mechanical, 19 
nonholonomic, 20 
rheonomous, 20 
scleronomous, 20 
stationary, 20 
time-dependent, 20 
time-independent, 20 
unilateral, 19 
Constraint equation, 19 
Continuity equation, 324 
Continuum, 316 
Contraction, lateral, 289 
Lorentz, 539 
Conversion, internal, 856 
pair internal, 856 
Cooler, 170 
Cooling energy ratio, 172 
Coordinate, cyclic, 99 
generalized, 92 
ignorable, 99 
normal, 127 
normalized normal, 128 
principal, 4 
Copolymer, 300 
Core, 883 
atomic, 770 
Coriolis acceleration, 31 
Coriolis inertial force, 57 
Corkscrew rule, 435 
Cornu’s spiral, 626 
Corona, 403 
external space of, 403 
negative, 403 
positive, 403 
Correspondence, principle of, 744 
Cosmic rays, 908 
hard component of, 909; 
primary, 908 
secondary, 909 
soft component of,{909 
variations of, 910 
Cotton-Mouton constant, 683 
Cotton-Mouton magneto-optic 
effect, 68 
Coulomb integral, 7178 
Coulomb’s law, 56, 348 
Counter, proportional, 872 
scintillation, 872 
Couple of rotation, 33 
Coupling: j-i, 7 
LS, 780 


strong, 784 
weak, 780 
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Criteria of similitude, 337 
aaah! eal resolution, Rayleigh’s, 


Critical gap, 404 
Critical Reynolds number, 343 
Crookes dark space, 401, 403 
Cross section, collision, 342 
effective collisional, 212 
gas-kinetic, 212 
mutual collision, 212 
scattarnig, 7 
sound scattering, 570 
Crystal, 272 
atomic, 274 
biaxial, 674 
birefringent, 679 
hydrogen-bonded, 274 
ionic, 273 
liquid, 259 
molecular, 274 
et coordinate axes of, 


properties of, 272 
pyroelectric anisotropic, 376 
uniaxial, 674 
valence, 274 
Crystallinity of polymers, 309 
Crystallite, 272 
Crystallization, 285 
Curie (unit), 867 
Curie law, 482 
Curie point, 378 
Curie temperature, 489 
Curie-Weiss law, 482 
Current, 383 
convection electric, 383 
direct, 383 
displacement, 513 
eddy, 468 
electric, 383 
Foucualt, 468 
fluctuation, 247 
induced, 465 
macroscopic, 437 
molecular, 437 
photoelectric, 720 
pulsating, 505 
saturation, 400, 432 
Curve, caustic, 661 
isochromatic, 690 
material, 332 
resonance, 124, 
shock astabatte, 333, 575 
shock polar, 578 
Stoletov’s 492 
sublimation, 285 
technical magnetization, 490 
Curve plateau, 872 
Cybotaxic region, 264 


Cycle, 154 
Bethe, 881 
C12, 881 
carbon-nitrogen, 881 
Carnot, 174 
combination, 173 
Diesel, 173 
direct, 170 
dual-combination, 173 
gas turbine, 172 
generalized Carnot, 194 
heat engine, 172 
limit, 144 
reverse, 170 
semistable limit, 144 
stable limit, 
theoretical, 172 
unstable limit, 144 

Cyclotron, 457 
frequency-modulated, 458 


D-layer, 599 
plantar | dere a principle, 


d’Alembert’s equations, 518 
d’Alembert’s inertial force, 57 
Dalton’s law, 155 
Damping, aperiodic, 120 
logarithmic decrement of, 124 
Damping factor, 120, 497 
Dark space, cathode, 401 
de Broglie formula, 736 
de Broglie waves, 736 
Debye Bh edt temperature, 


Debye-Langevin formula, 372 
Debye number, 40 

Debye screening radius, 405 
Debye shielding sence, 405 
Debye’s T? law, 2 

meee: apna, ue 


eta, 8 
double eka: 849 
electron, 849 
positron, 849 
spontaneous, 842 

Dee, 458 
Defect, quantum, 771 
mass, 830 
Deformability, 288 
Deformation, 287 
elastic, 287 
high-elastic, 310 
permanent, 289 
plastic, 288 
unit, 228 
Degeneracy, exchange, 777 
Degeneracy parameter, 233 


Index 


Degree, 150 
of blackness, 712 
of crystallinity, 309 
of dissociation, 396 
Degrees of freedom, 92 
Deionization, 396 
of gas, 406 
Density, 38 
beam, 749 
displacement current, 513 
momentum, 520 
probability, 223, 738 
volume energy, 381, 475 
weight, 51 
Deslandres formula, 818 
Deslandres series, 819 
Desorption, 286 
Dextrorotary substance, 691 
Dewar flask, 220 
Diagram, s-T, 190 
thermodynamic, 152 
Diamagnetism, 482 
Dichroism, 6814 
Dielectric, 369 
polar, 369 
polarized, 371 
Diesel cycle, 173 
Differences, contact-potential, 416 
phase, 618 
potential, 359 
Differential equation(s), 
of harmonic motion, 113 
Poisson‘s, 52 
of motion, 41 
Differential Joule-Thomson effect, 


255 

Diffraction, Fraunhofer, 631 

Fresnel, 

of light, 623 

with parallel rays, 634 

of radiowaves, 642 
Diffraction grating, 632, 633 

three-dimensional], 640 
Diffraction studies, 642 
Diffusion, 214 

thermal, 289, 290 
Dimensional analysis, axioms of, 


Dimensional formula, 336 
Dimensionality, 336 
Dimensionless value, 336 
Diode, 504 
semiconductor, 425 
Diopter, 652 
Dioptric power, 652 
Dipole, electric, 353 
Hertzian, 591 
induced, 369 
magnetic, 445 
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Dipole, continued 
permanent, 369 
quasi-electric, 369 

Dirac theory, 905 

Direct current laws, 388 

Direction, 
of easy flow, 424 
of easy magnetization, 489 
of hard magnetization 489 
high-resistance, 424, 425 

Discharge, abnormal glow, 402 
aperiodic, of capacitor, 498 
brush, 404 
cathode region of, 404 
corona, 403 
in gases, 400 
glow, 401 
nonself-maintaining, 400 
normal glow, 402 
self-maintaining, 400 
toroidal, 88 

Discontinuity, contact, 532 
rotary, 
tangential, 532 

Dispersion, 585 
anomalous, 586, 694 
of light, 694 
normal, 586, 694 
rotary, 693 
second viscosity, 328 

Displacement, electric, 355 
virtual, 92 

Displacement law, Wien’s, 714 

Dies function, Rayleigh’s, 


Dissipative function, 333 
Dissociation, electrolytic, 395 
of molecule, 803 
photochemical, 854 
Distortion, barrel, 663 
image, 663 
Pincushion, 663 
Distribution, Boltzmann, 228 
Bose-Einstein, 230 
classical canonical, 225 
electron, in atoms, 793 
Fermi-Dirac, 231 
Gaussian, 243 
Gibbs canonical, 224 
Gibbs microcanonical, 223 
Gibbs quantum canonical, 225 
intensity, 704 
Maxwell-Boltzmann, 227 
Diurnal variations, 910 
Domain, 377, 489 
Doppler broadening of spectral 
lines, 702 : 
Doppler effect, 568 
in optics, 548 


42 


Dose, absorbed, 869 
biological, 869 
exposure, 868 
integral, 869 
Dose data, radiation, 870 
Dose rate, 869 
Double-focusing, 456 
Doublet, spin, 787 
Doubling, lambda, 811 
Drop, voltage, 390 
Dropping charge characteristic, 403 
PFOMPIDE, discharge characteristic, 


Drude-Lorentz theory, 385 
Dualism, wave-particle, 719 
Dulong and Petit law, 283 
Dynamical laws, 222 
Dynamics, 16 

fluid, 324 

relativistic, 541 

of rotary motion, 80 
Dynatron effect, 508 


E-layer, 599 
E ray, 679 
East-west effect, 910 
Easy flow, direction of, 424 
Effect, Auger, 722, 800 
Barkhausen, 489 
combination scattering, 824 
Compton, 723 
cotton eouron magneto-optic, 


Doppler, 568 
dynatron, 508 
east-west, 910 
emission, 431 
Faraday, 692 

Hall, 412 

inverse Zeeman, 784 
isotope, 493, 773 
Josephson transient, 933 
Joule-Thomson, 254 
junction, 415 

Kerr electro-optic, 682 
Knudsen, 220 
latitude, 910 

linear Stark, 790 
longitude, 910 
mechanocaloric, 271 
Mossbauer, 858 
Paschen-Back, 785 
Peltier, 428 
photoelectric, 719 
photoemissive, 720 
photovoltaic, 723 
piezoelectric, 378 
pinch, 886 


Effect, continued 
quadratic Stark, 794 
Raman, 821 : 
rotational isotopic, 819 
Seebeck, 426 
shot, 247 
skin, 472 
standard thermal, 205 
Stark, 790 
thermal, 164 
thermoelectric, 426 
Thomson, 430 
transverse Doppler, 548 
tunnel, 755 
Tyndall, 705 
vibrational isotopic, 819 
volume , 303 
Zeeman, 783 
Ffficiency, luminous, 668 
thermal, 174 
Eigenfunction, 740 
Eigenvalue, 740 
Eightfold way, 903 
Hinstein coefficient for absorption 
of light, 763 
Einstein coefficient of spontaneous 
emission, 763 
Einstein postulate, 728 
Einstein’s equation for Brownian 
motion, 2 
Einstein’s general theory of rela- 


vity, 
Einstein’s photoelectric emission 
equation, 720 
Einstein’s special theory of relat- 
ivity, 534 
Electric breakdown of gas, 401 
Electric charge, law of conservation 


of, 348 

Electric field, 350 

circuital, 467 

effective, 373 

intramolecular, 808 
Electric and magnetic quantities, 

units of, 918 

Electrochemical equivalent, 396 
Electrode, 395 

corona, 403 
Electrodiffusion, 215 
Electrodynamic constant, 434 
Electroluminescence, 734 
Electrolysis, 395 
Electrolyte, 395 
Electromagnetic field, 350 
Electromotance, 390 
Electromotive force, 390 

fluctuation, 247 
Electron, 348 

conduction, 384 


Index 


outer, 797 

recoil, 725 

valence, 797, 802 
Electron capture, 849 
Electron cascade process, 909 
Electron detachment factor, 399 
Electron diffraction study, 737 
Electron-optic instruments, 461 
Electron optics, 459 
Electron theory of conduction, 


384 
Electronegativity, 804 
Electronic tube, 504 
Electrostatic field, 350 

conductors in, 348 
Electrostatic generator, 

Graaff, 364 
Electrostatics, 348 
Electrostriction, 349 
Element, transition, 792 

transition matrix, 762 
transuranic, 846 
Elementary particle, 887 
properties of, 891 
Elements of symmetry, 272 
Ellipsoid, momental, 75 
Elongation, 288 
Elongation per unit length, 276 
Eman, 86 
Emf, 390 
Emission, autoelectric, 433 
cold, 433 
photoelectric, 433 
secondary electron, 433 
thermionic, 431 
Emission effect, 431 
Emissive power, 710 
Emittance, luminous, 670 
radiant, 712 
Emitter, 431, 509 
End group, 298 
Energy, 59 
activation, 261, 410, 722 
binding, 768 
critical, 861 
dissipation of, 69 
electrical, 379 
Fermi, 235 
free surface, 263 
internal, 157 
intrinsic, 379 
kinetic, 64 
law of conservation and conver- 
sion of, 109 
mechanical, 59, 64 
mutual, of currents, 475 
nuclear binding, 829 
nuclear reaction, 874 
potential, 65 
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Energy, continued 
rest, 542 
surface, 263 
threshold kinetic, 874 
volume density of, 381 
zero-point, 238, 143 
zero-point vibrational, 8138 
Energy band, 386 
allowed, 756 
forbidden, 756 
Energy-band theory of solids, 759 


TNEEEY,, CANCINGY, of luminescence, 


Energy spectrum, 740 
Engine, expansion, 258 
Enthalpy, 159 
Entropy, 177 
of mixing, 180 
a eA 
ernoulli, 329 
Bernoulli-Euler, 334 
Boguslavsky-Langmuir, 431 
Cauchy-Riemann, 331 
characteristic, 126 
Clapeyron-Clausius, 201 
Clausius-Mosotti, 376 
constraint, 19 
continuity, 324 
d’Alembert’s, 518 
Einstein’s, for Brownian motion, 


establishment, 145 
Eulerian, for fluids, 325 
Fresnel’s of normals, 676 
Gibbs’, 287, 185 
Helmoltz’s, 185, 555 
Kirchhoff’s, 185 
Laplace, 331 
Laue, 640 
Lorentz, 522 
Lorenz-Lorentz, 697 
magnetohydrodynamic, 526 
Maxwell’s, 296, 512 
Mendeleev-Clapeyron, 154 
Navler-Stokes, 326 
ath, 18 
oiseuille, 345 
Rayleigh-Jeans, 715 
Richardson-Dushman, 432 
Saha, 825 
Schrédinger wave, 739 
secular, 126 
of state, 151 
Berthelot, 251 
calorific, 454 
Mayer’s, 251 
reduced, it 
thermal, 15 
Vukalovich-Novikov, 251 
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of stream line, 323 
Thomas-Fermi differential, 776 
transport, 218 
Van der Pol’s 145 
van der Waals, 250 
of vortex line, 324 
wave, 552 
WLF, 315 
Equilibrium, adsorption, 286 
chemical, 202 
metastable, 200 
stable, 200 
unstable, 200 
Equilibrium distance, 802 
Equipartition of energy, 227 
Equivalence principle, 58 


Equivalent, chemical, 397 


electrochemical, 396 
Equivalent length of compound 
pendulum, 11 
Establishment equation, 145 
Euler formula, 2 
Eulerian equations for fluids, 325 
Eulerian method, 322 
Eulerian variable, 322 
Euler's angles, 27 
Euler’s equations of motion, 81 
Euler’s kinematic equations, 28 
Eutectic, 285 
Evaporation, 266 
Exchanges, Prevost’s law of, 710 
Exciton, 760 
Expander, 258 
Expansion, lateral, 288 
molecular coil, 304 
thermal, 275 
Exponential law of absorption, see 
Bouguer-Lambert law 
Exposure, 670 
Extension, longitudinal, 288 
uniaxial, 288 
Extensive quantity, 152 
Extinction coefficient, 709 
Eyepiece, 658 


F-layer, 599 
Factor, amplification, 508 
atomic scattering, 752 
damping, 120, 497 
electron detachment, 399 
Landé splitting, 786 
mu, 507 
neutron-multi Beane 882 
radiation build-up, 8 
similarity, 338 
static, amplification, 507 
Saeue nee displacement law, 


Faraday dark space, 404 
Faraday effect, 692 
Faraday’s constant, 397 
Faraday’s law of electromagnetic 
induction, 465 
Faraday’s laws, 396 
Faraday’s united law, 397 
Feeling, threshold of, 571 
Fermat’s principle, 644 
Fermi constant, 889 
Fermi-Curie plot, 852 
Fermi-Dirac distribution, 234 
Fermi-Dirac statistics, 234 
Fermi energy, 235 
Fermi level, 385, 418 
Fermi resonance, 888 
Fermi spectrum, 851 
Fermion, 234 
Ferrite, 468 
Ferroelectric, 377 
Ferromagnetism, 487, 489 
Fick’s first law, 215 
Fick’s second law, 216 
Field, axisymmetric, 460 
critical, 493 
electric, 350 % 
electrostatic, 350 
gravitational, 51 
intramolecular electric, 808 
magnetic, 434 
physical, 350 
self-consistent, 776 
uniform electrostatic, 350 
Filament, plasma, 886 
stream, 323 
tube, 505 
vortex, 324 
Filter, 505 
Fine-structure constant, 747 
Fission, binary, 880 
ternary, 880 
spontaneous nuclear, 879 
Fission parameter, 880 
Flaw nen ultrasonic, 


Flory temperature, 305 
Flow, laminar, 342 
plane, 334 
steady, 323 
turbulent, 342 
two-dimensional, 331 
unsteady, 323 
wave energy, 560 
Flow density, diffusion, 215 
Fluctuation, 242 
relative, 242 
square, 242 
Fluid, barotropic, 3417 
compressible, 317 


§0— 15009 


Index 


ideal, 317 
incompressible, 317 
viscous, 317 
Fluid dynamics, 321 
Fluid flow in pipes, 344 
Fluid flow, stabilized, 344 
Fluid mechanics, 316 
Fluid statics, 317 
Fluidity, 264 
Fluorescence, 731 
resonance, 731 
Flux, displacement, 375 
electric, 355 
of field intensity vector, 375 
luminous, 668 
magnetic, 449 
radiant, 668 
thermal, 278 
Flux linkage, 465 
Focal length, 651 
Focal plane, 651 
Focal point, 651 
Focus, 142 
Focusing, alternate-gradient, 459 
axial, 457 
radial, 457 
strong, 459 
Focusing action, 462 
Force(s), 35 
active, 37 
Ampeére, 435 
body, 317 
central, 83 
centre of, 83 
centripetal, 42 
chemical, 801 
coercive, 491 
conservative, 62 
conservative mass, 317 
Coriolis inertial, 57 
dispersion, 253 
disturbing, 122 
driving, 122 
electromotive, 39U 
external, 37, 389 
generalized, 93 
gravity, 50 
impact, 69 
independence of, 41 
induced electromotive, 465 
induction, 253 
inertial, 57 
instantaneous, 69 
of intermolecular attraction and 
repulsion, 252 
internal, 37 
tuotting; of static friction, 55 
lines of, 350 
Lorentz, 453 
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Force(s), continued 
magnetizing, 450 
magnetomotive, 450 
mass, 317 
moment of, 72 
motive, 42 
of mutual attraction, 48 
nonconservative, 64 
nonstationary, 63 
nuclear, 832 
orientational, 252 
photoelectromotive, 723 
polyharmonic disturbing, 141 
potential, 62 
quasi-elastic, 116 
reactive, 46 
reduced disturbing, 136 
reac of inelastic resistance, 


resultant, 36 
retarding, 42 
opeetne Lbgemat electromotive, 


surface, 318 
thermal electromotive, 426 
transport inertial, 57 
van der Waals, 252 

Force function, 63 

Formula(s), 
Ampére’s, 435 
Balmer-Rydberg, 767 
barometric height, 229 
Born’s, 751 
Breit-Wigner, 877 
de Broglie, 736 
Debye-Langevin, 372 
Deslandres, 818 
Fresnel, for aah 606 

for s-waves, 606 

Gell-Mann-Nishijima, 894 
Klein-Nishina-Tamm, 725, 865 
lens makers’, 651 
Lorentz transformation, 544 
Mooney-Rivlin, 313 
ewe for conjugate points, 


Nyquist, 247 

Planck’s, 716 

Planck’s radiation, 232 

Rutherford’s, 752 

for spherical mirror, 649 

stoichiometric, 203 

thin lens, 651 

Thomson, 499 

Tsiolkovsky’s, 47 

Weiziacker’s semi-empirical, 837 

Wulff-Bragg, 641 
Foucault current, 468 
Fourier integral, 699 
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Fourier law of heat conduction, 213 
Fourier series, 114, 698 
Fraction, mole, 155 


fixed, 27 

geocentric, 35 

heliocentric, 34 

inertial, 34 

lab system, 449 

moving, 27 

relative, 27, 29 
Franck-Condon principle, 765, 819 
Fraunhofer diffraction, 63 
Free articulated segment model, 303 
Free fall, 50 
Freedom, degrees of, 92 
Frequency, 112 

beat, 114 

carrier, 597 

circular, 113 

combination cycle, 141 

eyclic, 113 

natural, 566 

natural cyclic, 117, 126 

principal cyclic, 126 

resonance cyclic, 124, 502 

of wave, 556 
Fresnel diffraction, 627 
Fresnel formulas for p-waves, 606 
Fresnel formulas for s-waves, 606 
Fresnel zone, 625 
Fresnel’s equation of normals, 676 
Friction, angle of, 

boundary sliding, 55 

contact, 54 

dry, 55 

fluid, 55 

internal, 54 

kinetic, 55 

rolling, 54 

semifuid sliding, 55 


thin-film sliding, 55 
Fringe, isoclinic, 621 
isopachic, 620 
Fringe width, interference, 617 
Fringes of equal inclination, 621 
Fringes of equal thickness, 620 
Front, wave, 555 
Froude number, 339 
Fugacity, 201 
Function, characteristic, 182 
dissipative, 333 
excitation, 875 
force, 63 


Function, continued 
generating, 106 
Gibbs. 
Hamiltonian, 97 
Kirchhoff’s 712 
Langrangian, 94 
Morse, 812 
outer work, 418 
partition, 225 
probability distribution, 223 
radial distribution, 259 
spin wave, 779 
state, 152 
wave, 737 
work, 415, 418 
Fundamental particle, 887 
Fundamental unit, 335 
Fusion, 284 


G-parity, 895 
Galilean transformation, 47 
Galileo’s relativity principle, 48 
Gas, dilute, 218 
electrode, 384 
ideal, 153 
perfect, 153 
real, 250 
Gas mixture, 155 
Gases, kinetic theory of, 207 
Gauge, vacuum, 220 
Gauss theorem, see 
Ostrogradsky-Gauss theorem 
Gaussian distribution, 243 
Gaussian formula for a single spher- 
ical surface, see formula for 
a refracting spherical surface 
Gaussian unit, 922 
Gay-Lussac’s law, 153 
Geiger-Miuller tube, 872 
Geiger-Nuttal law, 849 
Gell-Mann—Ne’eman octet repre- 
sentation, 903 
Gell-Mann—Nishijima formula, 894 
Gell-Mann—Zweig ace model, 903 
Gelman ave quark model, 


Generalized Carnot cycle, 191 
Generalized total current law, 514 
Generating function, 106 
Generator, 598 

Geometrical optics, 644 

Gibbs canonical distribution, 225 
Gibbs-Duhem relations, 
Gibbs equation, 185, 287 
Gibbs free energy, 183 
Gibbs function, 183 
Gibbs function change 


. Standard, 
205 
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Gibbs macrocanonice distribution, 


Gibbs’ paradox, 180 
Gibbs’ phase rule, 201 
Gibbs quantum canonical distribu- 
tion, 225 

Glass, 294 
Globule, 309 
Glow, negative, 401 
Gram-equivalent, 397 
Gram molecule, 149 
Gram-roentgen, 869 
Grashof number, 340 
Gravitation, law of universal, 48 
Gravitational constant, 48 
Gravitational field, 54 

nonrelativistic theory of, 53 
Graviton, 903 
Gravity, centre of, 50 

zero, 53 
Grid, control, 506 

screen, 508 

suppressor, 508 
Grip phenomenon, 55 
Gyration, radius of, 74 
Gyromagnetic ratio, 477, 478 
Gyroscope, 87 

balanced, 87 

heavy, 87 

spherical, 89 

symmetrical, 87 


Hagen-Poiseuille equation, see 
Poiseuille auation 

Half-life, 842 

Half-value thickness, 864 

Half-width, relative, 503 

Hall coefficient, 413 

Hall effect, 412 

Hamiltonian, 97 

Hamilton’s action integral, 103 

Hamilton’s canonical equations of 

motion, 99 

Hamilton’s principle, 103 

Hardening, cold, 289 
strain, 289 

Harmonie, 115, 570 

Harmonic motion, sirerent el 

equation of, 41 

Harmonic oscillator, 115 
linear, 742 
one-dimensional, 742 

Hartree-Fock method, 776 

Hartree method, 775 

Head, dynamic, 330 
kinetic-energy, 330 
piezometric, 330 
temperature, 334 
velocity, 330 
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Heat, amount of, 60 
of fusion, 284 
latent, 200 
mechanical equivalent of, 162 
of phase transition, 200 
of physical adsorption, 286 
of reaction 164 
reduced, 177 
specific, 164 
of vaporization, 201, 268 
internal, 268 
Heat capacity, 1614 
atomic, 161 
average, 164 
molar, 162 
of solids, 282 
true, 161 
Heat conduction, 


213 
lattice, 280 
Heat content, 159 
Heat exchange, 59 
convective, 334 
Heat quantities, units of, 918 
Heat transfer, 334 
forced-convection, 334 
free-convection, 334 
natural convection, 334 
Heat transfer coefficient, 278 334 
Heater, 170 
Heavy-coat photoplate, 871 
Hewenvere indeterminacy relation, 


Fourier law of, 


Helicity of neutrino, 854 
Helmholtz equation, 185 

for voltaic cell, 186 
Helmholtz free energy, 183 
Helmholtz potential, 183 
Helmholtz resonator, 567 
Helmholtz equation, 555 
Helmholtz theorem, 551 
Henry’s vapour pressure law, 269 
Hertzian oscillator, 591 
Hess’ law, 164 
Hooke’s law, 288 
Hopkinson formula, 449 
Hugoniot adiabatic curve, 533, 575 
Hund terms, 809 
Huygens’ principle, 623 
Huygens-Fresnel principle, 623 
Hydration phenomena, 269 
Hydrogen bomb, 885 
Hypercharge, 894 
Hysteresis, 139 

dielectric, 378 

magnetic, 491 


Mumination, 669 
quantity of, 6706 
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Image, erect, 649 
inverted, 649 
stigmatic, 645 
virtual, 646 
Impedance, 501 
characteristic, 499 
wave, 499, 553 
Impulse, 40 
instantaneous, 69 
Independence of forces, principle of, 


At 
Index, absolute, of refraction, 604 
complex refractive, 604 
of electron-optic refraction, 460 
relative refractive, 561, 606 
viscosity, 307 
Indicatrix, optical, 673 
scattering, 706 
Indistinguishahility of identical 
particles, principle of, 230 
Inductance, mutual, 473 
Induction, electromagnetic, 465 
electrostatic, 355, 365 
mutual, 472 
residual magnetic, 491 
saturation, 491 
Induction furnace, 468 
Inertia, centre of, 39 
law of, 34 
moment of, 73 
product of, 74 
Injection of holes, 509 
Integra], Bernoulli, 329 
Coulomb, 778 
exchange, 778 
Fourier, 699 
of motion, 108 
phase, 226 
state, 226 
Integral Joule-Thomson effect, 255 
Intensity, 350 
electric, 350 
of electromagnetic wave, 585 
electrostatic field, 350 
gravitational field, 52 
luminous, 669 
of magnetic field, 437 
of magnetization, 481 
mean spherical, 669 
nonuniform field, 350 
sound, 559 
Intensive quantity, 152 
Interaction, direct, 875 
electromagnetic, 889 
spin-lattice, 788 
spin-orbit, 782 
spin-spin, 788 
strong, 888 
weak, 889 


interachone ot short-range order, 


Interference, 
of light, 615 
of polarized rays, 686 
thin film, 619 
Interval, 535 
space-like, 537 
time-like, 536 
Invariance, Lorentz, 538 
relativistic, 538 
Invariant motion equation, 48 
Inverse piezoelectric effect, 379 
Inverse-square law, Biot’s, 693 
Inverse Zeeman effect, 784 
Inversion, combined, 895 
Ion, 395 
hydrogen-like, 767 
hydrogenic, 767 
Ion track, 871 
Ionization, 399 
of atoms and molecules, 825 
collision, 399, 825 
dissociative, 826 
surface, 400 
volume, 400 
Ionization loss, 859 
Ionosphere, 599 
Iso-processes, 154 
Isobar, 165, 827 
Isobaric pairs, stable, 828 
Isochore, 165 
Isochromatic rings, 6906 
TIsomer, 807 
nuclear, 857 
rotational, 302 
Isomerism, islands of, 857 
Isomorphism, 278 
Isospin, 890 
Isotherm, 165 
Isotope, 828 
Isotope effect, 493, 773 


j-j coupling, 781 
Joint Institute for Nuclear Re- 
search, 827, 846 
Josephson transient effect, 933 
Joule heat, see Lenz-Joule heat 
Joule-Lenz law, 387 
Joule-Thomson coefficient, 188 
Joule-Thomson effect, 254 
Joule’s law, see Joule-Lenz law 
Jump, Barkhausen, 489 
Junction, electron-hole, 424 
metal-semiconductor, 418 
pon, 424 
semiconductor-semiconductor, 424 
Junction effect, 415 
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Jurin’s rule, 266 


Kelvin circulation theorem, 331 

Kelvin temperature scale, 150 

Kennelly-Heaviside layer, 599 

Kenotron, 505 

Kepler’s first law, 87 

Kepler’s problem, 85 

Kepler’s second law, 84 

Kerr constant, 682 

Kerr electro-optic effect, 682 

Kilogram, 913 

Kilogram molecule, 149 

Kilomole, 149 

Kinematic equations, Euler’s, 28 

Kinematics, 16 

Kinescope, 599 

Kinetic energy, 64 

Kinetic theory of gases, 207 

Kirchhoff’s equations, 165 

Kirchhoff’s function, 712 

Kirchhoff’s laws, 391 

for magnetic circuits, 450 

Kirchhoff’s radiation law, 712 

Klein-Nishina formula, see Klein- 
Nishina-Tamm formula 

Klein-Nishina-Tamm formula, 725, 


Knudsen effect, 220 
Knudsen’s law, 220 
Koenig’s theorem, 65 


Lagrange-Helmholtz condition, 650 

Lagrange-Helmholtz theorem, 650 

bagrange theorem, see Lagrange- 

elmholtz theorem 

Lagrange’s action integral, 103 

Lagrange’s equations of motion ,96 

Lagrangian, 94 

Lagrangian function, 94 

Lagrangian method, 321 

Lagrangian variable, 321 

Lamb shift of levels, 906 

Lambert law of absorption, see 
Bouguer-Lambert law 

Lambert’s law, 670 

Landau-Lee-Yang principle, 895 

Landé splitting factor, 786 

Langevin-Debye formula, see 
Debye-Langevin formula 

Langevin dipole-orientation theory, 
pec Panceyin function, class- 
ical 

Langevin function, classical, 372 

Laplace equation, 331 

Laplace’s law, 265 

Larmor precession, 479 

Larmor’s theorem, 480 
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Laser, 
Latitude SRect, 910 
Lattice constant, Q73 
Lattice plane, 644 
Laue equations, 640 
Laval nozzle, 346 
Layer, antibarrier, 422 
barrier, 415, 422 
boundary, 342 
contact, 417, 421 
corona, 403 


D-, 
double electric, 415 


F-, 599 
half-value, 867 


Layer, Kennelly-Heaviside, 599 


Least action, principle of, 104 
Le Chatelier principle, 200 
Lee-Yang principle, see 
Landau-Lee-Yang principle 
Length, Debye, 405 
path, 18 
proper, 539 
radiation, 861 
Lennard-Jones potential, 812 
Lens, 650 
achromatic, 664 
aplanatic, 663 
compound, 653 
condensing, 658 
convergent, 461 
converging, 654 
converging meniscus, 651 
diverging, 651 
diverging meniscus, 651 
double convex, 651 
electrostatic, 461 
immersion, 464 
magnetic, 462 
negative meniscus, 654 
plano-concave, 651 
plano-convex, 6514 
positive meniscus, 651 
thick, 650 
thin, 462, 650 
unipotential, 464 
Lens makers’ formula, 651 
Lenz’s law, 466 
Level, acceptor, 412 
chemical potential, 418 
donor, 411 
Level, Fermi, 385, 418 
localized, 44 
sound-loudness, 574 
Levorotatory substance, 691 
Light, natural, 672 
unpolarized, 672 
Light cone, 537 
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Light quantities, units of, 927 
Lightning, 404 
Limit, elastic, 289 
Limiting viscosity index, 307 
Line(s), 

of action, 36 

anti-Stokes, 822 

of force, 350 

of impact, 70 

of induction, 435 

nodal, 28 

Stokes, 822 

stream, 323 

vortex, 324 

world, 535 
Line-breadth, 702 
Link, polymer chain, 304 
Linkage, magnetic, 465 
Liouville’s theorem, 107 
Liquefaction, cascade, 257 

of gases, 257 
Liquids, 259 

boiling, 256 

nonassociated, 262 

simple, 260 

supercooled, 285 
Lissajous figure, 130 
Little’s model, 496 
Local equivalence principle, 58 
Logarithmic viscosity number, 307 
Long-range order, 272 
Longitude effect, 910 
Looming, 609 
Loop, 392 

antenna, 594 

hysteresis, 494 
Lorentz condition, 517 
Lorentz contraction, 539 
Lorentz equations, 521 
Lorentz force, 453 
Lorentz invariance, 538 
Lorentz theory of electrons, 521 
Lorentz transformation, 537 
Grey pronrormaston formulas, 


Lorenz-Lorentz equation, 697 

Loschmidt’s number, 154 

Loss, hysteresis, 491 
radiation, 859 

Loudness, 571 

LS coupling, 780 

Lumen, 668 

Luminance, 670 

Luminescence, 730 
induced, 734 
metastable, 731 
recombination, 731 
spontaneous, 734 

Luminophor, 731 


Luminous efficiency, 668 
Luminous emittance, 670 
Lyman series, 768 


Mach angle, 579 
Mach number, 339 
Mache unit, 868 
Magnetic circuit, 449 
Magnetic field, 434 

internal, 486 

intrinsic, 486 
Magnetic flux, 449 

lines of, 435 
Magnetic materials, 

classification of, 481 
Magnetic phase, 489 
Magnetic Reynolds number, 528 
Magnetic trap, 886 
Magnetization, 481 

saturation, 484 

spontaneous, 489 

technical, 489 
Magnetodielectric, 468 
Magnetohydrodynamics, 525 
Magnetomotive force, 450 
Magneton, Bohr, 478 

nuclear, 834 
Magnetostriction, 492 

linear, 492 

spontaneous, 492 

true, 492 
Magnification, 656 

angular, 6 

lateral, 649 

linear, 649 

longitudinal, 655 
Magnifying glass, 658 
Malus law, 684 
Man roentgen-equivalent, 869 
Many-electron problem, 756, 775 
Maser, 766 
Mass, centre of, 39 

critical, 883 

effective, 758 

gravitating, 38 

inert, 38 

reduced, 97 - 

rest, 541 
Mass action law, 203 
Mass defect, 830 
Mass number of nucleus, 827 
Material, ferromagnetic, 487 
Material system, holonomic, 20 

nonholonomic, 20 

quasi-linear, 145 
Maupertuis-Jacobi principle, 105 
Maupertuis-Lagrange principle, 104 
Maxwell-Boltzmann distribution, 
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Maxwell-Boltzmann law, 227 
Maxwell’s equal area rule, 257 
Maxwell’s equation, 296 
Maxwell’s equations, 512 
Maxwell’s law of distribution of 
molecular velocities, 208 
Maxwell’s relaxation time, 296 
Maxwell’s rule, 435 
Maxwell’s theory, 511 
Mayer’s equation of state, 251 
Mayer’s relation, 164 
Mean free path, 212 
Mean life, 842 
Mean spherical intensity, 669 
Measurement, photometric, 668 
Mechanical equlibrium, conditions 
of, 199 
Mechanical equivalent of heat, 162 
Mechanics, 15 
fluid, 316 
Newtonian, 15 
quantum, 736 
relativistic, 541 
statistical, 224 
variational principles of, 101 
wave, 736 
Mechanocaloric effect, 274 
Medium, continuous, 316 
dispersive, 585 
linear, 554 
optically anisotropic, 672 
optically homogeneous, 705 
optically pure, 707 
turbid, 705 
working, 170 
Melting, 284 
Membrane, 269 
Mendeleev-Clapeyron equation, 154 
Mendeleev’s periodic system, 792 
Meniscus, 264 
Mesh, 392 
Mesh rule, 392 
Meson resonances, data on, 898 
Mesons, data on, 892, 898 
Method, analogue, 338 
coherence, 459 
colliding bearn, 459 
dark-field, 667 
Eulerian, 322 
Hartree, 775 
Hartree-Fock, 776 
Lagrangian, 321 
modeling, 338 
mae photographic emulsion, 


radioactive isotope, 886 
simulation, 338 
statistical, 147 
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Method, continued 
thermodynamic, 147 
Thomas-Fermi, 776 
tracer, 886 
turning mirror, 245 
vector diagram, 114 
Wilson-Skobeltsyn, 871 

Metre, 912 

Microfield, 524 

Microparticles, 15 

Microscope, 658 

Microscopy, electron, 464 

Microstate, 230 

Mie scattering, 707 

Mirage, 609 

Mirror, convergent, 461 
divergent, 461 
electron, 461 

Mixing, entropy of, 180 

Mobility, 398 

Model, collective, 839 
free articulated segment, 303 
Gell-Mann—Zweig quark, 903 
liquid-drop, 837 
Little’s, 496 
one-nucleon, 834 
pearl-string, 305 

Model, nuclear, 836 
Sakata-Okun composite, 903 
shell, 838 
statistical atom, 776 
vector, of atom, 779 

Modeling method, 338 

Moderator, 883 

Modulation, amplitude, 597 
of electromagnetic waves, 597 
frequency, 598 
phase, 598 

Modulator, 598 

Modulus, bulk, 290 
of canonical distribution, 225 
of elasticity, 288 
instantaneous, 314 
relaxation, 314 
shear, 290 
ultimate, 314 
Young’s, 288 

Molal quantity, partial, 194 

Mole, 149 

Molecular physics, 147 

Molecular velocities, Maxwell's law 
of distribution of, 208 

Molecular weight, apparent, 156 
average, of polymers, 300 
numerical average, 300 
viscosity average, 304 
weight-average, 301 

Molecule, 801 
atomic, 803 
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effective diameter of, 212 
ionic, 801 
Moment, centrifugal, 74 
dipole, 353 
Moment, electric, of dipole, 353 
electric quadrupole, 835 
of force, 72 
of friction, 56 
gyroscope, 89 
induced dipole, 369 
of inertia, 73 
magnetic, 440 
of momentum, 78 
orbital magnetic, 478 
permanent dipole, 369 
principle, of inertia, 75 
resultant, 72 
spin magnetic, 477 
torsional, 291 
Momental ellipsoid, 75 
Momentum, 39 
angular, 78 
conservation of, 44 
generalized, 95 
Monechomene light, interference 
Ww % 
Monocrystal, 272 
Mooney-Rivlin formula, 313 
Morse function, 812 
Morse potential, 812 
Moseley’s law, 799 
Mossbauer effect, 858 
Motion, absulute, 29 
accelerated, 24 
curvilinear, 18 
decelerate, 24 - 
domain wall, 490 
Euler’s equations of, 81 
Motion, finite, 85 
Hamilton’s canonical equations 
of, 99 : 
inertial, 34 
infinite, 85 
instantaneous plane-parallel, 32 
integral of, 108 
irrotational, 323 
kinds of, 29 
Lagrange’s equations of, 99 
mechanical, 1 
Newton’s first law of, 34 
potential, 323 
rectilinear, 18 
relative, 29 
rotary, 25 
rotational, 32% 
subsonic, 340 
supersonic, 340 
translatory, 25 
vortex, 323 


Motions, composition of, 32 
Mu factor, 507 
Multiplet, Zeeman, 785 
Multiplets, unitary, 903 
Multiplicity, 399 
degeneration, 223 
of spectral terms, 782 
Muonium, 888 


Navier-Stokes equations, 326 
Néel temperature, 489 
Negative Joule-Thomson effect, 255 
Neptunium series, 843 
Nernst postulate, 205 
Neutron, 827 
delayed, 880 
instantaneous, 880 
prompt, 880 
Neutron-multiplication factor, 882 
Newtonian mechanics, 15 
Newton's equation for viscosity, 214 
Newton’s first law of motion, 34 
Newton’s formula for conjugate 
points, 648 
Newton’s problem, 85 
Newton’s rings, 624 
Newton’s second.law of [motion, 40 
Newton’s third law of motion, 42 
Nit, 670 
No-convection condition, 319 
Node, 142, 565 
Noise, 570 
Nonrelativistic theory of a gravita- 
tional field, 53 
Normalization, condition for, 223 
Nozzle, converging-diverging, 346 
Laval, 346 
Nuclear reaction(s), 874 
classification, 877 
Nucleon, 827 
Nucleus, 827 
compound, 875 
double-magic, 839 
neutron-deficient, 827 
target, 874 
Nuclide, 828 
Number, Avogadro's, 150 
boundary-layer Reynolds, 343 
critical cy oa 343 
Debye, 4 
Number, Froude, 339 
Grashof, 340 
inner quantum, 809 
Loschmidt’s 154 
Mach, 339 
magic, 839 
magnetic qu antum, 786 
magnetic Reynolds, 528 
mags, ofinucleus, 827 
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Nusselt, 340 
orbital quantum, 808 
parabolic quantum, 790 
Prandtl, 340 
principal quantum, 747, 768 
quantum, 
of revolutions, 27 
Reynolds, 339 
rotational i eae ea 815 
spin quantum, 8 
Strouhal, 339 
transition Reynolds, 343 
vibrational quantum, 813 
viscosity, 307 
wave, 555 

Nutation, 90 

Nyquist formula, 247 


O ray, 679 
Objective, 658 
apochromatic, 665 
immersion, 666 
Ocular, 658 
Ohm’s law, 390 
for closed magnetic circuits, 449 
of current density, 386 
for currents in liquids, 398 
Opalescence, critical, 257, 707 
Optic axis, 674 
Optical axis of a lens, 650 
Optical-mechanical analogy, 105 
Optical reversibility, principle of, 


645 
Optical structure, three-dimensiv- 


is 
two-dimensional, 639 
Optical system, 653 
ideal, 653 
Optics, Doppler effect in, 548 
geometrical, 644 
metal, 611 
ray, 644 
Orbit, eccentricity of, 85 
electron, 770 
Orbit parameter, 85 
Onler quantization rule, 769 
r 
of forbiddenness, 853 
long-range, 272 
of multiplicity, 855 
short-range, 259 
Urthostate, 779 
Orthoterm, 817 
Oscillation(s), 142 
circularly polarized, 134 
elliptically polarized, 130 
free electromagnetic, 498 
jsochronous, 118 
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Oscillation(s), 
linearly polarized, 134 
natural electromagnetic, 498 
sustained electromagnetic, 500 
torsional, 292 
Oscillator, 115 
anharmonic, 115 
harmonic, 115 
Hertzian, 594 
magnetostrictive, 572 
piezoelectric, 573 
Tadiation, 715 
ultrasonic, 572 
Osmotic phenomena, 269 
Ostrogradsky-Gauss theorem, 356 
for magnetic induction flux, 449 
Otto cycle, 173 
Outer work function, 418 
Overdamping, 498 
Overtone, 570 


P-branch band, 821 
p-wave, 606 
Packet, wave, 585 
Pair, isobaric, 828 
Pais-Radicati-Gursey scheme of 
SU (6) symmetry, 903 
Parallel axis theorem, 74 
Parallel rays, interference with, 686 
Paramagnetism, 483 
Parastate, 779 
Paraterm, 817 
Parity, 853 
even, 853 
G-, 895 
nonconservation of, 854 
odd, 853 
Parity conservation law, 854 
Particle, 15 
fundamental, 887 
long-range alpha, 847 
resonance, 888 
strange, 894 
Particle identification, 871 
Particles, system of, 16 
Partition function, 225 
Pascal’s principle, 319 
Paschen series, 768 
Paschen-Back effect, 785 
Paschen’s law, 401 
Path, 18 
optical, 618 
phase, 100 
Path equations, 18 
of paraxial electron beams, 463 
Pattern, interference, 615 
Pauli exclusion principle, 385, 791 
Pearl-string model, 30 
Peltier coefficient, 426 
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Peltier effect, 428 
Peltier heat, 428 
Pendulum, 117 
compound, 118 
cycloidal, 118 
double spring, 134 
mathematical, 117 
physical, 118 
Pendulum, simple, 117 
spring, 117 
torsion, 119 
Penetrability, potential barrier, 754 
Penetrance, 507 
Pentode, 509 
Performance, coefficient of, 172 
Perihelion, 86 
Perimeter, wetted, 264 
Period, 
of revolution, 26 
of vibration, 112 
of a wave, 556 
Periodic system, Mendeleev’s, 792 
Permeability, 
of free space, 436 
relative, 437 
of a vacuum, 436 
Permittivity, 
of free space, 349 
relative, 349 
of a vacuum, 349 
repeal motion machine, 163, 
Perturbation, small, 671 
Pfund series, 768 
Phase, 148 
magnetic, 489 
scattering, 751 
of vibration, 113 
of wave, 555 
Phase integral, 226 
Phase rule, Gibbs’, 204 
Phase transition, first-order, 2u) 
second-order, 200 
in solids, 283 
Phasotron, 458 
Phonon, 280 
Phonon component, 427 
Phosphor, 731 
Phosphorescence, 730 
Phonan micel equivalence, law of, 
728 


Photoconduction, 722 
in semiconductors, 410 
Photocurrent, 720 
Photodisintegration, 728 
of deutron, 879 
Photodissociation, 728, 82a 
Photoeffect, 719 
barrier-layer, 723 


Photoeffect, continued 

nuclear, 879 

selective, 722 
Photoelectric effect, 719 
Photoelectric emission equatiun, 

Einstein’s, 720 

Photoelectron, 720 
Photoemissive effect, 720 
Photofission, 879 
Photoionization, 825 
Photoluminescence, 731 
Photolysis, 728 
Photometry, 668 
Photomultiplier, 873 
Photon, 719 
Photoneutralization, 826 
Photovoltaic effect, 723 
Bbgeleel amenity homogeneous, 


Physical quantities, like, 336 
Physical roentgen-equivalent, 869 
Physics, molecular, 147 
plasma, 405 
Statistical, 221 
Pi bond, 806 
a-theorem, 337 
Piezoelectric effect, 378 
Piezomagnetism, 492 
Pinch, 886 
Pitch of tone, 570 
Planck’s constant, 716 
Planck’s formula, 716 
Planck’s radiation formula, 232 
Plane, conjugate, 650 
nodal, 654 
of polarization, 584 
principal, 650 
shear, 290 
vibration, 551 
of vibration, 584 
Plasma, 405 
fully ionized, 407 
gas-discharge, 406 
high-temperature, 405 
fonized, 405 
isothermal, 406 
Plasma rarefaction condition, 407 
Plate, full-wave, 686 
quarter-wave, 685 
zone, 626. 
Pleochroism, 681 
Point, boiling, 268 
branch, 392 
branching, 299 
Curie, 37 
eutectic, 285 
focal, 651 
junction, 392 
material, 15 
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melting, 284 

near, 658 

nodal, 654 
ordinary, 142 
phase, 100 
representative, 100 
singular, 142 


Point rule, 392 
Point source of light, 669 
Poiseuille equation, 345 
Poisson’s differential equation, 52 
Poisson’s equation in differential 
form, 360 
Poisson’s ratio, 289 
Polarimetry, 691 
Polarizability, 369 
Polarization, 371 
circular, 685 
electronic, of a dielectric, 374 
ionic, 371 
longitudinal, 854 
orientational, of a dielectric, 371 
Polarization, spontaneous, 378 
vacuum, 905 
of waves, 551 
Polycrystal, 272 
Polydispersity, 301 
Polymer(s), 298 
atactic, 300 


graft, 300 
incompressibility of, 314 
isotactic, 300 
linear, 298 
mechanical properties of, 310 
syndiotactic, 300 
three-dimensional, 298 
Polymer molecule, branched, 299 
Polymorphism, 275 
Polytrope, 165 
Polytropic exponent, 165 
Port, entrance, 657 
Position, initial, 19 
Positive Joule-Thomson effect, 255 
Positronium, 774 
Postulate, 
of Einstein, 728 
Nernst, 205 
steady states, 769 
Potential(s), 52 
chemical, 195 
delayed, 518 
electric field, 359 
electrochemical, 445 
of eletrostatic field, 357 
Helmholtz, 183 
generalized, 97 
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Potential(s), continued 
ionization, 399 
isobaric-isentropic, 183 
isobaric-isothermal, 183 
isochoric-isentropic, 183 
isochoric-isothermal, 183 
Lennard-Jones, 812 
mass force, 317 
Morse, 812 
retarded, 518 
scalar, 517 
thermodynamic, 182 
vector, 517 
velocity, 323 

Potential jump, surface, 416 

Potential well, 

Power, 62 
of lens, 462 

Power density, thermal, 387 

Poynting vector, 519 

Prandt} number, 340 

Precession, 89 
angle of, 28 
fast, 90 
pseudoregular, 90 
regular, 88 
slow, 90 

Predissociation, 823 

Pressure, 149 
internal, 250 
light, 726 
osmotic, 269 
partial, 155 
sound, 560 
Static, 330 

Pressure coefficient, 190 

Pressure shock, 

Prévost’s law of oxenaeee 710 

Principle, Archimedes’, 320 
Babinet’s, 632 
of correspondence, 744 
d’Alembert-Lagrange, 102 
of equipartition of energy, 227 
equivalence, 58 
Fermat’s, 644 
Franck-Condon, 765, 819 
Hamilton’s, 10 
Huygens’, 623 
Huygens-Fresnel, 623 
of indistinguishability of identi- 

cal particles, 230 
Landau-Lee-Yang, 895 
of least action, 104 
Le Chatelier, 200 
Maupertuis-Jacobi, 105 
Maupertuis-Lagrange, 104 
of optical reversibility, 645 
Pascal’s, 319 
Pauli exclusion, 385, 791 
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of phase stability, 458 
Ritz combination, 765 
solidification, 317 


of superposition of waves, 554 
of temperature-time invariance, 


31 : 
of unattainability of absolute 
zero, 205-206 
virtual work, 102 
Problem, Kepler’s, 85 
many-electron, 756 
Newton’s, 85 
Process, adiabatic, 154 
electron cascade, 909 
equilibrium, 151 
isentropic, 178 
isobaric, 154 
isochoric, 151 
isoenthalpic, 159 
isothermal, 151 
isovolumic, 151 
magnetic reversal, 490 
polytropic, 165 
quasi-static, 154 
Processes, thermodynamic, 151 
Product of inertia, 74 


Production, particle and antipar- 


ticle, 904 

Proton, 348, 827 
Psi-function, 737 
Pupil, entrance, 657 

exit, 657 
Pyrometer, radiation, 717 

total radiation, 717 
Pyrometry, optical, 717 


Q-factor of circuit, 504 
Quantization, space, 780 
Quantum, 

of action, 716 

energy, 716 

field, 903 
Quantum mechanics, 736 
Quantum yield, 721 

in- photoluminescence, 733 
Quark, 888 
Quasar, 601 


Quasi-classical approximation, 229 


Quasi-elastic characteristic, 137 
Quenching of luminescence, 734 


R-branch band, 821 
Radar, 600 
Radial distribution function, 259 
Radian, 913 
Radiation, 588 
betatron, 597 


Radiation, continued 

black-body, 714 

braking, 597 : 

dipole, 589, 855 

electric, 855 

electric dipole, 589 

equilibrium, 710 

gamma, 854 

magnetic, 855 

octupole, 855 

quadrupole, 855 

resonance, 734 

synchrotron, 597 

thermal, 710 

Vavilov-Cherenkov, 546 
Radiation damage, 859 
Radiation doses, 868 
Radiation law, Kirchhoff’s, 711 
Radiative capture, 879 
Radio communication, 597 
Radio source, quasi-stellar, 601 
Radioactivity, 840 

artificial, 840, 886 

induced, 1016 

natural, 840 
Radiogalaxy, 601 
Radiospectroscopy, 824 
Radiowaves, cosmic, 911 
Radius, first Bohr, 748 

of gyration, 74 

nuclear, 829 
Raman effect, 821 
Raman scattering, see combination 

scattering 

Raman spectrum, 822 
Range, particle, 862 
Raoult’s law, 270 
Ratio, charge-to-mass, 455 

Poisson’s, 289 

of viscosities, 307 
Ray(s), 556, 580 

canal, 403 

cathode, 403 

convergent, interference with, 689 

E, 679 

extraordinary, 679 

gamma, 841 

ground, 643 

homocentric, 645 

light, 644 

O, 679 

ordinary, 679 

paraxial, 647 
Rayleigh-Jeans equation, 715 
Rayleigh scattering, 705 
Haylelgn ® criterion for resolution, 


Rayleigh’s dissipation function, 97 
Rayleigh’s law of scattering, 706 


Index 


Reactance, 501 
capacitive, 501 
inductive, 504 
Reaction, chain, 882 
fusion, 881 
nuclear, 874 
nuclear fission, 879 
photochemical, 727 
photonuclear, 879 
photoproductive, 879 
run-away chain, 883 
stripping, 878 
thermonuclear, 881 
Reactor, breeder, 885 
nuclear, 884 
Receiver, radio, 598 
Reciprocity law, 729 
Recoil, 857 
Recombination, 402 
Rectifier, 504 
copper-oxide semiconductor, 505 
Rectilincar propagation of light, 
law of, 645 
Reference, frame of, see 
frame of reference 
Reflection, diffuse, 608 
internal, 562 
laws of, 561, 605 
mirror, 695 
order of, 644 
scattered, 608 
Refiection coefficient, 563, 605 
Reflector, 883 
Refraction, astronomical, 609 
atomic, 697 
double, 679 
laws of, 561, 605 
molar, 376, 697 
molecular, 376 
specific, 697 
terrestrial, 609 
Regge trajectory, 903 
Relation, Boltzmann’s, 241 
Cauchy, 330 
Heisenberg indeterminacy, 740 
Mayer’s, 164 
Thomson’s second, 426 
Relations, Gibbs-Duhem, 194 
Relationship, causality, 536 
Williams-Landel-Ferry, 315 
Relative biological effectiveness, 869 
Relativistic mechanics, 541 
Relativity, general theory of, 53 
of simultaneity, 535 
Relativity principle, Galileo’s, 48 
Relaxation, 151 
spin-lattice, 788 
stress, 297, 314 
Releasability, principle of, 37 
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Index 


Reluctance, total, 450 
Remanence, 491 
Resistance, 390, 504 

magnetic, 450 

radiation, 592 

thermal, 278 

wave, 658 
Resistivity, 386 
Resolving power, 665 
Resonance, 124 

current, 503 

in electric network, 502 

electron paramagnetic, 787 

Fermi, 888 

giant, 879 

meson, 900 

nuclear paramagnetic, 835 

nuclear quadrupole, 836 

voltage, 502 
Resonator, Helmholtz, 567 
Restitution, coefficient of, 70 
Reynolds number, 339 
Richardson-Dushman equation, 432 
Right-hand rule, 466 
Rings, Newton’s, 621 
Ritz combination principle, 765 
Rocket thrust, 46 
Roentgen (unit), 869 
Rotary motion, dynamics of, 80 
Rotation, 25 

angular velocity of, 25 

domain, 490 

free, 82 

inertial, 82 

internal, 301, 814 

specific, 691 
Rotational constant, 815 
Rotational isotopic effect, 819 
Rotator, 745 

plane, 100 
Rotatory power, 691 
Rule, corkscrew, 435 

left-hand, 435 

Maxwell’s, 435 

mesh, 392 

orbit quantization, 769 

point, 392 

Tigh. hand, 466 
Russel-Saunders coupling, 780 
Rutherford (unit), 867 
Rutherford’s formula, 752 
Rydberg constant, 747, 767 


s-wave, 606 

s-T diagram, 190 
Saccharimetry, 691 
Saddle, 142 

Saha equation, 825 
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Sakata-Okun composite model, 903 
Saturation, 377 
technical, 490 
Saturation property, 832 
Scaler, 873 
Scattering, elastic, 875 
inelastic, 875 
of light, 705 
molecular, 707 
Mie, 707 
Rayleigh, 705 
Rayleigh’s law of, 706 
resonance, 734 
of sound, 570 
Seactenng cross-section, Thomson, 


Scheme, Pais-Radicati-Girsey, 903 
Schrédinger wave equation, 739 
Screening, 770 

Screens, complementary, 632 

Seat of electromotive force, 389 
Secular equation, 126 

Seebeck effect, 426 

Segment, rigid, 303 

Selection rules, 764 
Self-excitation, 144 


144 
soft, 144 
Self-diffusion, 215 
Self-inductance, 469 
Self-induction, 468 
Semiconductor, 409 
electron, 414 
hole, 412 
n-type, 414 
p-type, 412 
Sensitivity, limit of, 245 
spectral, 
Sensitizing agent, 729 
Series, actinium, 843 
Balmer, 768 
Brackett, 768 
Deslandres, 819 
Fourier, 698 
Lyman, 768 
neptunium, 843 
Pfund, 768 
radioactive, 843 
spectral, 768 
thorium, 843 
uranium, 843 
Shear, 290 
absolute, 290 
Shear modulus, 290 
Shearing stress, 288 
Shell, electron, 792 
nucleon, 838 
shielding. electrostatic protective, 


Shift, Compton, 725 

energy level, 906 

isotope, 773 

Lamb, of levels, 906 

phase, 734 

red, 548 

violet, 548 
Shock adiabatic curve, 533, 575 
Shock polar curve, 578 
Shock wave, 532, 575 

inclined, 533 

parallel, 533 

perpendicular, 532 
Short-range action theory, 512 
ener ree force action, theory of, 


Short-range order, 259 
Shot effect, 247 
Showers, electron-nuclear, 909 
extensive air, 909 
Shunt, 393 
Sideral variations, 910 
Similar physical processes, 337 
Similarity factor, 337 
Similitude, criteria of, 337 
theorems of, 338 
Similitude laws, 463 
Simulation method, 338 
Sine condition, Abbe’s, 662 
Singlet, 782 
Sink, heat, 170 
Size, critical, 883 
Skin effect, 472 
Slip condition, 329 
Snell’s law, 460, 605 
Soddy-Fajans displacement law, 
see Fajans-Soddy displace- 
ment law 
Softening, 294 
Solenoid, 443 
Solid, 272 
Solidification, temperature of, 285 
Solidification principle, 317 
Solute, 148 
Solution, 148 
dilute, 268 
true ionic, 269 
true molecular, 269 
Solvent, 148 
Sonar, 574 
Sorption, 286 
Sound, musical, 570 
Sound pressure level, units of, 927 
Source of disturbance, 549 
Source, heat, 170 
Space, configurational, 99 
four-dimensional, 535 
gamma, 99 
phase, 99 


Index 


Spark, 404 
Special theory of relativity, 534 
Specific gas constant, 154° 
Specific heat, 161 
Spectral density of radiant 
emittance, 710 
Spectral line, half-width of, 702 
Spectrograph, 660 
mass, 455 
Spectrometer, 660 
mass, 455 
Spectroscope, 660 
Spectroscopic instruments, 659 
Spectroscopy, microwave, 824 
molecular, 824 
Spectrum, 659-660 
absorption, 703 
allowed, 851 
band absorption, 704 
band-type, 702 
continuous, 701 
continuous absorption, 704 
diffuse, 823 
electron-vibrational, 818 
emission, 703 
energy, 740 
Fermi, 851 
forbidden, 851 
line absorption, 704 
line-type, 704 
mass, 455 
Raman, 822 
relaxation time, 314 
rotational, 814 
rotational-vibrational, 820 
truly continuous, 822 
Spectrum, vibrational, 812 
wave, 557 
Speed, 2 
of optical instrument, 657 
Sphere of molecular action, 254 
Spin, 477 
isotopic, 890 
nuclear, 834 
Spin wave function, 779 
Spiral, Cornu’s 626 a 
Standard conditions, 154  “3# 
Standard oe function change, 


20 
Standard thermal effect, 205 
Star, supermassive, 601 
Stark effect, 790 
State, degenerate, 223 
equation of, 151 
equilibrium steady, 149 
excited, 772 
ground, 768 
hybrid, 806 
metastable, 772 
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Index 


State, conlinued 
resonant, 888 
singlet, 806 
standard, 202 
steady, 149 
superconductive, 493 
triplet, 806 
State function, 152 
State integral, 226 
State sum, 225 
State variable, 144 
external, 149 
internal, 149 
principal, 149 
Statement, unattainability, 206 
States, corresponding, 251 
Statics, 16 
fluid, 317 
Statistical average value, 223 
Statistical laws, 224 
Statistical method, 147 
Statistical physics, 221 
Statistics, Bose-Einstein, 230 
conformation, 302 
quantum, 229 
Steady states postulate, 769 
Stefan-Boltzmann constant, 713 
Stefan-Boltzmann law, 233, 713 
Steiner’s parallel axis theorem, 74 
Steradian, 913 
Stereochemistry, 807 
Stilb, 670 
Stokes’ law, 341, 733 
Stokes lines, 822 
Stokes’ theorem, 323, 512 
Stoletov’s curve, 492 
Stop, aperture, 657 
field-of-vision, 657 
Strain, compressive, 288 
unit, 288 
Strangeness, 894 
Stratosphere, pion, 907 
Strength of current, 383 
Strength, tensile, 289 
ultimate, 289 
Stress, 288 
normal, 288 
tangential, 288 
Stress analysis, photoelastic, 682 
Striation, 402 
Strouhal number, 339 
Structure, fine, 782 
hyperfine, 782 
line-band, 820 
3U(3) symmetry, 903 
Subgroup, 792 
Sublimation, 283-284, 286 
Subshell, 792 
Subsystem, quasi-closed, 224 
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Sum over states, 225 
Superconductivity, 388, 493 
Superconductor, 4 
Superfluidity, 270 
Superheat, 256 
Supermultiplet, 902 
Supernova, 911 
Superposition of electric fields, 
principle of, 351 
Superposition, principle of, 41 
of vibrations, 114 
of waves, principle of, 554 
Surface, aplanatic, 663 
caustic, 661 
characteristic, 579 
discontinuity, 531, 575 
equipotential, 359 
ergodic, 224 
hydrophilic, 265 
hydrophobic, 265 
normal-velocity, 677 
perfectly matt, 608 
ray, 677 
refracting spherical, 648 
Surface, small-discontinuity, 579 
wave, 555, 677 
Surface-active substance, 264 
Susceptibility, electric, 372 
magnetic, 4814 
Symmetrical quasi-elastic charac- 
teristic, 137 
Symmetry, octet, 903 
unitary, 902 
Symmetry class, 272 
Symmetry operation, 272 
Synchrocyclotron, 458 
Synchrophasotron, 458 
Synchrotron, 458 
proton, 458 
System, adiabatic, 148 
autonomous nonconservative, 136 
autonomous vibratory, 136 
centered optical, 653 
centre-of-mass, 749 
closed, 37 
concurrent force, 36 
conservative, 69 
conservative autonomous, 136 
constrained material, 19 
dissipative, 69 
ergodic macroscopic, 224 
free material, 19 
isolated, 37 
linear, 115 
monovariant, 201 
multicomponent, 194 
multiphase, 194 
nonautonomous vibratory, 136 
noninertial, 35 


System, nonlinear, 115 
nonvariant, 201 
optical, 653 
of particles, 16 
physically uniform, 148 
self-oscillatory autonomous 
nonconservative, 136 


System of units, 335 
absolute electromagnetic, 922 
absolute electrostatic, 922 
absolute Gaussian, 992 
absolute physical, 912 
absolute practical, 912 
engineering, 912 


Tautochronous paths, 618 
Telescope, 658 

radio, 600 

terrestrial, 659 


Temperature, 150 
brightness, 718 
characteristic, of rotation, 240 

of vibrations, 239 
colour, 717 
of crystallization, 285 
Curie, 489 
Debye characteristic, 282 
degeneracy, 234 
electron, 406 
Flory, 305 
fusion, 284 
inversion, 255 
Néel, 489 
negative absolute, 178 
radiation, 717 

Temperature, softening, 294 
solidification, 285 
Statistic, 225 


REM pers Dre maleate, substance, 


Temperature scale, absolute 
thermodynamic, 172 
Celsius, 150 
Centigrade, 150 
empirical, 150 
Temperature-time invariance, 
principle of, 315 
Tension, surface, 263 
Term, electron, 808 
spectral, 768 
Terms, Hund, 809 
Tetrode, 508 
Theorem, Carnot, 171 
Clausius, 177 
of corresponding states, 251 
Helmholtz’s, 551 
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Kelvin circulation, 331 

Koenig’s, 

Lagrange-Helmholtz, 650 

Larmor’s, 48 

Liouville’s, 107 

parallel axis, 74 

> 

Steiner’s, 74 

Stokes’, 323, 512 
Theorems of similitude, 337-338 
Theory, Dirac, 

energy-band, 759 

of short-range force action, 350 

two-fluid, 270 
Thermal conductivity, electron, 280 
Thermal diffusion ratio, 216 
Thermal effect, 164 
Thermal efficiency, 171 
Thermal equilibrium, 199 
Thermal equivalent of work, 162 
aera! eapanelen, coefficient of, 


linear, 275 
volume, 275 


Thermion, negative, 434 
Thermochemistry, 164 
Thermocouple, 426 

Thermod amie degrees of freedom, 


Thermodynamic diagram, 152 

Thermodynamic equilibrium, 
conditions, for, 199 

perme yaa’ equilibrium cons- 

ant, 

Thermodynamic identity, 182 

Thermodynamic parameter, 148 

Theme me process, 151, 166, 


compensating, 169 
irreversible, 169 
isentropic, 159 
reversible, 169 


Thermodynamic system(s), 148 
closed, 148 
components of, 148 
heterogeneous, 148 
homogeneous, 148 
isolated, 148 
Thermodynamic theory of super- 
conductivity, 495 
Thermodynamic variable, 148 
Thermodynamics, 147 
basic relationships of, 182 
first law of, 162 
laws of, 147 
phenomenological, 147 
second law of, 176 
third law of, 205 
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Index 


Thermoelectric effect, 426 
Thermoelectron, 431 
Thermoelement, 426 
Thermometer, gas, 246 
Thermometric substance, 150 
Thermostate, 224 

Thin lens formula, 654 


Thomas-Fermi differential equation, 


Thomas-Fermi method, 776 
Thomson coefficient, 430 
Thomson effect, 430 

Thomson formula, 499 

Thomson heat, 430 

Tomer peatioring cross-section, 


Thomson’s first relation, 430 
Thomson’s second relation, 426 
Thorium series, 843 
Three-halves power law, 431-432 
Threshold, 
of audibility, 571 
of feeling, 571 
injection, 911 
pain, 571 
photoconductive, 722 
Threshold, photoelectric, 721 
Throttling of gas, 254 
Timbre, 571 
Time, dimensionless, 145 
ephemene 913 
proper, 538 
relaxation, 124, 151, 260 
reverberation, 570 
unit, 27 
Tone, 570 
fundamental, 570 
pure, 570 
simple, 570 
Tone colour, 574 
Top, 87 
asymmetric, 815 
spherical, 815 
symmetric, 815 
Toroid, 442 
Torsion, 291 
Total current law, 448, 514 
Townsend’s approximate theory, 


Tracer method, 886 
Train, wave, 585, 614 
Transconductance, control-grid-to- 
anode, 506 

Transconformation, 302 
Transformation, canonical, 106 

Galilean, 47 

Lorentz, 537 

phase, 200 

point, 106 
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Transformer, 473 
Transistor, 509 
junction, 510 
Transition, allowed, 765 
Auger, 800 
forbidden, 764, 853 
normally allowed, 853 
phase, 200 
quantum, 761 
radiationless, 800 
resonance, 753 
superallowed, 853 
Transition Reynolds number, 343 
‘Translation, 25 
Transmission coefficient, 563 
Transport equations, 218 
Transport phenomena, 213 
Transportation, 29 
Trap, magnetic, 886 
Triads, isobaric, 828 
Triode, 506 
junetion-type semiconductor, 


point-contact germanium, 509 
semiconductor, 509 

Triple point, 201 

Triplet, 782 

Transverse Doppler effect, 548 

Tropical year, 913 

Troposphere, 599 

Tsiolkovsky’s formula, 47 

Tube, capillary, 266 
Geiger-Milller, 872 
stream, 323 
vortex, 324 

Tunnel effect, 755 

Turning mirror method, 245 

TV station link, 600 

Two-fluid theory 270 

Tyndall effect, 765 


Ultramicroscope, 667 
Ultrasonics, 572 
Umov vector, 559 
Unattainability of absolute zero, 
princ ple of, 205-206 

Unit, basic, 335 

egs, 912 

cgse, 922 

cgsm, 922 

derived, 335 

fundamental, 335 

of measurement, 335 

mk(force)s, 912 

mks, 912 

monomer, 298 

nonsystem, 916 
Universal gas constant, 154 


Universal gravitation, law of, 48 
Universal physical constants, 929 
Uranium series, 843 


Vacuum, 218 
Valence directivity, 807 
Valency, negative, 802 
positive, 801 
Van Allen belt, 910 
Van de Graaff electrostatic generator, 


64, 

Van der Pol’s equation, 145 
Van der Waals equation, 250 
Van der Waals force, 252 
Van’t Hoff law, 269 
Vaporization, 266 
Vapour, 250 

dry saturated, 255 

superheated, 255 

supersaturated, 256 

wet saturated, 256 


Variable(s), 

critical, 256 

Eulerian, 322 

Lagrangian, 324 

thermodynamic, 148 
Variational principles, 

differential, 104 

of mechanics, 101 
Vavilov-Cherenkov radiation, 546 
Vavilov’s law, 734 


Vector, current density, 384 

of magnetic induction, 434 

polarization, 374 

Poynting, 519 

resultant force, 37 

Umov, 559 

wave, 556 
Vector diagram method, 114 
Vector model of the atom, 779 
Vector model of the molecule, 


808 
Velocities, gas, 210 


Velocity, 20 
absolute, 30 
areal, 22 
arithmetic mean, 210 
average, 22 
bulk, 34 
circular orbital, 87 
critical, 346 
escape, 87 
gas, 210 
generalized, 92 
group, 586 
instantaneous, 20 
intrinsic angular, 89 


w1* 
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kinds of, 19 

linear, 26 

most probable, 210 

normal, 675 

parabolic, 87 

phase, 555 

radial, 24 

ray, 675 

relative, 30 

root-mean-square, 210 

temporal mean, 342 

transport, 31 

transverse, 21 
Velocity circulation, law of 

conservation of, 331 

Velocity coefficient, 346 


Velocity core, undisturbed, 344 


Velocity 4-vector, 540 
Velocity vector, average, 22 
Verdet constant, 692 
Vibration(s), 1412 
Sapien de nod ulated, 115 
damped, 121, 
forced, 422, iss, 139, 141 
free, 115, 137, 138 
frequency-modulated, 445 
full, 112 
harmonic, 112 
harmonic analysis of, 115 
intramolecular, 812 
kinds of, 125 
magnetostrictive, 492 
modulated, 115 
nonlinear, 115 
parametric, 137 
phase-modulated, 115 
self-induced, 141 
sinusoidal, 112 
small, 116 
subharmonic, 141 
superposition of, 114 
undamped, 117 
Vibrational isotopic effect, 819 
Video signal, 599 
Virial coefficient, 254 
Virtual work, 93 
Virtual work principle, 102 
Viscoelastic property, 296 
Viscoelasticity, linear, 313 
Viscosity, 54, 214 
bulk, 
dynamic, 327 
intrinsic, 307 
enema a 
magnetic, 5 
Newton’s eration for, 214 
Viscosity, relative, 307 
second, 327 
specific, 307 
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Viscosity number, 307 
Visibility of fringes, 618 
Vitrification, structural, 293 
Voltage, 390 
anode, 431, 506 
breakdown, 368, 401 
corona, 404 
cutoff, 506 
grid-to-cathode, 506 
sparkover, 404 
Voltaic cell, Helmholtz 
equation for, 186 
Volta’s laws, 416 
Voltmeter, 393 
Volume, effective excluded, 306 
intrinsic, 250 
molar, 149 
partial, 156 
specific, 149 
Volume effect, 303 
Volume expansion, coefficient of, 
153, 189 
Volume increase per unit volume, 


Vukalovich-Novikov equation of 
state, 


Wall, domain, 489 

Wave(s), 549 
acoustic, 550 
Alfvén, 534 
carrier, 597 
coherent, 614 
cylindrical, 557 
de Broglie, 736 
elastic, 549 
electromagnetic, 580 
elementary, 623 
entropy, 530 . 
harmonic longitudinal, 555 
hypersonic, 572 
incoherent, 614 
infrasonic, 570 
lateral, 564 
magnetohydrodynamic, 529 
magnetosonic, 530 
monochromatic electromagnetic, 


p-, 606 

plane electromagnetic, 582 
plane longitudinal, 553 
polarized plane, 584 
probability, 737 

reflected, 560, 603 
refracted, 560, 603 
running, 553 
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s-, 606 

secondary electromagnetic, 603 

shock, 532, 575 

side, 564 

sine, 555 

sinusoidal longitudinal, 555 

sonic, 

standing, 564 

stationary, 564 

travelling, 553 

ultrashort, 599 

ultrasonic, 570 
Wave-corpuscle dualisin, 719, 737 
Wave equation, 552 
Wave mechanics, 736 
Wave number, 555 
Wave parameter, 629-630 
Wave vector, 556 
Wavelength, 556 

Compton, 724 
Weber-Fechner law, 5741 
Weight of a body, 51 
Weightlessness, 53 
Weiss constant, 482 


Weizsacker’s semi-empirical for- 
mula, 837 

Wetting,264 

ideal, 265 
Wheatstone bridge circuit, 394 
White light, interference with, 688 
Width, partial, 876 
Wiedemann-Franz law, 387 
Wien law, 713 
Wien’s constant, 714 
Wien’s displacement law, 714 
Williams-Landel-Ferry relationship, 


Wilson cloud chamber, 871 


Wilson-Skobeltsyn method, 871 
Windings, transformer, 474 
WLF equation, 315 


Work, 60 

expansion, 160 

of ionization, 399 

thermal equivalent of, 162 

virtual,§93 
Work function, 415, 418 
Working substance, 170 
World point, 535 
Wulff-Bragg formula, 641 


X-rays, 798 
characteristic, 798 
continuous, 798 
white, 798 


Yang-Lee principle, see Landau- 
Yang-Lee principle 

Yield of nuclear reaction, 875 

Young’s modulus, 288 


Zeeman effect, 783 
Zeeman multiplet, 785 
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iain splitting of nuclear levels, 


Zero invariant, Abbe’s, 648 
Zone, Fresnel, 625 

half-period, 625 

of Deo enemls stabilization, 


wave, 588 
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